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Preface 


Engineering Mathematics 5th Edition covers a wide 
range of syllabus requirements. In particular, the book 
is most suitable for the latest National Certificate and 
Diploma courses and City & Guilds syllabuses in 
Engineering. 

This text will provide a foundation in mathemat¬ 
ical principles, which will enable students to solve 
mathematical, scientific and associated engineering 
principles. In addition, the material will provide 
engineering applications and mathematical principles 
necessary for advancement onto a range of Incorporated 
Engineer degree profiles. It is widely recognised that a 
students’ ability to use mathematics is a key element in 
determining subsequent success. First year undergrad¬ 
uates who need some remedial mathematics will also 
find this book meets their needs. 

In Engineering Mathematics 5th Edition, new 
material is included on inequalities, differentiation of 
parametric equations, implicit and logarithmic func¬ 
tions and an introduction to differential equations. 
Because of restraints on extent, chapters on lin¬ 
ear correlation, linear regression and sampling and 
estimation theories have been removed. However, 
these three chapters are available to all via the 
internet. 

A new feature of this fifth edition is that a free Inter¬ 
net download is available of a sample of solutions 
(some 1250) of the 1750 further problems contained in 
the book - see below. 

Another new feature is a free Internet download 
(available for lecturers only) of all 500 illustrations 

contained in the text - see below. 

Throughout the text theory is introduced in each 
chapter by a simple outline of essential definitions, 
formulae, laws and procedures. The theory is kept to 
a minimum, for problem solving is extensively used 
to establish and exemplify the theory. It is intended 
that readers will gain real understanding through see¬ 
ing problems solved and then through solving similar 
problems themselves. 

For clarity, the text is divided into eleven topic 
areas, these being: number and algebra, mensura¬ 
tion, trigonometry, graphs, vectors, complex numbers, 


statistics, differential calculus, integral calculus, further 
number and algebra and differential equations. 

This new edition covers, in particular, the following 
syllabuses: 

(i) Mathematics for Technicians, the core unit for 
National Certificate/Diploma courses in Engi¬ 
neering, to include all or part of the following 
chapters: 

1. Algebraic methods: 2, 5, 11, 13, 14, 28, 30 
(1, 4, 8, 9 and 10 for revision) 

2. Trigonometric methods and areas and vol¬ 
umes: 18-20, 22-25, 33, 34 

3. Statistical methods: 37, 38 

4. Elementary calculus: 42, 48, 55 

(ii) Further Mathematics for Technicians, the 
optional unit for National Certificate/Diploma 
courses in Engineering, to include all or part of 
the following chapters: 

1. Advanced graphical techniques: 29-3 1 

2. Algebraic techniques: 15, 35, 38 

2. Trigonometry: 23, 26, 27, 34 

3. Calculus: 42-44, 48, 55-56 

(iii) The mathematical contents of Electrical and 
Electronic Principles units of the City & Guilds 
Level 3 Certificate in Engineering (2800). 

(iv) Any introductory/access/foundation course 
involving Engineering Mathematics at 
University, Colleges of Further and Higher 
education and in schools. 
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Chapter 1 


Revision of fractions, 
decimals and percentages 


1.1 Fractions 


When 2 is divided by 3, it may be written as | or 2/3 or 
2/3. | is called a fraction. The number above the line, 
i.e. 2, is called the numerator and the number below 
the line, i.e. 3, is called the denominator. 

When the value of the numerator is less than the 
value of the denominator, the fraction is called a proper 
fraction; thus | is a proper fraction. When the value 
of the numerator is greater than the denominator, the 
fraction is called an improper fraction. Thus j is 
an improper fraction and can also be expressed as a 
mixed number, that is, an integer and a proper frac¬ 
tion. Thus the improper fraction | is equal to the mixed 
number 21. 

When a fraction is simplified by dividing the numer¬ 
ator and denominator by the same number, the pro¬ 
cess is called cancelling. Cancelling by 0 is not 
permissible. 

1 2 

Simplify - + - 

The lowest common multiple (i.e. LCM) of the two 
denominators is 3 x 7, i.e. 21. 

Expressing each fraction so that their denominators 
are 21, gives: 

1 2 1 7 2 3 7 6 

— T — — — x — -f- — x — — — T — 

3 7 3 7 7 3 21 21 

_ 7 + 6 _ 13 

“ 21 ~~ 21 


Alternatively: 

Step (2) Step (3) 

4 I 

1 i 2 _ (7 x 1) +(3 x 2) 
3 + 7 _ 21 

t 

Step (1) 


Step 1: 

the LCM of the two denominators; 

Step 2: 

for the fraction j, 3 into 21 goes 7 times, 


7 x the numerator is 7 x 1; 

Step 3: 

for the fraction 1, 7 into 21 goes 3 times, 


3 x the numerator is 3 x 2. 

1 

Thus - + 

2 7 + 6 13 u . , 

- =-= — as obtained previously. 

7 21 21 f y 


Find the value of 3-2- 

3 6 

One method is to split the mixed numbers into integers 
and their fractional parts. Then 



Another method is to express the mixed numbers as 
improper fractions. 
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9 2 9 

Since 3 = -, then 3 — = - - 

3 3 3 

1 12 1 13 

Similarly, 2- =-f - = — 

6 6 6 6 


11 

y 


2 1 11 13 22 13 9 1 

Thus 3- - 2- =-=-= - = 1- 

36366662 

as obtained previously. 


Determine the value of 

5 1 2 

4- - 3- + 1- 
8 4 5 


5 1 

4- - 3- 
8 4 


l 5 =(4-3 


1) 


= 2 - 


5 1 2 

8 ~~ 4 + 5 
5x5-10x1 + 8x2 


= 2 + 


25-10 


40 
- 16 


40 


31 31 

= 2 + — = 2 — 

40 40 


Problem 4, 


Find the value of - x 
7 


14 

15 


Dividing numerator and denominator by 3 gives: 

7 14 1 14 lx 14 

— X —= - X - = - 

7 >55 7 5 7 x5 

Dividing numerator and denominator by 7 gives: 

1xX 2 _1x2_2 

i/x 5 1x5 5 

This process of dividing both the numerator and denom¬ 
inator of a fraction by the same factor(s) is called 

cancelling. 


Problem 5. 


Evaluate 1- x 2- x 3- 
5 3 7 


Mixed numbers must be expressed as improper frac¬ 
tions before multiplication can be performed. Thus, 



8 7 X 8 8x1x8 

- X —J X —7— = - 

5 i J> J\ 5x1x1 




3 12 

Problem 6. 

Simplify - + — 


3 

3 12 _ j 

7 ~ 21 ~~ J2 
21 

Multiplying both numerator and denominator by the 
reciprocal of the denominator gives: 

3 7 3 

7 _ i/ X ^4 _ 4 _3 
12 X X 1 1 4 

2i y? x >y 

This method can be remembered by the rule: invert the 
second fraction and change the operation from division 
to multiplication. Thus: 

3 12 7 X 3 3 

—:-= — x —— = - as obtained previously. 

7 21 ]/ > 2.4 4 


Problem 7. 


Find the value of 



The mixed numbers must be expressed as improper 
fractions. Thus, 

c 3 ^ 1 _ 28 _ 22 _ 14 X w 3 42 

^5~ ? 3 _ y~y — y - X xy _ 55 


Simplify 



The order of precedence of operations for problems 
containing fractions is the same as that for integers, 
i.e. remembered by BODMAS (Brackets, Of, Division, 
Multiplication, Addition and Subtraction). Thus, 
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4 x 2 + 5 x 1 


20 


-^ x 

sK* 1 


1 

3 

1 13 

3 ~~ ' 

1 26 

3 _ y 

(5 x 1) - (3 x 26) 

15 

-73 4 13 

U~ - _4 15 


Determine the value of 


- 24^8 


7 

- of 

6 


1 1 

3- -2- 
2 4 


7/1 1 

- of 3- -2- 
2 4 


5 ^ 1-1 

8 16 2 


1 3 1 

5- + — — - 


16 


7 1 41 3 1 

= — of 1 - 1 -!- 

6 4 8 16 2 


7 5 

= — x - 
6 4 


41 


3 

16 


7 5 41 Jrlj 2 

= - x - H —-7 x - 

6 4 |$ 3 


35 
24 
35 + 656 


24 2 

691 1 

24" ~~ 2 
691 - 12 
24 

679 7 

-= 28— 

24 24 


(B) 

(D) 

(M) 

(S) 


2 3 2 1 2 

2 . (a) - + — (b)--- + - 


3. 


11 


3 2 

(a) 10- - 8- 


43 47 

(a) — (b) — 

77 63 


1 4 

(b)3 4- 4 5 


5 

1- 

6 


16 

(a) 1 — 

21 


3 5 

4. (a) - x - 
w 4 9 


17 15 

(b) — x - 

35 119 


5 

(a) — 

12 


17 
(b) — 
60 


3 

(b) — 
V 49 


5. 


3 7 2 

(a) - x - x 1 - 


13 7 4 

(b) — x 4— x 3 — 
17 11 39 




(B) 

(O) 

(D) 


6 . 


, , 3 . 45 

(a) - -t- 

8 64 


1 5 

(b) 1 — + 2 - 


(a) — 
v 2 15 


7. + — -t- —— — 


8 

15 


82 

i 

(M) 

7 

( 5^ 

( 3 

15\ 

— 

— 

8 . — of 

15 x - 

+ ( - + 

— 

3 

2 

15 

l V 

\4 

i 6 ; L 


(A) 

(A) 

(S) 


12 13 2 

9. -x-:-1— 

4 3 3 5 7 

,2 1 \ /2 1 

10 . - x 1 - ) + ( - + - 

3 4 3 4 


1- 

5 


(b) 11 


12 

(b) — 
23 


7 

1 — 
24 

4' 
5- 
5. 

13 

126 

2— 

55 


Now try the following exercise 

Exercise 1 Further problems on fractions 

Evaluate the following: 

12 7 1 

1 . (a) - + - (b)- 

W 2 5 16 4 

9 3 

(a) — (b) — 

10 16 


11. If a storage tank is holding 450 litres when it is 
three-quarters full, how much will it contain 
when it is two-thirds full? 

[400 litres] 

12. Three people, P, Q and R contribute to a fund. 

P provides 3/5 of the total, Q provides 2/3 of 
the remainder, and R provides £ 8 . Determine 
(a) the total of the fund, (b) the contributions 
of P and Q. [(a) £60 (b) £36, £16] 


1.2 Ratio and proportion 


The ratio of one quantity to another is a fraction, and 
is the number of times one quantity is contained in 
another quantity of the same kind. If one quantity is 
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directly proportional to another, then as one quantity 
doubles, the other quantity also doubles. When a quan¬ 
tity is inversely proportional to another, then as one 
quantity doubles, the other quantity is halved. 

A piece of timber 273 cm long is 
cut into three pieces in the ratio of 3 to 7 to 11. 
Determine the lengths of the three pieces 


1 person takes three times as long, i.e. 

4x3=12 hours, 

5 people can do it in one fifth of the time that one 


12 

person takes, that is — hours or 2 hours 24 minutes. 


Now try the following exercise 


The total number of parts is 3 + 7+11, that is, 21. 
Hence 21 parts correspond to 273 cm 

273 

I part corresponds to -yy- = 13 cm 

3 parts correspond to 3 x 13 = 39 cm 
7 parts correspond to 7x13 = 91 cm 

II parts correspond to 11 x 13 = 143 cm 

i.e. the lengths of the three pieces are 39 cm, 91 cm 
and 143 cm. 

(Check: 39 + 91 + 143 = 273) 

A gear wheel having 80 teeth is in 
mesh with a 25 tooth gear. What is the gear ratio? 

80 16 

Gear ratio = 80:25 = — = — = 3.2 
25 5 

i.e. gear ratio = 16: 5 or 3.2 :1 


Exercise 2 Further problems on ratio and 
proportion 

1. Divide 621 cm in the ratio of 3 to 7 to 13. 

[81 cm to 189 cm to 351 cm] 

2. When mixing a quantity of paints, dyes of 

four different colours are used in the ratio of 
7:3:19:5. If the mass of the first dye used 
is 3 \ g, determine the total mass of the dyes 
used. [17 g] 

3. Determine how much copper and how much 

zinc is needed to make a 99 kg brass ingot if 
they have to be in the proportions copper : 
zinc: :8 : 3 by mass. [72 kg : 27 kg] 

4. It takes 21 hours for 12 men to resurface a 

stretch of road. Find how many men it takes to 
resurface a similar stretch of road in 50 hours 
24 minutes, assuming the work rate remains 
constant. [5] 


An alloy is made up of metals A and 
B in the ratio 2.5 : 1 by mass. How much of A has 
to be added to 6 kg of B to make the alloy? 

Ratio A:B: :2.5 : 1 (i.e. A is to B as 2.5 is to 1) or 


When B = 6 kg, — = 2.5 from which, 

6 6 

A = 6x 2.5 = 15kg 

If 3 people can complete a task in 
4 hours, how long will it take 5 people to complete 
the same task, assuming the rate of work remains 
constant 

The more the number of people, the more quickly the 
task is done, hence inverse proportion exists. 

3 people complete the task in 4 hours. 


5. It takes 3 hours 15 minutes to fly from city A 
to city B at a constant speed. Find how long 
the journey takes if 

(a) the speed is 14 times that of the original 
speed and 

(b) if the speed is three-quarters of the orig¬ 
inal speed. 

[(a) 2 h 10 min (b) 4 h 20 min] 


1.3 Decimals 


The decimal system of numbers is based on the digits 
0 to 9. A number such as 53.17 is called a decimal 
fraction, a decimal point separating the integer part, 
i.e. 53, from the fractional part, i.e. 0.17. 

A number which can be expressed exactly as a deci¬ 
mal fraction is called a terminating decimal and those 
which cannot be expressed exactly as a decimal fraction 












are called non-terminating decimals. Thus, | = 1.5 
is a terminating decimal, but | = 1.33333... is a non¬ 
terminating decimal. 1.33333... can be written as 1.3, 
called ‘one point-three recurring’. 

The answer to a non-terminating decimal may be 
expressed in two ways, depending on the accuracy 
required: 

(i) correct to a number of significant figures, that is, 
figures which signify something, and 

(ii) correct to a number of decimal places, that is, the 
number of figures after the decimal point. 

The last digit in the answer is unaltered if the next 
digit on the right is in the group of numbers 0, 1,2,3 
or 4, but is increased by 1 if the next digit on the right 
is in the group of numbers 5, 6, 7, 8 or 9. Thus the non¬ 
terminating decimal 7.6183... becomes 7.62, correct to 
3 significant figures, since the next digit on the right is 
8 , which is in the group of numbers 5, 6, 7, 8 or 9. Also 
7.6183... becomes 7.618, correct to 3 decimal places, 
since the next digit on the right is 3, which is in the 
group of numbers 0, 1, 2, 3 or 4. 


Evaluate 42.7 + 3.04 + 8.7 + 0.06 


The numbers are written so that the decimal points are 
under each other. Each column is added, starting from 
the right. 

42.7 

3.04 

8.7 

0.06 

54.50 


Thus 42.7 + 3.04 + 8.7 + 0.06 = 54.50 


Take 81.70 from 87.23 


The numbers are written with the decimal points under 
each other. 

87.23 

-81.70 

5.53 
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The sum of the positive decimal fractions is 
23.4 + 32.68 = 56.08 
The sum of the negative decimal fractions is 
17.83 + 57.6 = 75.43 

Taking the sum of the negative decimal fractions from 
the sum of the positive decimal fractions gives: 

56.08-75.43 

i.e. -(75.43-56.08) = -19.35 


Determine the value of 74.3 x 3.8 


When multiplying decimal fractions: (i) the numbers are 
multiplied as if they are integers, and (ii) the position of 
the decimal point in the answer is such that there are as 
many digits to the right of it as the sum of the digits to 
the right of the decimal points of the two numbers being 
multiplied together. Thus 

(i) 743 

38 

5 944 
22 290 

28 234 

(ii) As there are (1 + 1) = 2 digits to the right of 
the decimal points of the two numbers being 
multiplied together, (74.3 x 3.8), then 

74.3x3.8 = 282.34 


Evaluate 37.81 + 1.7, correct to (i) 4 
significant figures and (ii) 4 decimal places 


37.81 


1.7 = 


37.81 

1.7 


The denominator is changed into an integer by multi¬ 
plying by 10. The numerator is also multiplied by 10 to 
keep the fraction the same. Thus 


Thus 87.23 - 81.70 = 5.53 

Find the value of 
23.4- 17.83 - 57.6 + 32.68 


37.81 


37.81 x 10 
1.7 x 10 


378.1 


17 
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The long division is similar to the long division of 
integers and the first four steps are as shown: 

22.24117.. 

17)378.100000 

34 

38 

34 

41 

34 

70 

68 

20 

(i) 37.81 +1.7 = 22.24, correct to 4 significant 
figures, and 

(ii) 37.81 + 1.7 = 22.2412, correct to 4 decimal 
places. 

Convert (a) 0.4375 to a proper 
fraction and (b) 4.285 to a mixed number 


0.4375 x 10000 

(a) 0.4375 can be written as-———-without 


changing its value, 
4375 

i.e. 0.4375 = 


10 000 


10000 

By cancelling 

4375 875 


175 35 


10000 2000 400 80 16 


i.e. 0.4375 = — 

16 

285 57 

(b) Similarly, 4.285 = 4- =4- 

J 1000 200 


Express as decimal fractions: 

9 7 

(a) — and (b) 5 - 
16 8 


(a) To convert a proper fraction to a decimal fraction, 
the numerator is divided by the denominator. Divi¬ 
sion by 16 can be done by the long division method, 
or, more simply, by dividing by 2 and then 8: 


4.50 

2j9M 


Thus — = 0.5625 
16 


0.5625 

8)4.5000 


(b) For mixed numbers, it is only necessary to convert 
the proper fraction part of the mixed number to a 
decimal fraction. Thus, dealing with the l gives: 


0.875 
8 ) 7.000 

7 

Thus 5-= 5.875 

8 


= 0.875 


Now try the following exercise 

Exercise 3 Further problems on decimals 

In Problems 1 to 6, determine the values of the 
expressions given: 

1. 23.6+ 14.71 - 18.9-7.421 [11.989] 

2. 73.84- 113.247 + 8.21-0.068 


3. 3.8 x 4.1 x 0.7 

4. 374.1 x0.006 


[—31.265] 

[10.906] 

[2.2446] 


5. 421.8 + 17, (a) correct to 4 significant figures 
and (b) correct to 3 decimal places. 

[(a) 24.81 (b) 24.812] 

0.0147 

6 . ——>( a ) correct to 5 decimal places and 

(b) correct to 2 significant figures. 

[(a) 0.00639 (b) 0.0064] 

7. Convert to proper fractions: 

(a) 0.65 (b) 0.84 (c) 0.0125 (d) 0.282 and 
(e) 0.024 

13 21 1 141 3 ' 

(a) — (b) — (c) — (d)- (e)- 

20 25 80 500 125. 

8. Convert to mixed numbers: 

(a) 1.82 (b) 4.275 (c) 14.125 (d) 15.35 and 
(e) 16.2125 

41 11 In 

(a) 1— (b) 4— (c) 14- 

W 50 V 40 8 

7 17 

(d) 15— (e) 16— 

20 80 

In Problems 9 to 12, express as decimal fractions 
to the accuracy stated: 


9 


, correct to 5 significant figures. 


9. 


[0.44444] 






















10 . 

11 . 

12 . 


—, correct to 5 decimal places. 

27 

[0.62963] 


1 —, correct to 4 significant figures. 


31 

13—, correct to 2 decimal places. 
37 F 


[1.563] 


[13.84] 


13. Determine the dimension marked x in 
the length of shaft shown in Figure 1.1. 
The dimensions are in millimetres. 

[12.52 mm] 



82.92 


27.41 

8.32 

X 

34.67 












Figure 1.1 


14. A tank contains 1800 litres of oil. How many 
tins containing 0.75 litres can be filled from 
this tank? [2400] 


1.4 Percentages 


Percentages are used to give a common standard and 
are fractions having the number 100 as their denomina- 

25 1 

tors. For example, 25 per cent means-i.e. - and is 

F H 100 4 


written 25%. 


Express as percentages: 
(a) 1.875 and (b) 0.0125 


A decimal fraction is converted to a percentage by 
multiplying by 100. Thus, 
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To convert fractions to percentages, they are (i) con¬ 
verted to decimal fractions and (ii) multiplied by 100 


5 5 

(a) By division, — = 0.3125, hence — corresponds 

16 16 

to 0.3125 x 100%, i.e. 31.25% 

2 

(b) Similarly, 1 — = 1.4 when expressed as a decimal 
fraction. 


Hence 1- = 1.4 x 100% = 140% 


It takes 50 minutes to machine a 
certain part, Using a new type of tool, the time can 
be reduced by 15%. Calculate the new time taken 


15 

15% of 50 minutes = - x 50 = 

100 


750 

100 

7.5 minutes. 


hence the new time taken is 

50 — 7.5 = 42.5 minutes. 

Alternatively, if the time is reduced by 15%, then 
it now takes 85% of the original time, i.e. 85% of 
85 4250 

50 =- x 50 =-= 42.5 minutes, as above. 

100 100 


Find 12.5% of £378 


12.5 

12.5% of £378 means-x 378, since per cent means 

100 F 

‘per hundred’. 


Hence 12.5% of £378= —x 378 


378 


^0Os 


= £47.25 


1 x 378 = 


Express 25 minutes as a percentage 
of 2 hours, correct to the nearest 1% 


(a) 1.875 corresponds to 1.875 x 100%, i.e. 187.5% 

(b) 0.0125 corresponds to 0.0125 x 100%, i.e. 1.25% 

Express as percentages: 

(a) and (b) 1 \ 

16 5 


Working in minute units, 2 hours = 120 minutes. 

25 

Hence 25 minutes is-ths of 2 hours. By cancelling. 


25 _ 5 
l20 _ 24 


Expressing 


5 

24 


as a decimal fraction gives 0.2083 
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Multiplying by 100 to convert the decimal fraction to a 
percentage gives: 

0.2083 x 100 = 20.83% 

Thus 25 minutes is 21% of 2 hours, correct to the 
nearest 1%. 

A German silver alloy consists of 
60% copper, 25% zinc and 15% nickel. Determine 
the masses of the copper, zinc and nickel in a 3.74 
kilogram block of the alloy 

By direct proportion: 

100% corresponds to 3.74 kg 
3.74 

1% corresponds to yyyy = 0.0374 kg 

60% corresponds to 60 x 0.0374 = 2.244 kg 

25% corresponds to 25 x 0.0374 = 0.935 kg 

15% corresponds to 15 x 0.0374 = 0.561 kg 

Thus, the masses of the copper, zinc and nickel are 
2.244 kg, 0.935 kg and 0.561 kg, respectively. 


4. When 1600 bolts are manufactured, 36 

are unsatisfactory. Determine the percentage 
unsatisfactory. [2.25%] 

5. Express: (a) 140kg as a percentage of It 
(b) 47 s as a percentage of 5 min (c) 13.4 cm 
as a percentage of 2.5 m 

[(a) 14% (b) 15.67% (c) 5.36%] 

6 . A block of monel alloy consists of 70% nickel 

and 30% copper. If it contains 88.2 g of 
nickel, determine the mass of copper in the 
block. [37.8 g] 

7. A drilling machine should be set to 

250rev/min. The nearest speed available on 
the machine is 268rev/min. Calculate the 
percentage over speed. [7.2%] 

8 . Two kilograms of a compound contains 30% 
of element A, 45% of element B and 25% of 
element C. Determine the masses of the three 
elements present. 

[A 0.6 kg, B 0.9 kg, C 0.5 kg] 


(Check: 2.244 + 0.935 + 0.561 = 3.74) 


Now try the following exercise 


Exercise 4 Further problems percentages 

1. Convert to percentages: 

(a) 0.057 (b) 0.374 (c) 1.285 

[(a) 5.7% (b) 37.4% (c) 128.5%] 

2. Express as percentages, correct to 3 signifi¬ 
cant figures: 

7 19 11 

(a)— (b) — (c)l — 

33 24 16 

[(a) 21.2% (b) 79.2% (c) 169%] 


9. A concrete mixture contains seven parts by 
volume of ballast, four parts by volume of 
sand and two parts by volume of cement. 
Determine the percentage of each of these 
three constituents correct to the nearest 1% 
and the mass of cement in a two tonne dry 
mix, correct to 1 significant figure. 

[54%, 31%, 15%, 0.31] 

10. In a sample of iron ore, 18% is iron. How 

much ore is needed to produce 3600 kg of 
iron? [20 000 kg] 

11. A screws’ dimension is 12.5 ± 8% mm. Cal¬ 
culate the possible maximum and minimum 
length of the screw. 

[13.5 mm, 11.5 mm] 


3. Calculate correct to 4 significant figures: 

(a) 18% of 2758 tonnes (b) 47% of 18.42 
grams (c) 147% of 14.1 seconds 

[(a) 496.41 (b) 8.657 g (c) 20.73 s] 


12. The output power of an engine is 450 kW. If 
the efficiency of the engine is 75%, determine 
the power input. [600 kW] 







Chapter 2 


Indices, standard form and 
engineering notation 


2.1 Indices 


The lowest factors of 2000 are 2 x2x2x2x5x5x5. 
These factors are written as 2 4 x 5 3 , where 2 and 5 are 
called bases and the numbers 4 and 5 are called indices. 

When an index is an integer it is called a power. Thus, 
2 4 is called ‘two to the power of four’, and has a base of 
2 and an index of 4. Similarly, 5 3 is called ‘five to the 
power of 3’ and has a base of 5 and an index of 3. 

Special names may be used when the indices are 2 and 
3, these being called ‘squared’and ‘cubed’, respectively. 
Thus 7 2 is called ‘seven squared’ and 9 3 is called ‘nine 
cubed’. When no index is shown, the power is 1, i.e. 2 
means 2 1 . 

Reciprocal 

The reciprocal of a number is when the index is —1 
and its value is given by 1, divided by the base. Thus the 
reciprocal of 2 is 2~ 1 and its value is \ or 0.5. Similarly, 
the reciprocal of 5 is 5~* which means i or 0.2. 

Square root 

The square root of a number is when the index is j, and 
the square root of 2 is written as 2 1 / 2 or y/2. The value 
of a square root is the value of the base which when 
multiplied by itself gives the number. Since 3x3 = 9, 
then V9 = 3. However, (—3) x (—3) = 9, so V9 = —3. 
There are always two answers when finding the square 
root of a number and this is shown by putting both 
a + and a — sign in front of the answer to a square 
root problem. Thus V9 = ±3 and 4 1 / 2 = a/4 = ±2, 
and so on. 


Laws of indices 

When simplifying calculations involving indices, cer¬ 
tain basic rules or laws can be applied, called the laws 
of indices. These are given below. 

(i) When multiplying two or more numbers having 
the same base, the indices are added. Thus 

3 2 x 3 4 = 3 2+4 = 3 6 

(ii) When a number is divided by a number having the 
same base, the indices are subtracted. Thus 



(iii) When a number which is raised to a power is raised 
to a further power, the indices are multiplied. Thus 


(iv) When a number has an index of 0, its value is 1. 
Thus 3° = 1 

(v) A number raised to a negative power is the recip¬ 
rocal of that number raised to a positive power. 
Thus ~ 4 = ^ Similarly, = 2 3 

(vi) When a number is raised to a fractional power 
the denominator of the fraction is the root of the 
number and the numerator is the power. 

Thus 8 2/3 = = (2) 2 = 4 

and 25 1 / 2 = v / 25 4 = V25 3 = ±5 

(Note that J~ = tj—) 





Section 1 


12 Engineering Mathematics 


2.2 Worked problems on indices 


Evaluate (a) 5 2 x 5 3 , (b) 3 2 x 3 4 x 3 
and (c) 2 x 2? x 2 5 


Problem 5. 


Evaluate: 


(10 2 ) 3 

10 4 x 10 2 


From the laws of indices: 


From law (i): 

(a) 5 2 x 5 3 = 5 (2+3) = 5 s = 5x5x5x5x5 = 3125 

(b) 3 2 x 3 4 x 3 = 3 (2+4+1) = 3 7 

= 3 x 3 x • ■ ■ to 7 terms 

= 2187 

(c) 2 x 2 2 x 2 5 =2 (1+2+5) = 2 8 = 256 


Problem 2. 


Find the value of: 


(a) and (b) 


5^ 

5 4 


From law (ii): 

(a) 1 — = 7 (5 “ 3) = 7 2 = 49 
7 3 

(b) ^ 5 < 7 - 4 > = 5 3 = 125 


( 10 2 ) 3 10 (2x3) 10 6 

10 4 X 10 2 ~ 10 (4+2) ~~ 106 

= 10 6-6 = 10 ° = 1 


Find the value of 


2 3 x 2 4 
2 


and 


(b) 


( 3 2 ) 3 
3 x 3 9 


From the laws of indices: 
2 3 x 2 4 


(a) 


(b) 


2 7 x 2 5 


( 3 2 ) 3 
3 x 3 9 


?(3+4) o 7 

___ _ _ 97-12 _ 9-5 

2 ( 7 +5) 2 12 

1 

“ 25 “ 

o 2 x 3 06 

___ _ 06-IO _ o -4 

31+9 3 io 


1 

32 


1 

34 


1 

81 


Evaluate: (a) 5 2 x 5 3 5 4 and 

(b) (3 x 3 5 ) H- (3 2 x 3 3 ) 


From laws (i) and (ii): 

5 2 x 5 3 

(a) 5 2 x 5 3 = 5 4 = 


5 4 


5 (2+3) 


= ^4 = 5 (5_4) = 5* = 5 


(b) (3 x3 5 )v(3 2 x 3 3 ) = 


3x3 5 


3U+5) 


3 2 x 3 3 3 (2+3) 


= ^ = 3 (6 -« = 3 1 = 3 
3 5 


Simplify: (a) (2 3 ) 4 (b) (3 2 ) 5 , 
expressing the answers in index form. 


From law (iii): 

(a) (2 3 ) 4 = 2 3x4 = 2 12 (b) (3 2 ) 5 = 3 2x5 = 3 10 


Now try the following exercise 


Exercise 5 Further problems on indices 

In Problems 1 to 10, simplify the expressions 
given, expressing the answers in index form and 
with positive indices: 


1 . 

(a) 

3 3 x 3 4 

(b) 

4 2 x 4 3 x4 4 






[(a) 3 7 

(b) 4 9 ] 

2 . 

(a) 

2 3 x 2 x 

2 2 

(b) l 2 x 7 4 x 7 

x 7 3 





[(a) 2 6 

(b) 7 10 ] 



2 4 

3 7 



3. 

(a) 

23 

3 2 

[(a) 2 

(b) 3 5 ] 


4. 


(a) 5 6 H-5 3 (b) 7 13 /7 10 

[(a) 5 3 (b) 7 3 ] 

(a) (7 2 ) 3 (b) (3 3 ) 2 [(a) 7 6 (b) 3 6 ] 


5. 




























2 2 x 2 3 3 7 x 3 4 

6 . (a) —— (b) 


7. (a) 


2 4 

5 7 


5 2 x 5 3 


(b) 


3 5 


13 s 


[(a) 2 (b) 3 6 ] 


13 x 13 2 

[(a) 5 2 (b) 13 2 ] 


q M (9x 3 2 ) 3 (16 x 4 ) 2 

8 . (a) ———r (b) 


(3 x 27) 2 


(2 x 8) 3 


5 -2 3 2 x 3“ 

9 W ^ (b, — 


[(a) 3 4 (b) 1] 


(a) 5 2 (b) 1 


10 . (a) 


7-x7 


-3 


7x7- 


(b) 


2 3 x 2 -4 x 2 5 
2 x 2“ 2 x 2 6 


3 5 


1 


(a) 7 2 (b)- 


2.3 Further worked problems on 
indices 


Evaluate: —5 - r 

5 3 x 3 4 


The laws of indices only apply to terms having the 
same base. Grouping terms having the same base, and 
then applying the laws of indices to each of the groups 
independently gives: 

3 3 x 5 7 3 3 5 7 

x J *2(3—4) c(7—3) 

5 3 x 3 4 3 4 5 3 


= 3 


-1 


x 5 = f = 


625 


= 208- 
3 


Find the value of 

2 3 x 3 5 x (7 2 ) 2 
7 4 x 2 4 x 3 3 


2 3 x 3 5 x (7 2 ) 2 
7 4 x 2 4 x 3 3 


= 2 3 - 4 x 3 5 ” 3 x 7 2x2_4 


= 2 _1 x 3 2 x 7° 

= - x 3 2 x 1 = 
2 


9 

2 
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Evaluate: 

(a) 4 1 / 2 (b) I 6 3 / 4 (c) 27 2 / 3 (d) 9 ” 1 / 2 

(a) 4 1 / 2 = y/A — ±2 

(b) I 6 3 / 4 = = (± 2) 3 = ±8 

(Note that it does not matter whether the 4th root 
of 16 is found first or whether 16 cubed is found 
first — the same answer will result). 

(c) 27 2 / 3 = sfrP- — (3 ) 2 = 9 

(d) 9 -1 / 2 = _L_ = J_ = _L — ±1 

W 9 1 / 2 V9 ±3 3 


,1.5 


10. Evaluate: 


8 1 / 3 


2 2 x 32- 2 / 5 


,1.5 


= 4 3/2 = V4 3 = 2 3 = 


8 1 / 3 = = 2 , 2 2 = 


and 32 -2 / 5 = 


1 


Hence 


32 2/5 
41.5 x 8 1/3 
2 2 x 32- 2 /5 


1 

8x2 

4^| 


1 

22 


16 

— = 16 
1 


lternatively, 

41.5 x 8 1 /3 ^ [(2)2 ] 3 / 2 x (2 3 ) 1 / 3 _ 2 3 x 2 1 

2 2 x 32-2/5 - 2 2 x ( 2 5 )- 2/5 _ 2 2 x 2 “ 2 

= 2 3+1 -2-(-2) = 2 4 = 16 


11. Evaluate: 


3 2 x 5 5 + 3 3 x 5 3 
3 4 x 5 4 


Dividing each term by the HCF (i.e. highest common 
factor) of the three terms, i.e. 3 2 x 5 3 , gives: 

3 2 x 5 5 3 3 x 5 3 

3 2 x 5 s + 3 3 x 5 3 = 32 x 5 3 + 3 2 x 5 3 
3 4 x 5 4 3 4 x 5 4 

3 2 x 5 3 

3(2-2) x 5 (5-3) + 3(3-2) x 5 0 
- 3(4-2) x 5(4-3) 

_ 3° X 5 2 + 3 1 X 5° 

3 2 x 5 1 

_ 1 x 25 + 3 x 1 _ 28 

“ 9x5 ~ 45 
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Problem 12. Find the value of 43 52 2 3 

3 2 x 5 5 = 33 X 32 X 53 

3 4 x 5 4 + 3 3 x 5 3 _ (2 2 ) 3 x 2 3 

- 3(3+2) x 5(3-2) 

To simplify the arithmetic, each term is divided by the _ 2 9 

HCF of all the terms, i.e. 3 2 x 5 3 . Thus 3 s x 5 


3 2 x 5 s 

3 4 x 5 4 + 3 3 x 5 3 

3 2 x 5 s 
= 3 2 x 5 3 

3 4 x 5 4 3 3 x 5 3 

3 2 x 5 3 3 2 x 5 3 

3 (2_2) x 5 (5_3) 

- 3(4-2) x 5 (4-3) + 3(3-2) x 5 (3-3) 

3° x 5 2 25 25 

~~ 3 2 x 5 1 +3 1 x 5° ~~ 45 + 3 ~~ 48 


Problem 13. 


Simplify: 



giving the answer with positive indices 


A fraction raised to a power means that both the numer¬ 
ator and the denominator of the fraction are raised to 

that power, i.e. 

A fraction raised to a negative power has the same 
value as the inverse of the fraction raised to a positive 
power 

Thus, 

\s) 5 2 


/ 3 \ 2 _ 1 1 5 2 _5 2 

W _ / 3 \ 2 ~ 3 2 3 2 _ 3 2 



Similarly, (|) = (0 


5^ 

2 3 


Thus, 



-3 


4 3 5 2 

3 3 X 3 2 

53 

2 3 


Now try the following exercise 


Exercise 6 Further problems on indices 

In Problems 1 and 2, simplify the expressions 
given, expressing the answers in index form and 
with positive indices: 


1 . (a) 


3 3 x 5 2 
5 4 x 3 4 


2 . (a) 


4 2 x 9 3 
8 3 x 3 4 


7-2 


(b) 


x 3 


-2 


3 s x 7 4 x 7 - 3 

1 


(a) 


(b) 


1 


(b) 


3 x 5 2 7 3 x 3 7 

8“ 2 x 5 2 x 3 -4 


25 2 x 2 4 x 9 “ 2 


3 2 1 

(a) 25 (b) 2 10 x 5 2 


3. Evaluate (a) 


-l 


^ ) (b) 810 25 


(c) (d) Q) 


1/2 


(a) 9 (b) ±3 (c) ± l - (d) + =■ 


In Problems 4 to 8 , evaluate the expressions given. 


9 2 x 7 4 

3 4 x 7 4 + 3 3 x 7 2 

(2 4 ) 2 - 3 ~ 2 x 4 4 
2 3 x 16 2 



' 147" 
_ 148_ 

T 

9 
















































(3 2 ) 3 / 2 x (8 1 / 3 ) 2 
(3) 2 x (4 3 ) 1 / 2 x (9)“ 1/2 


[64] 
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(ii) The laws of indices are used when multiplying 
or dividing numbers given in standard form. For 
example, 

(2.5 x 10 3 ) x (5 x 10 2 ) 

= (2.5 x 5) x (10 3+2 ) 

= 12.5 x 10 5 or 1.25 x 10 6 


Similarly, 


2.4 Standard form 


A number written with one digit to the left of the decimal 
point and multiplied by 10 raised to some power is said 
to be written in standard form. Thus: 5837 is written 
as 5.837 x 10 3 in standard form, and 0.0415 is written 
as 4.15 x 10 -2 in standard form. 

When a number is written in standard form, the first 
factor is called the mantissa and the second factor is 
called the exponent. Thus the number 5.8 x 10 3 has a 
mantissa of 5.8 and an exponent of 10 3 . 

(i) Numbers having the same exponent can be added 
or subtracted in standard form by adding or sub¬ 
tracting the mantissae and keeping the exponent 
the same. Thus: 

2.3 x 10 4 + 3.7 x 10 4 

= (2.3 + 3.7) x 10 4 = 6.0 x 10 4 
and 5.9 x 10 “ 2 - 4.6 x 10 “ 2 

= (5.9 - 4.6) x 10 “ 2 = 1.3 x 10 “ 2 

When the numbers have different exponents, 
one way of adding or subtracting the numbers is 
to express one of the numbers in non-standard 
form, so that both numbers have the same expo¬ 
nent. Thus: 

2.3 x 10 4 + 3.7 x 10 3 

= 2.3 x 10 4 + 0.37 x 10 4 
= (2.3 + 0.37) x 10 4 = 2.67 x 10 4 

Alternatively, 

2.3 x 10 4 + 3.7 x 10 3 

= 23 000 + 3700 = 26 700 
= 2.67 x 10 4 


6 x 10 4 6 , , 

-=■ = — x (10 4-2 ) = 4 x 10 z 

1.5 x 10 2 1.5 


2.5 Worked problems on standard 
form 


Express in standard form: 

(a) 38.71 (b) 3746 (c) 0.0124 


For a number to be in standard form, it is expressed with 
only one digit to the left of the decimal point. Thus: 

(a) 38.71 must be divided by 10 to achieve one digit 
to the left of the decimal point and it must also be 
multiplied by 10 to maintain the equality, i.e. 

38.71 

38.71 = -x 10 = 3.871 x 10 in standard form 


(b) 3746 = 
form 


10 
3746 

Tooo 


x 1000 = 3.746 x 10 3 in standard 


100 1.24 

(c) 0.0124 = 0.0124 x-=- 

V ' 100 100 


= 1.24 x 10“ 2 in standard form 


Express the following numbers, 
which are in standard form, as decimal numbers: 

(a) 1.725 x 10“ 2 (b) 5.491 x 10 4 (c) 9.84 x 10° 


, 1.725 

(a) 1 .725 x 10“ 2 =-= 0.01725 

100 

(b) 5.491 x 10 4 = 5.491 x 10 000 = 54 910 

(c) 9.84 x 10° = 9.84 x 1 = 9.84 (since 10° = 1) 
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Express in standard form, correct to 

3 significant figures: 

3 2 9 

(a) - (b) 19- (c) 741 — 

o j lO 


(a) - = 0.375, and expressing it in standard form 
gives: 0.375 = 3.75 x IQ- 1 


(b) 19- = 19.6 = 1.97 x 10 in standard form, correct 

3 

to 3 significant figures 

9 t 

(c) 741 — = 741.5625 = 7.42 x 10 2 in standard form, 

16 

correct to 3 significant figures 


Express the following numbers, 
given in standard form, as fractions or mixed 
numbers: (a) 2.5 x 10 -1 (b) 6.25 x 10 “ 2 (c) 

1.354 x 10 2 


(a) 

(b) 

(c) 


, 2.5 25 1 

2.5 x 10 ' 1 = — =-= - 

10 100 4 


6.25 x 10 “ 2 = 


6.25 625 _ 1 

TOO ~~ 10000 _ 16 


1.354 x 10 2 = 135.4= 135— = 135- 

10 5 


Now try the following exercise 


Exercise 7 Further problems on standard 
form 

In Problems 1 to 4, express in standard form: 

1. (a) 73.9 (b) 28.4 (c) 197.72 

'(a) 7.39 x 10 (b) 2.84 x 10' 

(c) 1.9772 x 10 2 

2. (a) 2748 (b) 33 170 (c) 274 218 

'(a) 2.748 x 10 3 (b) 3.317 x 10 4 ' 

_(c) 2.74218 x 10 5 

(a) 0.2401 (b) 0.0174 (c) 0.00923 

'(a) 2.401 x 10 ” 1 (b) 1.74 x 10“ 2 ' 

(c) 9.23 x 10 “ 3 


4. (a) (b) 1 1 1 - (c) 130 | (d ) -L 

"(a) 5x10“* (b) 1.1875 x 10 ' 

(c) 1.306 xlO 2 (d) 3.125 x 10“ 2 _ 

In Problems 5 and 6 , express the numbers given 
as integers or decimal fractions: 

5. (a) 1.01 x 10 3 (b) 9.327 xlO 2 
(c) 5.41 x 10 4 (d) 7 x 10° 

[(a) 1010 (b) 932.7 (c) 54 100 (d) 7] 

6 . (a) 3.89 x 10 “ 2 (b) 6.741 x 10“' 

(c) 8 x 10“ 3 

[(a) 0.0389 (b) 0.6741 (c) 0.008] 


2.6 Further worked problems on 
standard form 


Find the value of: 

(a) 7.9 x 10 -2 — 5.4 x 10 -2 

(b) 8.3 x 10 3 +5.415 x 10 3 and 

(c) 9.293 x 10 2 + 1.3 x 10 3 

expressing the answers in standard form. 


Numbers having the same exponent can be added or 
subtracted by adding or subtracting the mantissae and 
keeping the exponent the same. Thus: 

(a) 7.9 x 10“ 2 - 5.4 x 10“ 2 

= (7.9 - 5.4) x 10“ 2 = 2.5 x 1(T 2 

(b) 8.3 x 10 3 +5.415 x 10 3 

= (8.3 + 5.415) x 10 3 = 13.715 x 10 3 

= 1.3715 x 10 4 in standard form 

(c) Since only numbers having the same exponents can 
be added by straight addition of the mantissae, the 
numbers are converted to this form before adding. 
Thus: 

9.293 x 10 2 + 1.3 x 10 3 

= 9.293 x 10 2 + 13 x 10 2 


3. 
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= (9.293 + 13) x 10 2 
= 22.293 x 10 2 = 2.2293 x 10 3 
in standard form. 

Alternatively, the numbers can be expressed as 
decimal fractions, giving: 

9.293 x 10 2 + 1.3 x 10 3 
= 929.3 + 1300 = 2229.3 

= 2.2293 x 10 3 

in standard form as obtained previously. This 
method is often the ‘safest’ way of doing this type 
of problem. 


Evaluate (a) (3.75 x 10 3 )(6 x 10 4 ) 

3.5 x 10 5 

and (b) -=- 

7 x 10 2 

expressing answers in standard form 


(a) (3.75 x 10 3 )(6 x 10 4 ) = (3.75 x 6)(10 3+4 ) 


(b) 


= 22.50 x 10 7 

= 2.25 x 10 8 


3.5 x 10 5 3.5 

7 x 10 2 ~~ 7 


io 5 - 2 


= 0.5 x 10 3 = 5 x 10 2 


Now try the following exercise 


Exercise 8 Further problems on standard 
form 

In Problems 1 to 4, find values of the expressions 
given, stating the answers in standard form: 

1. (a) 3.7 x 10 2 +9.81 x 10 2 

(b) 1.431 x 10“' +7.3 x 10“' 

[(a) 1.351 x 10 3 (b) 8.731 x 10” 1 ] 

2. (a) 4.831 x 10 2 + 1.24 x 10 3 
(b) 3.24 x 10“ 3 - 1.11 x 10“ 4 

[(a) 1.7231 x 10 3 (b) 3.129 x 10“ 3 ] 

3. (a) (4.5 x 10 _2 )(3 x 10 3 ) 

(b) 2 x (5.5 x 10 4 ) 

[(a) 1.35 x 10 2 (b) 1.1 x 10 5 ] 


4. 


(a) 


6 x 10“ 3 ^ (2.4 x 10 3 )(3 x 10“ 2 ) 

3 x 10“ 5 (b) (4.8 x 10 4 ) 

[(a) 2 x 10 2 (b) 1.5 x 10 -3 ] 


5. Write the following statements in standard 
form: 


(a) The density of aluminium is 2710 kg m 3 

[2.71 x 10 3 kg m -3 ] 

(b) Poisson’s ratio for gold is 0.44 

[4.4 x 10 _1 ] 

(c) The impedance of free space is 376.73 

[3.7673 x 10 2 f2] 

(d) The electron rest energy is 0.511 MeV 

[5.11 x 10 -1 MeV] 

(e) Proton charge-mass ratio is 
9 5 789 700 C kg” 1 

[9.57897 x 10 7 C kg -1 ] 

(f) The normal volume of a perfect gas is 
0.02241m 3 mor 1 

[2.241 x 10“ 2 m 3 mol -1 ] 


2.7 Engineering notation and 
common prefixes 


Engineering notation is similar to scientific notation 
except that the power of ten is always a multiple of 3. 

For example, 0.00035 = 3.5 x 10- 4 in scientific 
notation, 

but 0.00035 = 0.35 x 10“ 3 or 350 x 10“ 6 in 
engineering notation. 

Units used in engineering and science may be made 
larger or smaller by using prefixes that denote multi¬ 
plication or division by a particular amount. The eight 
most common multiples, with their meaning, are listed 
in Table 2.1, where it is noticed that the prefixes involve 
powers of ten which are all multiples of 3: 

For example, 

5 MV means 5 x 1 000 000 = 5 x 10 6 

= 5 000 000 volts 

3.6 kS2 means 3.6 x 1000 = 3.6 x 10 3 

= 3600 ohms 
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Table 2.1 


Prefix 

Name 

Meaning 


T 

tera 

multiply by 1 000 000 000 000 

(i.e. x 10 12 ) 

G 

giga 

multiply by 1000000000 

(i.e. x 10 9 ) 

M 

mega 

multiply by 1000000 

(i.e. x 10 6 ) 

k 

kilo 

multiply by 1000 

(i.e. x 10 3 ) 

m 

milli 

divide by 1000 

(i.e. x 10“ 3 ) 

p 

micro 

divide by 1 000 000 

(i.e. x 10“ 6 ) 

n 

nano 

divide by 1 000 000 000 

(i.e. x 10 -9 ) 

p 

pico 

divide by 1000000000 000 

(i.e. x 10 -12 ) 


7.5 

7.5 pC means 7.5 1 000000 = — z or 

r 10 6 

7.5 x 10“ 6 = 0.0000075 coulombs 

, 4 

and 4 mA means 4 x 10 or = —=- 

10 3 

4 

= -= 0.004 amperes 

1000 F 

Similarly, 

0.00006 J = 0.06 mj or 60 p J 
5 620 000 N = 5620 kN or 5.62 MN 
47 x 10 4 S2 = 470 000 Q = 470 kfi or 0.47 Mft 
and 12 x 1<T S A = 0.00012 A = 0.12 mA or 120 pA 

A calculator is needed for many engineering calcula¬ 
tions, and having a calculator which has an ‘EXP’ and 
‘ENG’ function is most helpful. 

For example, to calculate: 3 x 10 4 x 0.5 x 10 -6 
volts, input your calculator in the following order: 

(a) Enter ‘3’ (b) Press ‘EXP’ (or xl0 x ) (c) 

Enter‘4’(d) Press‘x’(e)Enter‘0.5’(f) Press‘EXP’ 
(or x 10 x ) (g) Enter ‘—6’ (h) Press ‘=’ 

The answer is 0.015 V ( or- | Now press the ‘ENG’ 

V 200y/ F 

button, and the answer changes to 15 x 10 -3 V. 

The ‘ENG’ or ‘Engineering’ button ensures that the 
value is stated to a power of 10 that is a multiple of 
3, enabling you, in this example, to express the answer 

as 15 mV. 


Now try the following exercise 


Exercise 9 Further problems on 

engineering notation and 
common prefixes 

1. Express the following in engineering notation 
and in prefix form: 

(a) 100 000 W (b) 0.00054 A 

(c) 15 x 10 5 £2 (d) 225 x 10 _4 V 

(e) 35 000000000 Hz (f) 1.5xl0- n F 

(g) 0.000017 A (h) 46200 £2, 

[(a) 100 kW (b) 0.54 mA or 540 pA 

(c) 1.5 M£2 (d) 22.5 mV (e) 35 GHz (f) 15 pF 
(g) 17 pA (h) 46.2 k£2] 

2. Rewrite the following as indicated: 

(a) 0.025 mA=.pA 

(b) 1000 pF =.nF 

(c) 62 x 10 4 V =.kV 

(d) 1 250 000 £2 =. 

[(a) 25 pA (b) 1 nF (c) 620 kV (d) 1.25 MQ] 

3. Use a calculator to evaluate the following in 
engineering notation: 

(a) 4.5 x 10“ 7 x 3 x 10 4 
(1.6 x 10 _s )(25 x 10 3 ) 

( } (100 x 10 6 ) 

[(a) 13.5 x 10“ 3 (b) 4 x 10 3 ] 
















Chapter 3 


Computer numbering 

systems 


3.1 Binary numbers 


The system of numbers in everyday use is the denary 
or decimal system of numbers, using the digits 0 to 9. 
It has ten different digits (0, 1, 2, 3, 4, 5, 6, 7, 8 and 9) 
and is said to have a radix or base of 10. 

The binary system of numbers has a radix of 2 and 
uses only the digits 0 and 1. 


3.2 Conversion of binary to decimal 


The decimal number 234.5 is equivalent to 

2 x 10 2 + 3 x 10 1 + 4 x 10° + 5 x 10 _1 

i.e. is the sum of term comprising: (a digit) multiplied 
by (the base raised to some power). 

In the binary system of numbers, the base is 2, so 
1101.1 is equivalent to: 

1 x 2 3 + 1 x 2 2 + 0 x 2 1 + 1 x 2° + 1 x 2 _1 

Thus the decimal number equivalent to the binary 
number 1101.1 is 

1 

8 + 4 + 0+ lH—, that is 13.5 
2 

i.e. 1101.1 2 = 13.5io, the suffixes 2 and 10 denoting 
binary and decimal systems of number respectively. 


From above: 110112 = 1 x 2 4 + 1 x 2 3 + 0 x 2 2 
+ 1 x 2 1 + 1 x 2° 

= 16+8 + 0 + 2+1 

= 27 10 


Convert 0.101 12 to a decimal fraction 


O.IOII 2 = 1 x 2 _1 + 0 x 2“ 2 + 1 x 2“ 3 

+ 1 x 2“ 4 

1 1 1 

= 1X 2 + °+ tU ? 

+ ‘*i 
11 1 
~ 2 + 8 + 16 
= 0.5 + 0.125 + 0.0625 

= 0.6875io 


Convert IOI.OIOI 2 to a decimal 

number 


IOI.OIOI 2 = 1 x 2 2 + 0 x 2 1 + 1 x 2° 
+ 0 x 2 _1 + 1 x 2“ 2 
+ 0 x 2“ 3 + 1 x 2“ 4 
= 4 + 0+1+0 + 0.25 
+ 0 + 0.0625 


Convert IIOII 2 to a decimal number 


= 5.3125io 
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Now try the following exercise 


Exercise 10 Further problems on 

conversion of binary to 
decimal numbers 

In Problems 1 to 4, convert the binary number given 
to decimal numbers. 

1. (a) 110(b) 1011 (c) 1110(d) 1001 

[(a) 6io (b) 11 io (c)14i 0 (d) 9i 0 ] 

2. (a) 10101 (b) 11001 (c) 101101 (d) 110011 

[(a) 21 10 (b) 25 io (c)45 10 (d) 51i 0 ] 

3. (a) 0.1101 (b) 0.11001 (c) 0.00111 (d) 0.01011 

"(a) 0.8125 10 (b) 0.78125 10 " 

_(c) 0.21875i 0 (d) 0.34375i 0 

4. (a) 11010.11 (b) 10111.011 (c) 110101.0111 
(d) 11010101.10111 

"(a) 26.75io (b) 23.375 10 
(c) 53.4375io (d) 213.71875 10 


3.3 Conversion of decimal to binary 


An integer decimal number can be converted to a cor¬ 
responding binary number by repeatedly dividing by 2 
and noting the remainder at each stage, as shown below 
for 39io 

2 |39 Remainder 
2 H9 1 
2 |_9 1 
2 |_4 1 

2 [2 0 
2 Li 0 
0 1 

(most —>1001 1 If- (least 
significant bit) significant bit) 

The result is obtained by writing the top digit of the 
remainder as the least significant bit, (a bit is a binary 
digit and the least significant bit is the one on the right). 
The bottom bit of the remainder is the most significant 
bit, i.e. the bit on the left. 

Thus 39 10 = 100111 2 

The fractional part of a decimal number can be converted 
to a binary number by repeatedly multiplying by 2, as 
shown below for the fraction 0.625 



1 

1 


0.625 x 2 = 


0.250i x 2 = 


1. j 25 Oi 

_ZJT " 

0. | 500i 


0.500| X 2 = 


r 


1.000 


(most significant bit) .10 1 (least significant bit) 


For fractions, the most significant bit of the result is the 
top bit obtained from the integer part of multiplication 
by 2. The least significant bit of the result is the bottom 
bit obtained from the integer part of multiplication by 2. 


Thus 0.625io = 0.101 2 


Convert 47 10 to a binary number 


From above, repeatedly dividing by 2 and noting the 
remainder gives: 


2 [47 
2 [23 
2 \U 

2 LA 
2 |_2 
2 [I 
0 



10 1 111 


Thus 47io = IOIIII 2 


Convert 0.40625io to a binary 

number 


From above, repeatedly multiplying by 2 gives: 



i.e. 040625io = 0.01101 2 
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Convert 58.3125io to a binary 

number 


The integer part is repeatedly divided by 2, giving: 


2 |58 
2(29 
2 114 
2 |_Z 
2 |_3 

2 LL 

0 



111 010 


3.4 Conversion of decimal to binary 
via octal 


For decimal integers containing several digits, repeat¬ 
edly dividing by 2 can be a lengthy process. In this 
case, it is usually easier to convert a decimal number to 
a binary number via the octal system of numbers. This 
system has a radix of 8, using the digits 0, 1,2, 3, 4, 
5, 6 and 7. The denary number equivalent to the octal 
number 4317s is 

4 x 8 3 + 3 x 8 2 + 1 x 8 1 + 7 x 8° 

i.e. 4x512 + 3x64+lx8 + 7xlor 2255io 


The fractional part is repeatedly multiplied by 2 giving: 


0.3125 x 2 = 
0.625 x 2 = 


0.625 
-1.25 

0.25 x 2 = 



0.5 

0.5 x 2 = 



r 1 - 0 


.0101 


Thus 58.3125 10 = 111010.0101 2 


Now try the following exercise 


Exercise 11 Further problems on 
conversion of decimal 
to binary numbers 

In Problem 1 to 4, convert the decimal numbers 
given to binary numbers. 

1. (a) 5 (b) 15 (c)19 (d) 29 

"(a) 101 2 (b) 1111 2 

_(c) 10011 2 (d)11101 2 _ 

2. (a) 31 (b) 42 (c) 57 (d) 63 

"(a) 11111 2 (b) 101010 2 " 

(c) 111001 2 (d) IIIIII 2 

3. (a) 0.25 (b) 0.21875 (c) 0.28125 
(d) 0.59375 

(a) 0.01 2 (b) 0.00111 2 " 

(OO.OIOOI 2 (d) 0.10011 2 _ 

4. (a) 47.40625 (b) 30.8125 
(0 53.90625 (d) 61.65625 

"(a) 101111.01101 2 (b) 111 10.1101 2 

(c) 110101.IIIOI 2 (d) 111101. IOIOI 2 


An integer decimal number can be converted to a cor¬ 
responding octal number by repeatedly dividing by 8 
and noting the remainder at each stage, as shown below 
for 493 10 

8 1493 Remainder 

8 1 61 5 - 

8 |_7 5 - 

0 7 - 

7 5 5 

Thus 493 10 = 755 8 

The fractional part of a decimal number can be con¬ 
verted to an octal number by repeatedly multiplying by 
8 , as shown below for the fraction 0.4375 10 


0.4375 x 8 = 

— 3 . |5 

i 


[0.5 1 x 8 = 

4. 0 
, 1 


T 

4 


For fractions, the most significant bit is the top integer 
obtained by multiplication of the decimal fraction by 8, 
thus 

0.4375io = 0.34s 

The natural binary code for digits 0 to 7 is shown 
in Table 3.1, and an octal number can be converted 
to a binary number by writing down the three bits 
corresponding to the octal digit. 

Thus 437s = 100 011 111 2 


and 26.35 8 = 010 110.011 101 2 
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Table 3.1 


Octal digit 

Natural 
binary number 

0 

000 

1 

001 

2 

010 

3 

Oil 

4 

100 

5 

101 

6 

110 

7 

111 


The ‘O’ on the extreme left does not signify anything, 
thus 26.35s = 10 110.011 101 2 

Conversion of decimal to binary via octal is demon¬ 
strated in the following worked problems. 


Thus 0.59375io = 0.46 8 


From Table 3.1. 0.46g = 0.100 110 2 

i.e. 0.59375 10 = 0.100 11 2 


Convert 5613.90625io to a binary 
number, via octal 


The integer part is repeatedly divided by 8, noting the 
remainder, giving: 

8 |5613 
8 | 701 

8 |_87 

8 |_10 

8 |_ 1 

0 


This octal number is converted to a binary number, (see 
Table 3.1) 



1 2 7 5 5 


Convert 3714i 0 to a binary number, 12755 8 = 001 010 111 101 101 2 

via octal 

i.e. 5613io = 1 010 111 101 101 2 


Dividing repeatedly by 8, and noting the remainder 
gives: 

8 13714 Remainder 

8 | 464 2 - 

8 |_58 0 - 

8 |_7 2 - 

0 7 1 

7 2 0 2 


The fractional part is repeatedly multiplied by 8, and 
noting the integer part, giving: 

0.90625 x 8= - 7.25 

0.25 x 8 = 2.00 

.7 2 

This octal fraction is converted to a binary number, (see 
Table 3.1) 


From Table 3.1, 7202 8 = 111 010 000 010 2 

i.e. 3714io = 111 010 000 010 2 

Convert 0.59375 io to a binary 
number, via octal 

Multiplying repeatedly by 8, and noting the integer 
values, gives: 

0.59375 x 8 = - 4.75 

0.75 x 8= _ j- 6.00 

.4 6 


0.72 8 = 0.111 010 2 
i.e. 0.90625io = 0.111 01 2 

Thus, 5613.90625k, = 1 010 111 101101.111 01 2 

Convert 11 110 011.100 01 2 to a 
decimal number via octal 

Grouping the binary number in three’s from the binary 
point gives: 011 110 011.100 010 2 
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Using Table 3.1 to convert this binary number to an 
octal number gives: 363.42s and 

363.42s = 3x8 2 + 6x8 1 +3x8° 

+ 4 x 8 _1 + 2 x 8 -2 

= 192 + 48 + 3 + 0.5 + 0.03125 

= 243.53125io 

Now try the following exercise 

Exercise 12 Further problems on 

conversion between decimal 
and binary numbers via octal 

In Problems 1 to 3, convert the decimal numbers 
given to binary numbers, via octal. 

1. (a) 343 (b) 572 (c) 1265 

(a) 101010111 2 (b) 1000111100 2 

(c) 10011110001 2 

2. (a) 0.46875 (b) 0.6875 (c) 0.71875 

(a) 0.01111 2 (b) 0.1011 2 

(c) 0.10111 2 

3. (a) 247.09375 (b) 514.4375 
(c) 1716.78125 

_ (a) 111 10111.0001 

(b) 1000000010.0111 2 
_(c) 11010110100.11.001 2 _ 

4. Convert the following binary numbers to dec¬ 
imal numbers via octal: 

(a) 111.0111 (b) 101 001.01 

(c) 1 110 011 011 010.001 1 

(a) 7.4375io (b)41.25x 0 

(c) 7386.1875 10 


3.5 Hexadecimal numbers 


The complexity of computers requires higher order 
numbering systems such as octal (base 8) and hexadeci¬ 
mal (base 16), which are merely extensions of the binary 
system. A hexadecimal numbering system has a radix 
of 16 and uses the following 16 distinct digits: 

0,1,2,3,4,5,6,7,8,9, A, B, C, D, E and F 

‘A’ corresponds to 10 in the denary system, B to 11, C 
to 12, and so on. 


To convert from hexadecimal to decimal: 

For example 

1A 16 = 1 x 16 1 + A x 16° 

= 1 x 16 1 + 10 x 1 = 16 + 10 = 26 
i.e. lAi6 = 26io 
Similarly, 

2Ei6 = 2 x 16 1 + E x 16° 

= 2 x 16 1 + 14 x 16° = 32 + 14 = 46x 0 

and lBFis = 1 x 16 2 + B x 16 1 + F x 16° 

= 1 x 16 2 + 11 x 16 1 + 15 x 16° 

= 256 + 176 + 15 = 447io 

Table 3.2 compares decimal, binary, octal and hexadec¬ 
imal numbers and shows, for example, that 

23 10 = 10111 2 = 27g = 17 16 

Convert the following hexadecimal 
numbers into their decimal equivalents: (a) 7Am 
(b) 3F 16 

(a) 7 Ai 6 = 7x 16'+Ax 16° = 7 x 16+10x 1 

= 112 + 10=122 

Thus 7Ai6 = 122io 

(b) 3 Fx 6 = 3 x 16 1 + F x 16° = 3x16+15x1 

= 48+15 = 63 

Thus, 3Fi6 = 63xo 

Convert the following hexadecimal 
numbers into their decimal equivalents: (a) C9i6 
(b) BD 16 


Section 1 



















Section 1 


24 Engineering Mathematics 


Table 3.2 


Decimal 

Binary 

Octal 

Hexadecimal 

0 

0000 

0 

0 

1 

0001 

1 

1 

2 

0010 

2 

2 

3 

0011 

3 

3 

4 

0100 

4 

4 

5 

0101 

5 

5 

6 

0110 

6 

6 

7 

0111 

7 

7 

8 

1000 

10 

8 

9 

1001 

11 

9 

10 

1010 

12 

A 

11 

1011 

13 

B 

12 

1100 

14 

C 

13 

1101 

15 

D 

14 

1110 

16 

E 

15 

mi 

17 

F 

16 

10000 

20 

10 

17 

10001 

21 

11 

18 

10010 

22 

12 

19 

10011 

23 

13 

20 

10100 

24 

14 

21 

10101 

25 

15 

22 

10110 

26 

16 

23 

10111 

27 

17 

24 

11000 

30 

18 

25 

11001 

31 

19 

26 

11010 

32 

1A 

27 

11011 

33 

IB 

28 

11100 

34 

1C 

29 

11101 

35 

ID 

30 

11110 

36 

IE 

31 

mil 

37 

IF 

32 

100000 

40 

20 


(a) C9 i 6 = Cx 16'+9x 16°=12x 16 + 9 x 1 

= 192 + 9 = 201 

Thus C9i6 = 201io 

(b) BD 16 = B x 16*+Dx 16° = 11 x 16+13 x 1 

= 176+ 13= 189 

Thus, BD 16 = 189io 

Convert 1 A4E,g into a denary 

number 

1A4E 16 

= 1 x 16 3 +Ax 16 2 + 4x 16'+Ex 16° 

= 1 x 16 3 + 10 x 16 2 + 4 x 16 1 + 14 x 16° 

= 1 x 4096 + 10 x 256 + 4 x 16 + 14 x 1 
= 4096 + 2560 + 64 + 14 = 6734 
Thus, !A4Ei6 = 6734 10 


To convert from decimal to hexadecimal: 

This is achieved by repeatedly dividing by 16 and noting 
the remainder at each stage, as shown below for 26io- 

16 [26 Remainder 

16 Li 10=A lfi 

0 Is l l6 - 

most significant bit —> 1 A <— least significant bit 

Hence 26io = lAi6 
Similarly, for 447,o 

16 1447 Remainder 

16 |_27 15 = F 16 - 

16 |_1 11 = B 16 —, 

0 1 = ll6 ^ 

1 BF 

Thus 447io = IBF 16 

Convert the following decimal 
numbers into their hexadecimal equivalents: 

(a) 37,o (b) 108,o 
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(a) 16 [37 Remainder 

16 |_2 5 = 5 16 - 

0 2 = 2 16 -^ 

most significant bit —^ 2 5 <- least significant bit 
Hence 37io = 25i6 

(b) 16 1108 Remainder 

16j 6 12 = C 16 — 

0 6 = 6ig-| 

6 C 

Hence 108i<) = 6Ci6 

Convert the following decimal 
numbers into their hexadecimal equivalents: 

(a) 162 I0 (b) 239io 

(a) 16 1162 Remainder 

16 QO 2 = 2 16 - 

0 10 = Aj6-^ 

A 2 

Hence 162io = A2ig 

(b) 16 1239 Remainder 

16 | 14 15 = F 16 - 

0 14 = E 16 —| 

EF 

Hence 239io = EF|f, 


To convert from binary to hexadecimal: 

The binary bits are arranged in groups of four, start¬ 
ing from right to left, and a hexadecimal symbol is 
assigned to each group. For example, the binary number 
1110011110101001 is initially grouped in 

fours as: 1110 0111 1010 1001 

and a hexadecimal symbol 

assigned to each group as E 7 A 9 

from Table 3.2 

Hence 1110011110101001 2 = E7A9 i 6 


6CF3i6 = 0110 1100 1111 0011 

from Table 3.2 

i.e. 6CF3ie = llOllOOllllOOlh 

Convert the following binary 
numbers into their hexadecimal equivalents: 

(a) 11010110 2 (b) 1100111 2 


(a) Grouping bits in fours from the 

right gives: 1101 0110 

and assigning hexadecimal symbols 

to each group gives: D 6 

from Table 3.2 

Thus, IIOIOIIO 2 = D6i 6 

(b) Grouping bits in fours from the 

right gives: 0110 0111 

and assigning hexadecimal symbols 

to each group gives: 6 7 

from Table 3.2 

Thus, IIOOIII 2 = 67 16 


Convert the following binary 
numbers into their hexadecimal equivalents: 

(a) IIOOIIII 2 (b) IIOOIIIIO 2 

(a) Grouping bits in fours from the 

right gives: 1100 1111 

and assigning hexadecimal 

symbols to each group gives: C F 

from Table 3.2 

Thus, IIOOIIII 2 = CFi 6 

(b) Grouping bits in fours from 

the right gives: 0001 1001 1110 

and assigning hexadecimal 

symbols to each group gives: 1 9 E 

from Table 3.2 

Thus, IIOOIIIIO 2 = 19Ei 6 


Convert the following hexadecimal 
numbers into their binary equivalents: (a) 3Fig 
(b) A 616 


To convert from hexadecimal to binary: 

The above procedure is reversed, thus, for example, 
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(a) Spacing out hexadecimal digits gives: 3 F 

and converting each into 

binary gives: 0011 1111 

from Table 3.2 

Thus, 3Fi6 = 111111 2 

(b) Spacing out hexadecimal digits 

gives: A 6 

and converting each into binary 

gives: 1010 0110 

from Table 3.2 

Thus, A 616 = IOIOOIIO 2 


Convert the following hexadecimal 
numbers into their binary equivalents: (a) 7B k, 

(b) 17Die 

(a) Spacing out hexadecimal 


digits gives: 

7 B 

and converting each into 

binary gives: 

0111 1011 
from Table 3.2 

Thus, 7Bi 6 = IIIIOII 2 


(b) Spacing out hexadecimal 


digits gives: 

1 7 D 

and converting each into 

binary gives: 

0001 0111 1101 
from Table 3.2 

Thus, 17Di6 = IOIIIIIOI 2 



Now try the following exercise 

Exercise 13 Further problems on 
hexadecimal numbers 

In Problems 1 to 4, convert the given hexadecimal 
numbers into their decimal equivalents. 

1. E7 16 [231 10 ] 2. 2Ci 6 [44i 0 ] 

3. 98 16 [152 10 ] 4. 2F1 16 [753 10 ] 

In Problems 5 to 8, convert the given decimal 
numbers into their hexadecimal equivalents. 


54io 

[36i 6 ] 

6. 200io 

[C8i 6 ] 

91io 

[5B 16 ] 

8. 238io 

[EE 16 ] 


In Problems 9 to 12, convert the given binary 
numbers into their hexadecimal equivalents. 


9. 

IIOIOIII 2 

[D7 16 ] 

10. 

IIIOIOIO 2 

[EA 16 ] 

11. 

10001011 2 

[bb 16 ] 

12. 

101001012 

[A5i 6 ] 

In Problems 13 to 16, convert the given hexadeci¬ 
mal numbers into their binary equivalents. 

13. 

3716 

[110111 2 ] 

14. 

EDm 

[IIIOIIOI 2 ] 

15. 

9Fi6 

[IOOIIIII 2 ] 

16. 

A21 16 

[IOIOOOIOOOOI 2 ] 







Chapter 4 


Calculations and evaluation 

offormulae 


4.1 Errors and approximations 


(i) In all problems in which the measurement of dis¬ 
tance, time, mass or other quantities occurs, an 
exact answer cannot be given; only an answer 
which is correct to a stated degree of accuracy 
can be given. To take account of this an error 
due to measurement is said to exist. 

(ii) To take account of measurement errors it is usual 
to limit answers so that the result given is not 

more than one significant figure greater than 
the least accurate number given in the data. 

(iii) Rounding-off errors can exist with decimal frac¬ 
tions. For example, to state that n = 3.142 is not 
strictly correct, but l 7r = 3.142 correct to 4 sig¬ 
nificant figures’ is a true statement. (Actually, 
?r = 3.14159265...) 

(iv) It is possible, through an incorrect procedure, to 
obtain the wrong answer to a calculation. This 
type of error is known as a blunder. 

(v) An order of magnitude error is said to exist if 
incorrect positioning of the decimal point occurs 
after a calculation has been completed. 

(vi) Blunders and order of magnitude errors can be 
reduced by determining approximate values of 
calculations. Answers which do not seem feasi¬ 
ble must be checked and the calculation must be 
repeated as necessary. 

An engineer will often need to make a quick men¬ 
tal approximation for a calculation. For exam- 
49.1 x 18.4 x 122.1 

pie, - may be approximated 

61.2 x 38.1 


50 x 20 x 120 

to - and then, by cancelling, 

60 x 40 J s 

50x^CfxT2# 

---r-= 50. An accurate answer 

somewhere between 45 and 55 could therefore be 
expected. Certainly an answer around 500 or 5 
would not be expected. Actually, by calculator 


49.1 x 18.4 x 122.1 

61.2x38.1 
nificant figures. 


47.31, correct to 4 sig- 


The area A of a triangle is given by 

1 

A = -bh. The base b when measured is found to be 
2 

3.26 cm, and the perpendicular height h is 7.5 cm. 
Determine the area of the triangle. 


Area of triangle = -bh — - x 3.26 x 7.5 
2 2 

= 12.225 cm 2 (by calculator). 

1 , 

The approximate values is - x 3 x 8 = 12 cm , so 
there are no obvious blunder or magnitude errors. How¬ 
ever, it is not usual in a measurement type problem to 
state the answer to an accuracy greater than 1 significant 
figure more than the least accurate number in the data: 
this is 7.5 cm, so the result should not have more than 
3 significant figures 
Thus, area of triangle = 12.2 cm 2 

State which type of error has been 
made in the following statements: 

(a) 72x 31.429 = 2262.9 

(b) 16 x 0.08 x 7 = 89.6 
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(c) 11.714 x 0.0088 = 0.3247 correct to 4 decimal 
places. 

29.74x0.0512 

(d) -= 0.12, correct to 2 significant 

11.89 S 

figures. 


(a) 72 x 31.429 = 2262.888 (by calculator), hence a 
rounding-off error has occurred. The answer 
should have stated: 

72 x 31.429 = 2262.9, correct to 5 significant fig¬ 
ures or 2262.9, correct to 1 decimal place. 

8 32 x 7 

(b) 16 x 0.08 x 7= 16 x-x7=- 

100 25 

224 24 

= zT = 8 25 = 8 - % 

Hence an order of magnitude error has occurred. 

(c) 11.714x0.0088 is approximately equal to 
12 x 9 x 10 —3 , i.e. about 108 x 10 -3 or 0.108. 
Thus a blunder has been made. 


(d) 


29.74x 0.0512 30x 5 x 10 


-2 


11.89 


12 

150 


15 1 

= - or 0.125 


12 x 10 2 120 8 

hence no order of magnitude error has occurred. 
29.74x0.0512 

However, -= 0.128 correct to 3 

11.89 

significant figures, which equals 0.13 correct to 
2 significant figures. 

Hence a rounding-off error has occurred. 


Without using a calculator, determine 
an approximate value of: 

^ 11.7 x 19.1 2.19 x 203.6 x 17.91 

(a) 9.3 x 5.7 (b) 12.1 x 8.76 


(a) 


(b) 


11.7x19.1 10x20 

-is approximately equal to- 

.3 x 5.7 10x5 

i.e. about 4 

11.7 x 19.1 

(By calculator, -= 4.22, correct to 3 

7 9.3 x 5.7 

significant figures.) 

2.19 x 203.6 x 17.91 _ 2 x 2O 20Cf x^O 2 

12.1 x 8.76 lMfxMfi 

= 2 x 20 x 2 after cancelling. 


2.19x 203.6x 17.91 „ 

i.e.- 80 

12.1 x 8.76 

2.19 x 203.6 x 17.91 

(By calculator, -«75.3, 

J 12.1 x 8.76 

correct to 3 significant figures.) 


Now try the following exercise 

Exercise 14 Further problems on errors 

In Problems 1 to 5 state which type of error, or 
errors, have been made: 

1. 25 x0.06x 1.4 = 0.21 

[order of magnitude error] 

2. 137 x 6.842 = 937.4 
Rounding-off error-should add ‘correct 
to 4 significant figures’ or ‘correct to 
1 decimal place’ 


3. 


24 x 0.008 


12.6 


■ = 10.42 


[Blunder] 


4. For a gas pV — c. When pressure p— 1 03 400 
Pa and V — 0.54m 3 then c — 55 836Pam 3 . 

Measured values, hence 
c = 55 800 Pam 3 


5. 


4.6x0.07 


= 0.225 


52.3 x 0.274 

Order of magnitude error and rounding- 
off error-should be 0.0225, correct to 3 
significant figures or 0.0225, 
correct to 4 decimal places 

In Problems 6 to 8, evaluate the expressions 
approximately, without using a calculator. 


6. 4.7 x 6.3 

2.87 x 4.07 

7. 


6.12x0.96 


[«s30 (29.61, by calculator)] 


«2 (1.988, correct to 4 s.f., by 
calculator) 


72.1 x 1.96x48.6 
139.3x5.2 

«H0 (9.481, correct to 4 s.f., by 
calculator) 





































4.2 Use of calculator 


The most modem aid to calculations is the pocket-sized 
electronic calculator. With one of these, calculations 
can be quickly and accurately performed, correct to 
about 9 significant figures. The scientific type of calcu¬ 
lator has made the use of tables and logarithms largely 
redundant. 

To help you to become competent at using your cal¬ 
culator check that you agree with the answers to the 
following problems: 


Evaluate the following, correct to 4 
significant figures: 

(a) 4.7826 + 0.02713 (b) 17.6941 - 11.8762 
(c) 21.93 x0.012981 


(a) 4.7826 + 0.02713 = 4.80973 = 4.810, correct to 
4 significant figures 

(b) 17.6941 — 11.8762 = 5.8179 = 5.818, correct to 
4 significant figures 

(c) 21.93 x 0.012981 = 0.2846733... = 0.2847, cor¬ 
rect to 4 significant figures 


Evaluate the following, correct to 4 

decimal places: 

4.621 

(a) 46.32x97.17 x0.01258 

(b) +7+7 

23.76 

(c) -(62.49 x 0.0172) 


2 



(a) 46.32 x 97.17 x 0.01258 = 56.6215031... 

= 56.6215, correct to 4 decimal places 

4.621 

(b) -= 0.19448653... = 0.1945, correct to 4 

23.76 

decimal places 

(c) ^(62.49 x 0.0172) = 0.537414 = 0.5374, correct 

to 4 decimal places 


Evaluate the following, correct to 3 
decimal places: 
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(a) —'—=0.01896453... =0.019, correct to 3 
52.73 

decimal places 

(b) —-— = 36.3636363 ... = 36.364, correct to 3 
0.0275 

decimal places 

1 1 

(c) -1-= 0.71086624... =0.711, correct to 

4.92 1.97 

3 decimal places 


Evaluate the following, expressing 
the answers in standard form, correct to 4 
significant figures. 

(a) (0.00451) 2 (b) 631.7 - (6.21 + 2.95) 2 

(c) 46.27 2 — 31.79 2 


(a) (0.00451) 2 = 2.03401 x 10“ 5 = 2.034 x 10“ 5 , 

correct to 4 significant figures 

(b) 631.7-(6.21+ 2.95) 2 = 547.7944 

= 5.477944 x 10 2 = 5.478 x 10 2 , correct to 4 

significant figures 

(c) 46.27 2 - 31.79 2 = 1130.3088 = 1.130 x 10 3 , 

correct to 4 significant figures 


Evaluate the following, correct to 3 
decimal places: 


(a) 

(c) 


(2.37) 2 

0.0526 

15 

7.6 2 — 4.8 2 




2 


(a) 


(2.37) 2 

0.0526 


106.785171. .. = 106.785, correct to 3 
decimal places 




= 8.37360084. .. = 8.374, 
correct to 3 decimal places 


(c) 


15 

7.6 2 — 4.8 2 


= 0.43202764... = 0.432, correct to 
3 decimal places 


Evaluate the following, correct to 4 
significant figures: 

(a) V5.462 (b) V54.62 (c) V546.2 
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(a) 

V5.462 = 2.3370922... 
nificant figures 

. = 2.337, correct to 4 sig- 

(b) 

V54d52 = 7.39053448. 
significant figures 

.. = 7.391, correct to 4 

(c) 

V546.2 = 23.370922. 
significant figures 

.. = 23.37, correct to 4 


Evaluate the following, correct to 3 

decimal places: 


(a) VO.007328 (b) V52.91 - V3E76 

(c) V 1.6291 x 10 4 


(a) VO.007328 = 0.08560373 = 0.086, correct to 3 
decimal places 

(b) V52.91 - V31.76 = 1.63832491... = 1.638, 
correct to 3 decimal places 

(c) Vl.6291 x 10 4 = VX629I = 127.636201... 

= 127.636, correct to 3 decimal places 

Evaluate the following, correct to 4 
significant figures: 

(a) 4.72 3 (b) (0.8316) 4 (c) V76.21 2 - 29.10 2 


(a) 4.72 3 = 105.15404... = 105.2, correct to 4 signif¬ 
icant figures 

(b) (0.8316) 4 = 0.47825324... = 0.4783, correct to 4 
significant figures 

(c) V76.21 2 - 29.10 2 = 70.4354605... = 70.44, cor¬ 
rect to 4 significant figures 


Evaluate the following, correct to 3 
significant figures: 


(a) 


6.09 2 


25.2 xV7 
(c) V7.213 2 + 6.418 3 + 3.291 4 


(b) V47.291 


(a) 

(b) 

(c) 


6.09 2 


25.2 x V7 


= 0.74583457... = 0.746, correct 


to 3 significant figures 


V47.291 = 3.61625876... = 3.62, correct to 3 

significant figures 

V7.213 2 + 6.418 3 + 3.291 4 = 20.8252991..., 

= 20.8 correct to 3 significant figures 


Evaluate the following, expressing 
the answers in standard form, correct to 4 decimal 
places: 

(a) (5.176 x 10 “ 3 ) 2 



4 


(c) V 1.792 x 10“ 4 


(a) (5.176 x 10 - 3 ) 2 = 2.679097... x 10 “ 5 

= 2.6791 x 1(T 5 , correct to 4 decimal places 


(b) 

(c) 


1.974 x 10 1 x 8.61 x 10 “ 2 


= 0.05808887... 


3.462 

= 5.8089 x 10“ 2 , correct to 4 decimal places 


V 1.792 x 10 -4 = 0.0133865... = 1.3387 x 1<T 2 , 
correct to 4 decimal places 


Now try the following exercise 


Exercise 15 Further problems on the use of 
a calculator 

In Problems 1 to 9, use a calculator to evaluate the 
quantities shown correct to 4 significant figures: 


1. (a) 3.249 2 (b) 73.78 2 (c) 311.4 2 (d) 0.0639 2 

'(a) 10.56 (b) 5443 (c) 96970' 

_(d) 0.004083 

2 . (a) V4.735 (b) V35.46 (c) V73280 
(d) V0.0256 

'(a) 2.176 (b) 5.955 (c) 270.7' 

(d) 0.1600 


3. (a) 

(d) 


7.768 

1 

1.118 


(b)- (c)- 

48.46 0.0816 

"(a) 0.1287 (b) 0.02064 
(c) 12.25 (d) 0.8945 


4. 


5. 


(a) 127.8 x0.0431 x 19.8 

(b) 15.76 = 4.329 

[(a) 109.1 (b) 3.641] 

137.6 11.82 x 1.736 

(a)- (b)- 

552.9 0.041 

[(a) 0.2489 (b) 500.5] 
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6. (a) 13.6 3 (b) 3.476 4 (c)0.124 5 

[(a) 2515 (b) 146.0 (c) 0.00002932] 


(a) | 

( 24.68 x 0.0532 

Iv 7.412 

(b) | 

/ 0.2681 x 41.2 2 

l 32.6 x 11.89 


2 \ 4 


8. (a) 


14.32 3 

21 . 68 2 


(b) 


[(a) 0.005559 (b) 1.900] 
4.821 3 

17.33 2 - 15.86 x 11.6 
[(a) 6.248 (b) 0.9630] 



(15.62) 2 


29.21 x V 10.52 
V6.921 2 + 4.816 3 — 2.161 4 

[(a) 1.605 (b) 11.74] 


10. Evaluate the following, expressing the 
answers in standard form, correct to 3 dec¬ 
imal places: (a) (8.291 x 10 -2 ) 2 

(b) V7.623 x 10“ 3 

[(a) 6.874 x 10“ 3 (b) 8.731 x 10“ 2 ] 


Calculate: 

(a) how many French euros £27.80 will buy 

(b) the number of Japanese yen which can be 
bought for £23 

(c) the pounds sterling which can be exchanged 
for 7114.80 Norwegian kronor 

(d) the number of American dollars which can be 
purchased for £90, and 

(e) the pounds sterling which can be exchanged 
for 2990 Swiss francs 


(a) £1 = 1.46 euros, hence 

£27.80 = 27.80 x 1.46 euros = 40.59 euros 

(b) £1 = 220 yen, hence 

£23 = 23 x 220 yen = 5060 yen 

(c) £1 = 12.10 kronor, hence 

7114.80 

7114.80 kronor = £-= £588 

12.10 

(d) £1 = 1.95 dollars, hence 

£90 = 90 x 1.95 dollars = $175.50 

(e) £1 = 2.30 Swiss francs, hence 

2990 

2990 franc = £-= £1300 

2.30 


4.3 Conversion tables and charts 


It is often necessary to make calculations from var¬ 
ious conversion tables and charts. Examples include 
currency exchange rates, imperial to metric unit con¬ 
versions, train or bus timetables, production schedules 
and so on. 


Currency exchange rates for five 
countries are shown in Table 4.1 

Table 4.1 


France 

£1 = 1.46 euros 

Japan 

£1 = 220 yen 

Norway 

£1 = 12.10 kronor 

Switzerland 

£1 = 2.30 francs 

U.S.A. 

£1 = 1.95 dollars ($) 


Some approximate imperial to 
metric conversions are shown in Table 4.2 

Table 4.2 

length 1 inch = 2.54 cm 
1 mile = 1.61 km 

weight 2.2 lb = 1 kg 
(1 lb= 16 oz) 

capacity 1.76 pints = 1 litre 
(8 pints = 1 gallon) 

Use the table to determine: 

(a) the number of millimetres in 9.5 inches, 

(b) a speed of 50 miles per hour in kilometres 
per hour, 

(c) the number of miles in 300 km, 

(d) the number of kilograms in 30 pounds weight, 

(e) the number of pounds and ounces in 42 
kilograms (correct to the nearest ounce), 

(f) the number of litres in 15 gallons, and 

(g) the number of gallons in 40 litres. 
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(a) 9.5 inches = 9.5 x 2.54 cm = 24.13 cm 
24.13cm = 24.13 x 10mm = 241.3 mm 

(b) 50 m.p.h. = 50 x 1.61 km/h = 80.5 km/h 

300 

(c) 300 km =-miles = 186.3 miles 

1.61 

(d) 30 lb =^ kg =13.64 kg 

(e) 42 kg = 42x2.2 lb = 92.4 lb 

0.4 lb = 0.4 x 16 oz = 6.4 oz = 6 oz, correct to the 
nearest ounce 

Thus 42 kg = 92 lb 6 oz, correct to the nearest 
ounce. 

(f) 15 gallons =15x8 pints =120 pints 

120 

120 pints =-litres = 68.18 litres 

F 1.76 

(g) 40 litres = 40 x 1.76 pints = 70.4 pints 

70.4 

70.4 pints =-gallons = 8.8 gallons 

8 


2. Below is a list of some metric to imperial 
conversions. 

Length 2.54 cm= 1 inch 
1.61 km= 1 mile 

Weight 1 kg = 2.21b (1 lb = 16 ounces) 
Capacity 1 litre = 1.76 pints 
(8 pints = 1 gallon) 

Use the list to determine (a) the number 
of millimetres in 15 inches, (b) a speed of 
35 mph in km/h, (c) the number of kilome¬ 
tres in 235 miles, (d) the number of pounds 
and ounces in 24 kg (correct to the near¬ 
est ounce), (e) the number of kilograms in 
151b, (f) the number of litres in 12 gallons 
and (g) the number of gallons in 25 litres. 

(a) 381 mm (b) 56.35 km/h 

(c) 378.35 km (d)521bl3oz 
(e) 6.82 kg (f) 54.55 litre 
(g) 5.5 gallons 

3. Deduce the following information from the 
train timetable shown in Table 4.3: 


Now try the following exercise 

Exercise 16 Further problems conversion 
tables and charts 

1. Currency exchange rates listed in a newspaper 
included the following: 

Italy £1 = 1.48 euro 

Japan £1 = 225 yen 

Australia £1 = 2.50 dollars 

Canada £1 = $2.20 

Sweden £1 = 13.25 kronor 

Calculate (a) how many Italian euros £32.50 
will buy, (b) the number of Canadian dol¬ 
lars that can be purchased for £74.80, (c) the 
pounds sterling which can be exchanged for 
14 040 yen, (d) the pounds sterling which can 
be exchanged for 1754.30 Swedish kronor, and 
(e) the Australian dollars which can be bought 
for £55 

[(a) 48.10 euros (b) $164.56 
(c) £62.40 (d) £132.40 
(e) 137.50 dollars] 


(a) At what time should a man catch a train 
at Mossley Hill to enable him to be in 
Manchester Piccadilly by 8.15 a.m.? 

(b) A girl leaves Hunts Cross at 8.17 a.m. and 
travels to Manchester Oxford Road. How 
long does the journey take? What is the 
average speed of the journey? 

(c) A man living at Edge Hill has to be at 
work at Trafford Park by 8.45 a.m. It takes 
him 10 minutes to walk to his work from 
Trafford Park station. What time train 
should he catch from Edge Hill? 

(a) 7.09 a.m. 

(b) 52 minutes, 31.15 m.p.h. 

(c) 7.04 a.m. 


4.4 Evaluation of formulae 


The statement v = u + at is said to be a formula for v 

in terms of u, a and t. 

v, u, a and t are called symbols. 

The single term on the left-hand side of the equation, v, 
is called the subject of the formulae. 












Table 4.3 Liverpool, Hunt's Cross and Warrington —»■ Manchester 


Miles 




MX 

MO 

A 

$$ 

I 

SX 

O 

C 

I 

SO 

0 

c 

SX 

BHX 

BHX 

O 

I 


BHX 

BHX 

❖ 

D 

I 


SX 

BHX 

BHX 

❖ 

E 


BHX 

C 

I 


SX 

BHX 


❖ 

I 


BHX 

0 

Liverpool Lime Street 

82, 99 

d 



05 25 

05 37 


06 03 

06 23 


06 30 

06 54 


07 00 

07 17 


07 30 

07 52 



08 00 

08 23 


08 30 

1 \ 

Edge Hill 

82, 99 

d 









06 34 



07 04 



07 34 




08 04 



08 34 

3l 

Mossley Hill 

82 

d 









06 39 



07 09 



07 39 




08 09 



08 39 

4 i 

West Allerton 

82 

d 









06 41 



07 11 



07 41 




08 11 



08 41 

5l 

Allerton 

82 

d 









06 43 



07 13 



07 43 




08 13 



08 43 

- 

Liverpool Central 

101 

d 









06 73 

06 45 





0715 

0745 






08 75 

- 

Garston (Merseyside) 

101 

d 









06 26 

06 56 





0726 

0756 






08 26 

7 J 

Hunt’s Cross 


d 



05u38 

05u50 


06 17 



06 47 

07u07 


07 17 



07 47 

08u05 



08 17 



08 47 

8 I 

Halewood 


d 






06 20 



06 50 



07 20 



07 50 




08 20 



08 50 

10i 

Hough Green 


d 






06 24 



06 54 



07 24 



07 54 




08 24 



08 54 

121 

Widnes 


d 






06 27 



06 57 



07 27 

07 35 


07 57 

08 12 



08 27 



08 57 

16 

Sankey for Penketh 


d 

00 02 





06 32 



07 02 



07 32 



08 02 




08 32 



09 02 


Warrington Central 


a 

00 07 


05 50 

06 02 


06 37 

06 46 


07 07 

07 19 


07 37 

07 43 


08 07 

08 20 



08 37 

08 46 


09 07 

- 



d 



05 51 

06 03 

06 30 


06 46 

07 00 


07 20 

07 30 


07 43 

08 00 


08 20 


08 30 


08 46 

09 00 


20 j 

Padgate 


d 





06 33 



07 03 



07 33 



08 03 




08 33 



09 03 


211 

Birchwood 


d 



05 56 

06 08 

06 36 


06 51 

07 06 


07 25 

07 36 


07 48 

08 06 


08 25 


08 34 


08 51 

09 06 


241 

Glazebrook 


d 





06 41 



07 11 



07 41 



08 11 




08 41 



09 11 


25 2 

Iriam 


d 



06 02 


06 44 



07 14 



07 44 


07 54 

08 14 



08 34 

08 44 



09 14 


28 

Flixton 


d 



06 06 


06 48 



07 18 



07 48 



08 15 



08 38 

08 48 



09 18 


281 

Chassen Road 


d 



06 08 


06 50 



07 20 



07 50 



08 20 



08 40 

08 50 



09 20 


29 

Urmston 


d 


00 03 

06 10 


06 52 



07 22 



07 52 



08 22 



08 42 

08 52 



09 22 


30 J 

Humphrey Park 


d 


00 13 

06 13 


06 55 



07 25 



07 55 



08 25 



08 45 

08 55 



09 25 


31 

Trafford Park 


d 



06 15 


06 57 



07 27 



07 57 



08 27 



08 47 

08 57 



09 27 


34 

Deansgate 

81 

d 


00 23 



07 03 



07 33 



08 03 



08 33 



08 52 

09 03 



09 33 


34 i 

Manchester Oxford Road 

81 

a 


00 27 

06 22 

06 22 

07 05 


07 08 

07 35 


07 40 

08 05 


08 08 

08 35 


08 40 

08 54 

09 05 


09 08 

09 35 


- 



d 


00 27 

06 23 

06 23 



07 09 



07 41 



08 09 

08 37 


08 41 

08 55 



09 09 



35 

Manchester Piccadilly 

81 

a 


00 34 

06 25 

06 25 



07 11 



07 43 



08 11 

08 39 


08 43 

08 57 



09 11 



- 

Stockport 

81,90 

a 



06 34 

06 34 



0732 



07 54 



08 32 



08 54 

0919 



09 32 



- 

Sheffield 

90 

a 



07 30 

07 30 






08 42 






08 42 
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Table 4.3 Continued 





❖ 

I 



I 


BHX 

❖ 

I 


O 

I 


BHX 

O 

I 


❖ 

I 


BHX 

❖ 

I 


❖ 

I 


BHX 

O 

I 


Liverpool Lime Street 

82, 99 

d 

08 54 


09 00 

09 23 


09 30 

09 56 

10 00 

10 23 


10 30 

10 56 

11 00 

11 23 


11 30 

11 56 

12 00 

12 23 


12 30 

12 56 

13 00 

Edge Hill 

82, 99 

d 



09 04 



09 34 


10 04 



10 34 


11 04 



11 34 


12 04 



12 34 


13 04 

Mossley Hill 

82 

d 



09 09 



09 39 


10 09 



10 39 


11 09 



11 39 


12 09 



12 39 


13 09 

West Allerton 

82 

d 



09 11 



09 41 


10 11 



10 41 


11 11 



1141 


12 11 



12 41 


13 11 

Allerton 

82 

d 



09 13 



09 43 


10 13 



10 43 


11 13 



1143 


12 13 



12 43 


13 13 

Liverpool Central 

101 

d 

09 45 





09 15 

0945 




1015 

10 45 




11 75 

1145 




12 15 

12 45 


Garston (Merseyside) 

101 

d 

09 56 





09 26 

09 56 




1026 

10 56 




1126 

1156 




12 26 

12 56 


Hunt’s Cross 


d 

09u09 


09 17 



09 47 

10u09 

10 17 



10 47 

llu09 

11 17 



1147 

12u09 

12 17 



12 47 

13u09 

13 17 

Halewood 


d 



09 20 



09 50 


10 20 



10 50 


11 20 



11 50 


12 20 



12 50 


13 20 

Hough Green 


d 



09 24 



09 54 


10 24 



10 54 


11 24 



11 54 


12 24 



12 54 


13 24 

Widnes 


d 



09 27 



09 57 


10 27 



10 57 


11 27 



11 57 


12 27 



12 57 


13 27 

Sankey for Penketh 


d 



09 32 



10 02 


10 32 



11 02 


11 32 



12 02 


12 32 



13 02 


13 32 

Warrington Central 


a 

09 21 


09 37 

09 46 


10 07 

10 21 

10 37 

10 46 


11 07 

11 21 

11 37 

11 46 


12 07 

12 21 

12 37 

12 46 


13 07 

13 21 

13 37 



d 

09 22 

09 30 


09 46 

10 00 


10 22 


10 46 

11 00 


11 22 


11 46 

12 00 


12 22 


12 46 

13 00 


13 22 


Padgate 


d 


09 33 



10 03 





11 03 





12 03 





13 03 




Birch wood 


d 


09 36 


09 51 

10 06 




10 51 

11 06 




11 51 

12 06 




1251 

13 04 




Glazebrook 


d 


09 41 



10 11 





11 11 





12 11 





13 11 




Iriam 


d 


09 44 



10 14 





11 14 





12 14 





13 14 




Flexton 


d 


09 48 



10 18 





11 18 





12 18 





13 18 




Chassen Road 


d 


09 50 



10 20 





11 20 





12 20 





13 20 




Urmston 


d 


09 52 



10 22 





11 22 





12 22 





13 22 




Humphrey Park 


d 


09 55 



10 25 





11 25 





12 25 





13 25 




Trafford Park 


d 


09 57 



10 27 





11 27 





12 27 





13 27 




Deansgate 

81 

d 


10 03 



10 33 





11 33 





12 33 





13 33 




Manchester Oxford Road 

81 

a 

09 40 

10 05 


10 08 

10 35 


10 40 


11 08 

11 35 


11 40 


12 08 

12 35 


12 40 


13 08 

13 35 


13 40 




d 

09 41 

10 06 


10 09 



10 41 


11 09 



11 41 


12 09 



12 41 


13 09 



13 41 


Manchester Piccadilly 

81 

a 

09 43 

10 08 


10 11 



10 43 


11 11 



11 43 


12 11 



12 43 


13 11 



13 43 


Stockport 

81,90 

a 

09 54 

1025 


1032 



10 54 


11 32 



11 54 


12 32 



12 54 


13 32 



13 54 


Sheffield 

90 

a 

10 42 






11 42 





12 41 





13 42 





14 39 
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Provided values are given for all the symbols in a 
formula except one, the remaining symbol can be made 
the subject of the formula and may be evaluated by using 
a calculator. 


In an electrical circuit the voltage V 
is given by Ohm’s law, i.e. V — IR. Find, correct to 
4 significant figures, the voltage when I = 5.36 A 
and R — 14.76 £2. 


V = IR= (5.36)(14.76) 

Hence, voltage V = 79.11V, correct to 4 significant 
figures. 


The surface area A of a hollow cone 
is given by A = nrl. Determine, correct to 1 decimal 
place, the surface area when r = 3.0 cm and 
/ = 8.5cm. 


A = nrl — n (3.0)(8.5) cm 2 

Hence, surface area A = 80.1 cm 2 , correct to 1 decimal 
place. 


Velocity v is given by v — u + at. If 
u = 9.86 m/s, a — 4.25 m/s 2 and t — 6.84 s, find v, 
correct to 3 significant figures. 


v = u + at = 9.86 + (4.25X6.84) 

= 9.86 + 29.07 = 38.93 


Hence, velocity v — 38.9 m/s, correct to 3 significant 
figures. 


The power, P watts, dissipated in an 
electrical circuit may be expressed by the formula 
V 2 

P — —. Evaluate the power, correct to 3 significant 
figures, given that V = 17.48 V and R = 36.12 £2. 


V 2 (17.48) 2 305.5504 

~ ~R ~ 36.12 ~~ 36.12 

Hence power, P — 8.46 W, correct to 3 significant 
figures. 
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The volume V cm 3 of a right 

1 , 

circular cone is given by V — -nr h. Given that 
r = 4.321 cm and h — 18.35 cm, find the volume, 
correct to 4 significant figures. 


V = ^ nr 2 h = ^7r(4.321) 2 (18.35) 

= ^(18.671041X18.35) 

Hence volume, V — 358.8 cm 3 , correct to 4 significant 
figures. 


Force F newtons is given by the 
Gm\rm 

formula F = ——^—+ where m\ and m 2 are masses, 
d their distance apart and G is a constant. Find the 
value of the force given that G — 6.67 x 10 -11 , 
m\ = 7.36, m 2 = 15.5 and d = 22.6. Express the 
answer in standard form, correct to 3 significant 
figures. 


Gmima (6.67 x 10- 11 )(7.36)(15.5) 
d 2 ~ (22.6) 2 


(6.67)(7.36)(15.5) 1.490 

“ (10 11 )(510.76) “ 10 11 

Hence force F — 1.49 x 10 -11 newtons, correct to 
3 significant figures. 


The time of swing t seconds, of a 

simple pendulum is given by t = 2n 

Determine the time, correct to 3 decimal places, 
given that l — 12.0 and g = 9.81 




= (2)Wl.22324159 
= (2 )tt(1.106002527) 

Hence time t = 6.950 seconds, correct to 3 decimal 
places. 
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Resistance, 7? ft, varies with 
temperature according to the formula 
R = R 0 ( 1 + at). Evaluate R, correct to 3 significant 
figures, given Rq = 14.59, a = 0.0043 and t = 80. 


R = Rq( 1 + at) = 14.59[1 + (0.0043)(80)] 

= 14.59(1 + 0.344) 

= 14.59(1.344) 

Hence, resistance, R = 19.6 ft, correct to 3 significant 
figures. 


Now try the following exercise 


Exercise 17 Further problems on 
evaluation of formulae 

1. A formula used in connection with gases 

is R — (PV)/T. Evaluate R when P = 1500, 
V = 5 and T = 200. [7? = 37.5] 

2. The velocity of a body is given by v — u + at. 

The initial velocity u is measured when time 
t is 15 seconds and found to be 12 m/s. If the 
acceleration a is 9.81 m/s 2 calculate the final 
velocity v. [159m/s] 

3. Find the distance s, given that s = ^ gt 2 , time 
t — 0.032 seconds and acceleration due to 
gravity g — 9. 81 m/s 2 . 

[0.00502 m or 5.02 mm] 

4. The energy stored in a capacitor is given 

by E = \CV 2 joules. Determine the energy 
when capacitance C — 5 x 10 -6 farads and 
voltage V = 240V. [0.144J] 

5. Resistance R 2 is given by R 2 = 7?i(l + at). 
Find R 2 , correct to 4 significant figures, when 
R\ — 220, a — 0.00027 and t = 75.6. 

[224.5] 

mass 

6. Density =-. Find the density when 

volume 

the mass is 2.462 kg and the volume is 
173 cm 3 . Give the answer in units of kg/m 3 . 

[14 230 kg/m 3 ] 

7. Velocity = frequency x wavelength. Find the 
velocity when the frequency is 1825 Hz and 
the wavelength is 0.154 m. [281.1 m/s] 


8. Evaluate resistance Rj, given 

1111 

- =-1-1- when 77j=5.5ft, 

R t R 1 R 2 R 3 

R 2 — 7.42 ft and R 3 = 12.6 ft. [2.526 ft] 
force x distance 

9. Power =-. Find the power 

time 

when a force of 3760 N raises an object a 
distance of 4.73 m in 35 s. [508.1 W] 

10. The potential difference, V volts, available 

at battery terminals is given by V = E — Ir. 
Evaluate V when E — 5.62, 7 = 0.70 and 
R = 4.30 [V = 2.61V] 

11. Given force F = ^m(i) 2 — u 2 ), find F when 
m. = 18.3, v = Yin and u = 8.24 

[T 7 = 854.5] 

12. The current I amperes flowing in a number 

nE 

of cells is given by 7 =-. Evaluate the 

R + nr 

current when n = 36. E = 2.20, R — 2.80 and 
r — 0.50 [7 = 3.81 A] 

13. The time, t seconds, of oscillation for a sim¬ 


ple pendulum is given by t = lit -. Deter- 

y 8 

mine the time when it — 3.142, / = 54.32 and 
g = 9.81 [t= 14.79 s] 

14. Energy, E joules, is given by the formula 

E = IjLI 2 . Evaluate the energy when L = 5.5 
and 7“= 1.2 [£ = 3.96J] 

15. The current 7 amperes in an a.c. circuit is 

V 

given by 7 = — -. Evaluate the current 

VW+x 2 

when V — 250, R= 11.0 and X = 16.2 

[7= 12.77 A] 

16. Distance s metres is given by the formula 
s — ut+\ at 2 . If u — 9.50, f = 4.60 and 
a = —2.50, evaluate the distance. 

[s= 17.25 m] 

17. The area, A, of any triangle is given 
by A = ^/s(s — a)(s — b){s — c) where 

a + b + c 

s =---. Evaluate the area given 

a = 3.60 cm, b — 4.00 cm and c = 5.20 cm. 

[A = 7.184 cm 2 ] 

18. Given that a = 0.290, b = 14.86, c = 0.042, 
<7 = 31.8 and e — 0.650, evaluate v, given that 


ab 

c 


cl 

e 


[u = 7.327] 















Revision Test 1 


This Revision test covers the material contained in Chapters 1 to 4. The marks for each question are shown in brackets 
at the end of each question. 


1. Simplify (a) 2^ -=- 3- 



2. A piece of steel, 1.69 m long, is cut into three 
pieces in the ratio 2 to 5 to 6. Determine, in 
centimetres, the lengths of the three pieces. (4) 

576.29 

3. Evaluate- 

19.3 

(a) correct to 4 significant figures 

(b) correct to 1 decimal place (2) 

4. Determine, correct to 1 decimal places, 57% of 

17.64 g (2) 


5. Express 54.7 mm as a percentage of 1.15 m, cor¬ 
rect to 3 significant figures. (3) 


6. Evaluate the following: 


2 3 x 2 x 2 2 


0» 24 

(b) 

(8 

/IV 1 

<c) ? 

(d) (27)' 



(14) 


7. Express the following in both standard form and 
engineering notation 

(a) 1623 (b) 0.076 (c) 145^ (3) 

8. Determine the value of the following, giving the 
answer in both standard form and engineering 
notation 


9. Convert the following binary numbers to deci¬ 
mal form: 

(a) 1101 (b) 101101.0101 (5) 

10. Convert the following decimal number to binary 
form: 


(a) 27 (b) 44.1875 (6) 

11. Convert the following decimal numbers to bin¬ 
ary, via octal: 

(a) 479 (b) 185.2890625 (6) 

12. Convert (a) 5Fig into its decimal equiva¬ 
lent (b) 132io into its hexadecimal equivalent 

(c) 11010101 12 into its hexadecimal equivalent 

( 6 ) 


13. Evaluate the following, each correct to 4 signifi¬ 
cant figures: 

(a) 61.22 2 (b) —-— (c) V0.0527 (3) 

0.0419 

14. Evaluate the following, each correct to 2 decimal 
places: 

/ 36.2 2 x 0.561 \ 3 

(a) V 27.8 x 12.83 ) 

I 14.69 2 

(b) V VTE42 x 37.98 (?) 

15. If 1.6 km = I mile, determine the speed of 

45 miles/hour in kilometres per hour. (3) 


16. 


Evaluate B, correct to 3 significant figures, when 
W = 7.20, u=10.0 and g = 9.81, given that 


Wv 2 

~2g~ 


(3) 


(a) 5.9 x 10 2 + 7.31 x 10 2 


(b) 2.75 x 10“ 2 - 2.65 x 10“ 3 


(4) 


Section 1 

















Chapter 5 



5.1 Basic operations 


Algebra is that part of mathematics in which the rela¬ 
tions and properties of numbers are investigated by 
means of general symbols. For example, the area of 
a rectangle is found by multiplying the length by the 
breadth; this is expressed algebraically as A — lxb, 
where A represents the area, / the length and b the 
breadth. 

The basic laws introduced in arithmetic are gener¬ 
alised in algebra. 

Let a, b, c and d represent any four numbers. Then: 

(i) a + (b + c) = (a + b) + c 

(ii) a(bc) — ( ab)c 

(iii) a + b — b + a 

(iv) ab — ba 

(v) a(b + c) — ab + ac 

a + b a b 

(vi) -= - + - 

c c c 

(vii) ( a + b)(c + d) = ac + ad + be + bd 


Evaluate: 3 ab — 2be + abc when 
a = 1, b — 3 and c — 5 


Replacing a, b and c with their numerical values gives: 

3 ab — 2 be + abc = 3x1x3 — 2x3x5 
+ 1x3x5 
= 9 - 30+ 15 = -6 


Find the value of 4 jrqr\ given the 
1 1 

p = 2, q = - and r= 1 — 

2 2 


Replacing p, q and r with their numerical values gives: 


4 p 2 qr i (ii) (iii) (iv) (v) (vi) (vii) = 4(2) 2 I - 


13 3 3 

= 4x2x2x-x-x-x-=27 
2 2 2 2 


Find the sum of: 3x, 2x, —x and —lx 


The sum of the positive term is: 3x + 2x = 5x 
The sum of the negative terms is: x + lx = 8x 
Taking the sum of the negative terms from the sum of 
the positive terms gives: 

5x — 8x = — 3x 

Alternatively 

3x + 2x + (—x) + (—lx) = 3x + 2x — x — 7x 

= — 3x 

Find the sum of 4a, 3b, c, —2a, —5b 

and 6c 


Each symbol must be dealt with individually. 

For the ‘ a ’ terms: +4 a — 2a —2a 
For the ‘ b ’ terms: +3 b —5b= —2b 
For the ‘c’ terms: +c + 6c = 7c 
Thus 

4 a + 3b + c + ( — 2a) + ( — 5b) + 6c 
= 4a + 3b + c — 2a — 5b + 6c 

= 2a — 2b + lc 

Find the sum of: 5 a — 2b, 2a + c, 
4b — 5 d and b — a + 3d — 4c 
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The algebraic expressions may be tabulated as shown 
below, forming columns for the a’s, b’s, c’s and d’s. 
Thus: 


+5a - 2b 
T2 a T c 

+ 4 b -5 d 

—a + b — 4c + 3d 


Multiplying 
by 2 x—*■ 
Multiplying 
by —5y 


3x - 2y 2 +4xv 
2x — 5y 

6jc 2 — 4 xy 2 + 8x 2 y 

— 20xy 2 — 15xy + 10y 3 


Adding gives: 6x 2 — 24xy 2 + Sx 2 y — 15xy + 10y 3 


Adding gives: 6 a + 3b — 3c — 2d 


Subtract 2x + 3y — 4 z from 

x — 2y + 5 z 


x -2y + 5z 
2x + 3 y — 4 z 

Subtracting gives: — x — 5y + 9z 


Simplify: 2p-y- 8 pq 


2 p -T- 8 pq means 
as in arithmetic. 

Thus: 


2 p 

-. This can be reduced by cancelling 

8 pq 

2 p_ = x f = 1_ 

8 pq U X ^1 x q 4q 


Now try the following exercise 


(Note that +5j-4 z = +5j + 4z — 9z) 


Exercise 18 Further problems on basic 
operations 


An alternative method of subtracting algebraic 
expressions is to ‘change the signs of the bottom line 
and add’. Hence: 


x — 2; v + 5z 
—2x — 3y + 4z 

Adding gives: — x —5y + 9 z 


Multiply 2a + 3b by a + b 


Each term in the first expression is multiplied by a, then 
each term in the first expression is multiplied by b, and 
the two results are added. The usual layout is shown 
below. 


Multiplying by a 
Multiplying by b 

Adding gives: 


2 a + 3b 
a + b 

2 a 2 + 3 ab 

+ 2 ab + 3 b 2 

2a 2 + 5 ab + 3 b 2 


Multiply 3x — 2y 2 + 4 xy by 2x — 5y 


1. Find the value of 2.ry + 3yz — xyz, when 
x — 2, y = — 2 and z = 4 [—16] 


2. Evaluate 3pq i r i when p=~, q——2 and 

r=—\ 3 [-8] 

3. Find the sum of 3a, —2a, — 6 a, 5a and 4 a 

[4 a] 

4. Add together 2a + 3b + 4c, —5a — 2b + c, 

4a — 5b — 6 c [a — 4b — c] 

5. Add together 3<f + 4<?, —2e+f, 2d — 3f, 

4d — e + 2f — 3e [9d-2e] 

6 . From 4x — 3y + 2 z subtract x + 2y — 3z 

[3x - 5y + 5z] 

3 b b 

7. Subtract-a-f-cfrom- 4a —3c 

2 3 2 

.1 5, 


-5 -a+ -b — 4c 
2 6 


8. Multiply 3x + 2y by x — y 

[3x 2 — xy — 2y 2 ] 

9. Multiply 2a — 5b + c by 3a + b 

[6n 2 — 13 ab + 3 ac — 5 b 2 + be] 

10. Simplify (i) 3a 9 ab (ii) 4 a 2 b -y 2a 

(i) (ii) 2ab 

3b 


Section 1 



























Section 1 


40 Engineering Mathematics 



5.2 Laws of Indices 


The laws of indices are: 

a" 1 

(i) a m xa"= a' n+n (ii) — = a m ~ n 

a n 

(iii) (a m ) n =a mn (iv) a m/n = V^ 

(v) a~ n = — (vi) «° = 1 

a" 


Simplify: a 3 b 2 c x ab 3 c 5 

Grouping like terms gives: 

a 3 x a x b 2 x b 3 x c x c 5 
Using the first law of indices gives: 

a 3+1 x b 2+3 x c I+5 
i.e. a 4 xb 5 x c 6 = a 4 b 5 c 6 

Simplify: 

a l ' 2 b 2 c~ 2 x a x H x ! 2 c 

Using the first law of indices, 

a l ' 2 b 2 c~ 2 x a^b^c 

= a d/2)+(l/6) x Z7 2+(t/2) x c -2+t 

= a 2 ' 3 b 5 ' 2 c~ 1 


a 3 b 2 c 4 

Simplify: ——- and evaluate 


1 


abc 2 


when a — 3,b=- and c = 2 

8 


Using the second law of indices, 


b 2 

—— = o 3- 1 = a 2 , - = b 2 ~ l =b 
a b 


and 


c 2 
a 3 b 2 c 4 


= C 4-<-2) = c 6 


Thus ' ~ =a 2 bc 6 

abc - 


When a — 3,b=- and c = 2, 

8 

a 2 be 6 = (3) 2 | - | (2) 6 = (9) ( - ) (64) = 72 


p x / 2 q 2 r 2 ^ 3 

Simplify: ,,, ... ,,. and evaluate 

p 1 /4^i/2 r t/6 

when p — 16, q = 9 and r — 4, taking positive roots 
only 


Using the second law of indices gives: 

p (l/2)-(l/4) 9 2-(l/2) r (2/3)-Cl/6) =/J l/4 9 3/2 r l/2 

When p — 16, q — 9 and r = 4, 

p l ' 4 q 3 ' 2 r 1 ' 2 = (16) 1/4 (9) 3/2 (4) 1/2 

= (^T6)(V93)(>/4) 

= (2)(3 3 )(2) = 108 


Simplify: 


0-3 O 

rjr + xy 
xy 


a + b 

Algebraic expressions of the form - can be split 

c 

a b m 
into - + -. Thus 

c c 

■y 'j ? 9 a 9 

jty + xy xy xy 
xy xy xy 

=x 2 -y- i +x i -y- 1 

= xy 2 + y 

(since x° = 1, from the sixth law of indices) 


2 

1 15. Simplify: —^-— 

xy 2 — xy 


The highest common factor (HCF) of each of the three 
terms comprising the numerator and denominator is xy. 
Dividing each term by xy gives: 


2 

x-y 


2 

x y 
xy 


xy 2 — xy xy 2 xy y — 1 
xy xy 

Simplify: (p 3 ) l / 2 (q 2 ) 4 

Using the third law of indices gives: 

^3x(l/2)^2x4 =p (3/2) q S 
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17. Simplify: 


(jnnr) 


20 


( m 1 /2 /? l/4)4 


The brackets indicate that each letter in the bracket must 
be raised to the power outside. Using the third law of 
indices gives: 


(mn z ) 


2x3 


m lx 3 n 2x3 m 3 n 6 


( m t/2„t/4)4 w (l/2)x4„(l/4)^ w 2 n l 

Using the second law of indices gives: 


,.3„6 


= m 3 2 n 6 1 = mn 5 


Simplify: 

(a 3 Vb Vc$)(^/a sfb 2 c 3 ) and evaluate when a — -, 
b = 6 and c = 1 

Using the fourth law of indices, the expression can be 
written as: 

Using the first law of indices gives: 

a 3+(l/2)£(l/2)+(2/3) c (5/2)+3 = ^7/2^7/e^l 1/2 

It is usual to express the answer in the same form as the 
question. Hence 


When a = - , b — 64 and c — 1, 
4 


lVfy 6 4 7 ) (Vl 11 ' 


=G) (2)7(i)=i 


d 2 e 2 fl 2 

Simplify: ^ 3/2 pPf ex P ress i n S 
the answer with positive indices only 


Using the third law of indices gives: 

d 2 e 2 f 1 ' 2 d 2 e 2 f / 2 

(rf 3 / 2 e/ 5 / 2 ) 2 d 2 e 2 f 5 

Using the second law of indices gives: 

d 2- 3 g 2—2 /( l/2)—5 = d ~l e 0 f -9l2 

= d~ l f ( ~ 9/,2) since e° = 1 
from the sixth law of indices 

1 


df /2 

from the fifth law of indices 


20. Simplify: 


(*¥ /2 )(v^) 

(x 3 y 3 ) 3 / 2 


Using the third and fourth laws of indices gives: 

(x 2 yb 2 )(^ffi) (A- 2 .v 1/2 )U 1 / 2 y 2/3 ) 

(*y)i/2 " x 5 / 2 y 3 / 2 

Using the first and second laws of indices gives: 


x 2+(l/2)-(5/2) ;y (l/2)+(2/3)-(3/2) = ^0 -1/3 


= y- 1/3 


0r ^3° r 


1 

J/y 


from the fifth and sixth law of indices. 


Now try the following exercise 


Exercise 19 Further problems on laws of 
indices 

1. Simplify (x 2 y 2 z)(x 2 yz 2 ) and evaluate when 

1 

x = -,y — 2 and z= 3 
2 

x 5 vV, 13^ 

2 

2. Simplify (a 3 / 2 bc~ 3 )(a 1 / 2 /7c _1 / 2 c) and evalu¬ 
ate when a = 3, b — 4 and c — 2 

a 2 b l / 2 c~ 2 , ± 4 ^ 

2 
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a 5 foe 3 3 

3. Simplify: _ , and evaluate when ci= 
crlPc 1 2 


1 2 

b = — and c = — 
2 3 


[fl 3 fo“ 2 c, 9] 


In Problems 4 to 10, 
expressions: 

t i/5 v i/2 z i/3 
4 ' jc-1/2^1/3,-1/6 


simplify the given 


^.7/10^1/6.1/2] 


a 2 b + cv’b 


1 -f- Cl 

a 2 b 2 


b 

3 2 

p<r 


r 2 ~\ 

p q 

pq 2 —p 2 q 


A~P. 

(a 2 ) 1 / 2 (fo 2 ) 3 (ci/2) 3 

[afo 6 c 3 / 2 ] 

(afoc) 2 

(a 2 fo -1 c -3 ) 3 

[fl 

- 4 fo 5 c ii] 


[■ xy 3 Vz n ] 


10 . 


(a 3 fo 1 / 2 c“ 1 / 2 )(afo ) 1 / 3 


(VoVfoc) 


a ll/6fol/3 c -3/2 or 


-v/c 3 


5.3 Brackets and factorisation 


When two or more terms in an algebraic expression con¬ 
tain a common factor, then this factor can be shown 
outside of a bracket. For example 

ab + ac = a(b + c) 

which is simply the reverse of law (v) of algebra on 
page 34, and 


Both fo and c in the second bracket have to be multiplied 
by 2, and c and cl in the third bracket by —4 when the 
brackets are removed. Thus: 

(3a + fo) + 2(fo + c) - 4(c + d) 

= 3a + fo + 2fo + 2c — 4c — Ad 
Collecting similar terms together gives: 

3a + 3b — 2c — 4d 


Simplify: 

a 2 — (2 a — ab) — a(3b + a) 


When the brackets are removed, both 2 a and — ab in the 
first bracket must be multiplied by — 1 and both 3b and 
a in the second bracket by —a. Thus 

2 

a — (2 a — ab) — a(3fo + a) 

= a 2 — 2a + ab — 3 ab — a 2 

Collecting similar terms together gives: —2 a — lab 
Since —2 a is a common factor, the answer can be 
expressed as: — 2a(l + fo) 


Simplify: (a + fo)(a — fo) 


Each term in the second bracket has to be multiplied by 


each term in the first 

bracket. Thus: 

(a + fo)(a — 

fo) = a(a — fo) + fo(a — fo) 


= a 2 — ab + ab — b 2 


II 

a 

1 

bJ 

Alternatively 

a + b 


a — fo 

Multiplying by a —> 

a 2 + ab 

Multiplying by — fo - 

* — ab — fo 2 

Adding gives: 

a 2 -fo 2 


6 px + 2py — 4 pz = 2p(3x + y — 2z) 
This process is called factorisation. 


Simplify: (3x — 3y) 2 


Remove the brackets and simplify 

the expression: 

(3a + fo) + 2(fo + c) - 4(c + d) 


(2x - 3 y) 2 = (2x - 3y)(2x - 3y) 

= 2x(2x — 3 y) — 3v(2x — 3 y) 
— Ax 2 — 6xy — 6xy + 9v 2 
= 4x 2 - 12ry + 9y 2 
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Alternatively, 

Multiplying by 2x -» 
Multiplying by —3 y- 

Adding gives: 


2x 

2x 


3y 

3y 


4x 2 — 6xy 

-6xy +9 y 2 

4x 2 - 12xy + 9y 2 


Remove the brackets from the 
expression: 2 [p 2 — 3{q + r) + q 2 ] 

In this problem there are two brackets and the ‘inner’ 
one is removed first. 

Hence, 2 [p 2 — 3(q + r) + q 2 ] 

= 2[p 2 -3q-3r + q 2 ] 

= 2p 2 — 6 q — 6 r + 2q 2 

Remove the brackets and simplify 

the expression: 

2 a - [3{2(4 a - b) - 5 (a + 2b)} + 4 a] 

Removing the innermost brackets gives: 

2a - [3{8a -2b-5a- 10Z?} + 4a] 
Collecting together similar terms gives: 

2a - [3{3a - 12 b} + 4a] 

Removing the ‘curly’ brackets gives: 

2 a — [9a — 36 b + 4a] 

Collecting together similar terms gives: 

2a- [13a — 36b] 

Removing the outer brackets gives: 

2a — 13a — 36 b 

i.e. —11a + 36 b or 36 b — 11 a 

(see law (iii), page 38) 

Simplify: 

x(2x — 4v) — 2x(4x + y) 

Removing brackets gives: 

2x 2 — 4xy — 8x 2 — 2 xy 


Collecting together similar terms gives: 

—6x 2 — 6xy 

Factorising gives: 

-6x(x+y) 

since —6x is common to both terms 

Factorise: (a) xy — 3xz, 

(b) 4a 2 + 16ai> 3 (c) 3a 2 b — 6ab 2 + 15ab 

For each part of this problem, the HCF of the terms will 
become one of the factors. Thus: 

(a) xy - 3 xz = x(y — 3z) 

(b) 4a 2 + 16 ab 3 = 4 a(q + 4b 3 ) 

(c) 3a 2 b — 6ab 2 + I5ab — 3ab(a — 2b+ 5) 

Factorise: ax — ay + bx — by 

The first two terms have a common factor of a and the 
last two terms a common factor of b. Thus: 

ax — ay + bx — by = a(x — y) + b(x — y) 

The two newly formed terms have a common factor of 
(x — v). Thus: 

a(x - >’) + b(x - y) — (x - y)(a + b) 
Factorise: 

2 ax — 3 ay + 2 bx — 3 by 

a is a common factor of the first two terms and b a 
common factor of the last two terms. Thus: 

2 ax — 3 ay + 2 bx — 3 by 

= a{ 2x — 3 y) + b(2x — 3y) 

(2x — 3 y) is now a common factor thus: 

a(2x — 3y) + b(2x — 3y) 

= (2x - 3 y)(a + b) 

Alternatively, 2x is a common factor of the original 
first and third terms and — 3y is a common factor of 
the second and fourth terms. Thus: 

2 ax — 3 ay + 2 bx — 3by 

= 2x(a + b) — 3 y(a + b) 
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(a + b) is now a common factor thus: 

2x(a + b) — 3y(ci + b) = (a + Z>)(2x — 3y) 
as before 

Factorise x 3 + 3x 2 — x — 3 

x 2 is a common factor of the first two terms, thus: 

x 3 + 3x 2 — x — 3 = x 2 (x + 3) — x — 3 
— 1 is a common factor of the last two terms, thus: 

x 2 (x + 3) — x — 3 = x 2 (x + 3) — l(x + 3) 

(x + 3) is now a common factor, thus: 

x 2 (x + 3) - l(x + 3) = (x + 3)(x 2 - 1) 

Now try the following exercise 

Exercise 20 Further problems on brackets 
and factorisation 

In Problems 1 to 9, remove the brackets and 
simplify where possible: 

1. (x + 2y) + (2x - >’) [3x + y] 

2. 2(x — v) — 3(y — x) [5(x-y)] 

3. 2(p + 3q-r)-4(r-q + 2p)+p 

[-5p+\0q-6r] 

4. (a + b)(a + 2b) [a 2 + 3ab + 2b 2 ] 

5. (p + q)(3p - 2 q) [3 p 2 + pq - 2^ 2 ] 

6. (i) (x — 2y) 2 (ii) (3a — b ) 2 

(i) x 2 — 4xy + 4y 2 

(ii) 9 a 2 — 6 ab + b 2 

7. 3a + 2[a — (3a — 2)] [4 —a] 

8. 2 — 5[a(a — 2b) — (a — b) 2 ~\ [2 + 5 b 2 ] 

9. 24p-[2{3(5p-q)-2(p + 2q)} + 3q] 

[ 11 <7 — 2pi 

In Problem 10 to 12, factorise: 

10. (i) pb + 2 pc (ii) 2 q 2 + 8 qn 

i(i) P(b + 2c) (ii) 2q(q + 4 n)] 


11. (i) 21a 2 £> 2 — 28a£> (ii) 2xy 2 + 6x 2 y + 8x 3 y 

" (!) lab(3ab - 4) 

(ii) 2xy(y + 3x + 4x 2 

12. (i) ay + by + a + b (ii) px + qx+py + qy 
(iii) 2 ax + 3av — 4 bx — 6 by 

' (i) (a + b)(y+\) 

(ii) (p + q)(x+y) 

(iii) (a — 2b)(2x + 3y) 


5.4 Fundamental laws and 
precedence 


The laws of precedence which apply to arithmetic also 
apply to algebraic expressions. The order is Brackets, 
Of, Division, Multiplication, Addition and Subtraction 
(i.e. BODMAS). 

Simplify: 2a + 5a x 3a — a 

Multiplication is performed before addition and sub¬ 
traction thus: 

2a + 5a x 3a — a = 2a + 15a 2 — a 

= a + 15a 2 or a(l + 15a) 

Simplify: (a + 5a) x 2a — 3a 

The order of precedence is brackets, multiplication, then 
subtraction. Hence 

(a + 5a) x 2a — 3a = 6a x 2a — 3a 

= 12a 2 — 3a 
or 3a(4a — 1) 

Simplify: a + 5a x (2a — 3a) 

The order of precedence is brackets, multiplication, then 
subtraction. Hence 

a + 5a x (2a — 3a) = a + 5a x —a 
= a H—5 a 2 

= a — 5a 2 or a(l — 5a) 

Simplify: a + 5a + 2a — 3a 
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The order of precedence is division, then addition and 
subtraction. Hence 


a + 5a + 2a 


a 

3a — — 
5 a 

1 


2a — 3a 


— ^ “h - 


3 a = - a 

5 


Simplify: 

a + (5fl + 2a) — 3 a 

The order of precedence is brackets, division and 
subtraction. Hence 

a + (5(7 + 2a) — 3a = a + la — 3a 

a 1 

=-3(7 =-3 a 

la 7 

Simplify: 

3c + 2c x 4c + c + 5c — 8c 

The order of precedence is division, multiplication, 
addition and subtraction. Hence: 

3c + 2c x 4c + c + 5c — 8c 

= 3c + 2c x 4c H-8c 

5c 

? 1 

= 3c + 8c" + - — 8c 

9 1 

= 8 c z — 5c + - or c(8c 

Simplify: 

3c + 2c x 4c + c + (5c — 8c) 

The order of precedence is brackets, division, multipli¬ 
cation and addition. Hence, 

3c + 2c x 4c + c -4- (5c — 8c) 

= 3c + 2c x 4c + c H—3c 

= 3c + 2c x 4c H- 

—3c 

c 1 

Now-= — 

-3c -3 

Multiplying numerator and denominator by —1 gives: 

1 x -1 1 

- i.e. — 

—3 x —1 3 



Hence: 

3c + 2c x 4c H- 

—3c 

1 

= 3c + 2c x 4c — - 

7 1 1 

= 3c + 8c"-or c(3 + 8c)- 

3 3 

Simplify: 

(3c + 2c)(4c + c) + (5c — 8c) 

The order of precedence is brackets, division and 
multiplication. Hence 

(3c + 2c)(4c + c) -r- (5c — 8c) 

5c 

= 5c x 5c -=—3c = 5c x - 

—3c 



Simplify: 

(2(7 — 3) + 4(7 + 5 x 6 — 3a 


The bracket around the (2a — 3) shows that both 2a and 
—3 have to be divided by 4a, and to remove the bracket 
the expression is written in fraction form. 


Hence, (2a — 3) + 4a + 5 x 6 — 3a 

2a — 3 

+ 5 x 6 — 3a 
+ 30 — 3(7 


4 a 

2a- 3 


4 a 
2a 3 

= ---—h 30 — 3a 

4(7 4 a 

1 3 

=-1-30 — 3(7 

2 4 a 

= 30-— 3 a 

2 4a 


41. Simplify: 


^ of 3 p + 4p(3p - p) 


Applying BODMAS, the expression becomes 

1 

- of 3/7 + 4/7 X 2/7 
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and changing ‘of’ to ‘x’ gives: 


1 

- x 3p + 4p x 2p 


i.e. p + 8 p 2 or p( 1 + 8 p) 


Now try the following exercise 


Exercise 21 Further problems on 
fundamental laws and 
precedence 

Simplify the following: 


1. 2x -t- 4x + 6x 

2. 2x -r- (4x + 6x) 

3. 3a — 2a x 4a + a 

4. 3 a — 2a{4a + a) 

5. 2y + 4-t- 6y + 3 x 4 — 5y 


1 

- + 6x 

' 1 ' 

5 


[4a(l — 2a)] 


[o(3 - 10fl)] 

r 2 1 

--3y + 12 

L3y J 


2 


6. 2y + 4 6v + 3(4 — 5y) 

7. 3-y+2-y+l 

8. p 2 — 3pq x 2p = 6q + pq 

9. (x + 1 )(x - 4) = (2x + 2) 

10. . of 2y + 3y(2y - y) 


- + 12-13y 
3y J 

R+.l 

L y J 

\pq\ 

jov-o 

;”G + 3 - V I 


5.5 Direct and inverse 
proportionality 


An expression such as y = 3x contains two variables. 
For every value of x there is a corresponding value of y. 
The variable x is called the independent variable and 
y is called the dependent variable. 


When an increase or decrease in an independent 
variable leads to an increase or decrease of the same pro¬ 
portion in the dependent variable this is termed direct 
proportion. If y = 3x then y is directly proportional to 
x, which may be written as y a x or y = kx, where k is 
called the coefficient of proportionality (in this case, 
k being equal to 3). 

When an increase in an independent variable leads to 
a decrease of the same proportion in the dependent vari¬ 
able (or vice versa) this is termed inverse proportion. 

1 

If y is inversely proportional to x then ya - or y = k/x. 

x 

Alternatively, k — xv, that is, for inverse proportionality 
the product of the variable is constant. 

Examples of laws involving direct and inverse pro¬ 
portional in science include: 

(i) Hooke’s law, which states that within the elastic 
limit of a material, the strain e produced is directly 
proportional to the stress, er, producing it, i.e. san 
or s — ka. 

(ii) Charles’s law, which states that for a given mass 
of gas at constant pressure the volume V is directly 
proportional to its thermodynamic temperature T, 
i.e. VaT or V = kT. 

(iii) Ohm’s law, which states that the current I flowing 
through a fixed resistor is directly proportional to 
the applied voltage V, i.e. I aV or I — kV. 

(iv) Boyle’s law, which states that for a gas at constant 
temperature, the volume V of a fixed mass of a gas 
is inversely proportional to its absolute pressure p, 
i.e. pa (1/V) or p — k/V, i.e. pV — k 


If y is directly proportional to x and 
y = 2.48 when x = 0.4, determine (a) the coefficient 
of proportionality and (b) the value of y when 
x = 0.65 


(a) 


yax, i.e. y — kx. If y = 2.48 when x = 0.4, 
2.48 = £(0.4) 

Hence the coefficient of proportionality, 


2.48 

k = -= 6.2 

0.4 


(b) y = kx, hence, when x = 0.65, 
y = (6.2X0.65) = 4.03 


Hooke’s law states that stress a is 
directly proportional to strain e within the elastic 
limit of a material. When, for mild steel, the stress is 
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25 x 10 6 Pascals, the strain is 0.000125. Determine 
(a) the coefficient of proportionality and (b) the 
value of strain when the stress is 18 x 10 6 Pascals 

(a) a as, i.e. a = ke, from which k — a/s. Hence the 
coefficient of proportionality, 

25 x 10 6 g 

k = -= 200 x 10 9 pascals 

0.000125 

( The coefficient of proportionality k in this case is 
called Young’s Modulus of Elasticity) 

(b) Since a — ks,s = a/k 
Hence when a — 18 x 10 6 , 

18 x 10 6 „ „ 

strain s = -„ = 0.00009 

200 x 10 9 

The electrical resistance R of a piece 
of wire is inversely proportional to the cross- 
sectional area A. When A = 5 mm 2 , R — 7.02 ohms. 
Determine (a) the coefficient of proportionality 
and (b) the cross-sectional area when the resistance 
is 4 ohms 

1 

(a) Ra —, i.e. R — k/A or k — RA. Hence, when 

A 

R = 7.2 and A = 5, the coefficient of proportional¬ 
ity. k = (7.2)(5) = 36 

(b) Since k = RA then A — k/R 

When R — 4, the cross-sectional area, 

36 2 

A = — —9 mm 
4 

Boyle’s law states that at constant 
temperature, the volume V of a fixed mass of gas is 
inversely proportional to its absolute pressure p. If a 
gas occupies a volume of 0.08 m 3 at a pressure of 
1.5 x 10 6 Pascals determine (a) the coefficient of 
proportionality and (b) the volume if the pressure is 
changed to 4 x 10 6 Pascals 

1 

(a) V a - i.e. V — k/p or k — pV 

P 

Hence the coefficient of proportionality, 
i = (1.5 x 10 6 )(0.08) = 0.12 x 10 6 

k 0.12 x 10 6 , 

(b) Volume V = - =-—- = 0.03 m 3 

p 4 x 10 6 


Now try the following exercise 

Exercise 22 Further problems on direct and 
inverse proportionality 

1. If p is directly proportional to q and p— 37.5 

when q = 2.5, determine (a) the constant of 
proportionality and (b) the value of p when q 
is 5.2 [(a) 15 (b) 78] 

2. Charles’s law states that for a given mass of 
gas at constant pressure the volume is directly 
proportional to its thermodynamic tempera¬ 
ture. A gas occupies a volume of 2.25 litres at 
300 K. Determine (a) the constant of propor¬ 
tionality, (b) the volume at 420 K, and (c) the 
temperature when the volume is 2.625 litres. 

[(a) 0.0075 (b) 3.15 litres (c) 350K] 

3. Ohm’s law states that the current flowing in 
a fixed resistor is directly proportional to the 
applied voltage. When 30 volts is applied 
across a resistor the current flowing through 
the resistor is 2.4 x 10 -3 amperes. Deter¬ 
mine (a) the constant of proportionality, (b) 
the current when the voltage is 52 volts and 
(c) the voltage when the current is 3.6 x 10 -3 
amperes. 

"(a) 0.00008 (b) 4.16 x 10“ 3 A" 
(c) 45 V 

4. If y is inversely proportional to x and y = 15.3 
when ,r = 0.6, determine (a) the coefficient of 
proportionality, (b) the value of y when x is 
1.5, and (c) the value of x when y is 27.2 

[(a) 9.18 (b) 6.12 (c) 0.3375] 

5. Boyle’s law states that for a gas at constant 
temperature, the volume of a fixed mass of gas 
is inversely proportional to its absolute pres¬ 
sure. If a gas occupies a volume of 1.5 m 3 at 
a pressure of 200 x 10 3 Pascals, determine (a) 
the constant of proportionality, (b) the volume 
when the pressure is 800 x 10 3 Pascals and (c) 
the pressure when the volume is 1.25 m 3 . 

(a) 300 x 10 3 (b) 0.375 m 2 " 

(c) 240 x 10 3 Pa 
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Further algebra 


6.1 Polynominal division 


Before looking at long division in algebra let us revise 
long division with numbers (we may have forgotten, 
since calculators do the job for us!) 

208 

For example,-is achieved as follows: 

16 

13 

16)208 

16 

48 

48 


(1) 16 divided into 2 won’t go 

(2) 16 divided into 20 goes 1 

(3) Put 1 above the zero 

(4) Multiply 16 by 1 giving 16 

(5) Subtract 16 from 20 giving 4 

(6) Bring down the 8 

(7) 16 divided into 48 goes 3 times 

(8) Put the 3 above the 8 

(9) 3x16 = 48 

(10) 48-48 = 0 


Hence 


-= 13 exactly 

16 


172 


Similarly, is laid 


out as follows: 


11 

15) 172 
15 

22 

15 

7 


Hence -=11 remainder 7 or 11 H-= 11 — 

15 15 15 

Below are some examples of division in algebra, which 
in some respects, is similar to long division with 
numbers. 

(Note that a polynomial is an expression of the form 
fix) — a + bx + cx 1 2 + dx 3 4 5 6 7 8 9 10 + • • • 

and polynomial division is sometimes required when 
resolving into partial fractions — see Chapter 7). 

Divide 2x 2 + x — 3 by x — 1 


2x 2 + x — 3 is called the dividend and x — 1 the divi¬ 
sor. The usual layout is shown below with the dividend 
and divisor both arranged in descending powers of the 
symbols. 

2x + 3 

x — 1) 2x 2 + x — 3 
2x~ — 2x 

3x-3 
3x- 3 


Dividing the first term of the dividend by the first term of 

2x 2 

the divisor, i.e.-gives 2x, which is put above the first 

x 

term of the dividend as shown. The divisor is then mul¬ 
tiplied by 2x, i.e. 2x(x — 1) = 2x 2 — 2x, which is placed 
under the dividend as shown. Subtracting gives 3x — 3. 
The process is then repeated, i.e. the first term of the 
divisor, x, is divided into 3x, giving +3, which is placed 
above the dividend as shown. Then 3(v— I) = 3x — 3 
which is placed under the 3x — 3. The remainder, on 
subtraction, is zero, which completes the process. 

Thus (2x 2 + x — 3) 4- (jr — 1) = {2x + 3) 
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[A check can be made on this answer by multiplying (7) x into xy 2 goes y 2 . Put y 2 above divided 

( 2x + 3) by (x — 1) which equals 2x 2 + x — 3] (8) y 2 (x + y) = xy 2 + y 3 4 5 6 

(9) Subtract 

X 3 +y i 2 ,2 

Thus - =x — xy+y 

x + y 


Divide 3x 3 + x 2 + 3x + 5 by x + 1 


(1) (4) (7) 

3x 2 — 2x + 5 
x + 1 j 3x 3 + x 2 + 3x + 5 
3x 3 + 3x 2 

— 2x 2 + 3x + 5 

— 2x 2 — 2x 

5x + 5 
5x + 5 


(1) x into 3x 3 goes 3x 2 . Put 3x 2 above 3x 3 

(2) 3x 2 (x + 1) = 3x 3 + 3x 2 

(3) Subtract 

(4) x into —2x 2 goes —2x. Put —2x above the dividend 

(5) — 2x(x + 1) = — 2x 2 — 2x 

(6) Subtract 

(7) x into 5x goes 5. Put 5 above the dividend 

(8) 5(x+l) = 5x + 5 

(9) Subtract 


Thus 


3x 3 + x 2 + 3x + 5 
x + 1 


= 3x 2 — 2x + 5 


Problem 3. 


Simplify 


x 3 +y 3 
x + y 


(1) (4) (7) 

9 9 

x — xy + y~ 
x + y ) x 3 + 0 + 0 + y 3 
x 3 + x 2 y 

— x 2 y + y 3 

— x 2 y — xy 2 


9 9 

xy + y 

9 9 

xy + y 


The zero’s shown in the dividend are not normally 
shown, but are included to clarify the subtraction 
process and to keep similar terms in their respective 
columns. 


Divide (x 2 + 3x — 2) by (x — 2) 
x + 5 

x — 2 j x 2 + 3x — 2 
x 2 — 2x 

5x — 2 
5x - 10 

8 


Hence 


x 2 + 3x - 2 
x — 2 


8 

= x + 5+-- 

x — 2 


Divided 4 a 3 — 6 a 2 b + 5 b 3 byla — b 


2a z - 2 ab - b z 


2 a 


b^4a 3 -6a 2 b 
4a 3 - 2 a 2 b 


- 4 a 2 b 

— 4 crb + 2 ab 2 

—2ab 2 - 
—2ab 2 - 


5 b 3 

5 b 3 

5b 3 

b 3 


4 b 3 


Thus 

4a 3 — 6crb + 5 b 3 


2a — b 


= 2 a 2 — 2 ab — b 2 + 


4/r 


2a — b 


Now try the following exercise 


(1) x into x 3 goes x 2 . Put x 2 above x 3 of dividend 

(2) x 2 (x + y)=x 3 +x 2 y 

(3) Subtract 

(4) x into —x 2 y goes —xy. Put —xy above dividend 

(5) — xv(x + y) = — x 2 y — xy 2 

(6) Subtract 


Exercise 23 Further problem on polynomial 
division 

1. Divide (2x 2 + xy — y 2 ) by (x + y) [2x — y] 

2. Divide (3x 2 + 5x - 2) by (x + 2) [3x — 1] 
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3. Determine (10x 2 + 1 lx — 6) (2x + 3) 


4. Find: 


14x 2 - 19*-3 


2x — 3 

5. Divide (x 3 + 3 x 2 y + 3xy 2 + v 3 ) by (x + y) 


[5x - 2] 
[7x+ 1] 


6. Find (5x 2 — x + 4)-h (x — 1) 


[x- + 2xv + rl 


5x + 4- 


x — 1 


7. Divide (3x 3 + 2x 2 — 5x + 4) by (x + 2) 
3x 3 — 4x + 3 ■ 


8. Determine: 


5x 4 + 3x 3 — 2x + 1 
x — 3 

5x 3 + 18x 2 + 54x+ 160- 


x -f- 2 


481 ' 
x- 3 


6.2 The factor theorem 


There is a simple relationship between the factors of 
a quadratic expression and the roots of the equation 
obtained by equating the expression to zero. 

For example, consider the quadratic equation 
x 2 + 2x - 8 = 0 

To solve this we may factorise the quadratic expression 
x 2 + 2x — 8 giving (x — 2)(x + 4) 

Hence (x — 2)(x + 4) = 0 

Then, if the product of two number is zero, one or both 
of those numbers must equal zero. Therefore, 

either (x — 2) = 0, from which, x = 2 
or (x +4) = 0, from which, x = —4 

It is clear then that a factor of (x — 2) indicates a root 
of +2, while a factor of (x + 4) indicates a root of —4. 
In general, we can therefore say that: 

a factor of (x — a) corresponds to a root of x = a 

In practice, we always deduce the roots of a sim¬ 
ple quadratic equation from the factors of the quadratic 
expression, as in the above example. However, we could 
reverse this process. If, by trial and error, we could deter¬ 
mine that x = 2 is a root of the equation x 2 + 2x — 8 = 0 


we could deduce at once that (x — 2) is a factor of the 
expression x 2 + 2x — 8. We wouldn’t normally solve 
quadratic equations this way — but suppose we have 
to factorise a cubic expression (i.e. one in which the 
highest power of the variable is 3). A cubic equation 
might have three simple linear factors and the diffi¬ 
culty of discovering all these factors by trial and error 
would be considerable. It is to deal with this kind of 
case that we use the factor theorem. This is just a 
generalised version of what we established above for 
the quadratic expression. The factor theorem provides a 
method of factorising any polynomial, fix), which has 
simple factors. 

A statement of the factor theorem says: 

‘if x = a is a root of the equation/(x) = 0, 
then (x - a) is a factor of/(x)’ 

The following worked problems show the use of the 
factor theorem. 


Factorise x 3 — lx — 6 and use it to 
solve the cubic equation: x 3 — lx — 6 = 0 


Let/(x) = x 3 — lx — 6 

Ifx=l, then /(1)= l 3 -7(1)-6=-12 

If x = 2, then /(2) = 2 3 - 7(2) - 6 = -12 

If x = 3, then /(3) = 3 3 - 7(3) -6 = 0 

If/(3) = 0, then (x — 3) is a factor — from the factor 
theorem. 

We have a choice now. We can divide x 3 — 7x — 6 by 
(x — 3) or we could continue our ‘trial and error’ by sub¬ 
stituting further values for x in the given expression — 
and hope to arrive at/(x) = 0. 

Let us do both ways. Firstly, dividing out gives: 

x~ T 3x + 2 

x — 3 ^ x 3 + 0 — 7x — 6 

x 3 - 3x 2 

3x 2 -lx - 6 
3x 2 - 9x 

2x — 6 
2x — 6 


x 3 — lx — 6 r, 

Hence-= x 2 + 3x + 2 
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i.e. x 3 — lx — 6 = (x — 3)(x 2 + 3x + 2) 

x 3 + 3x + 2 factorises ‘on sight’ as (x + l)(x + 2) 
Therefore 

x 3 — 7x — 6= (x — 3)(x +1)( x + 2) 

A second method is to continue to substitute values of 
x into/(x). 

Our expression for/ (3) was 3 3 — 7(3) — 6. We can see 
that if we continue with positive values of x the first 
term will predominate such that/(x) will not be zero. 
Therefore let us try some negative values for x: 
/(—1) = (— l) 3 — 7(— 1) — 6 = 0; hence (x + 1) is a fac¬ 
tor (as shown above). 

Also, /(—2) = (—2) 3 - 7(-2) - 6 = 0; hence (x + 2) is 
a factor (also as shown above). 

To solve x 3 — lx — 6 = 0, we substitute the factors, i.e. 
(x - 3)(x + l)(x + 2) = 0 

from which, x = 3, x — — 1 and x = — 2 

Note that the values of x, i.e. 3,-1 and —2, are all 
factors of the constant term, i.e. the 6. This can give us 
a clue as to what values of x we should consider. 

Solve the cubic equation 

x 3 — 2x 2 — 5x + 6 = 0 by using the factor theorem 

Let /(x) = x 3 — 2x 2 — 5x + 6 and let us substitute 
simple values of x like 1,2, 3, — 1, —2, and so on. 

/(1)= l 3 -2(l) 2 -5(l) + 6 = 0, 

hence (x — 1) is a factor 

/(2) = 2 3 - 2(2) 2 - 5(2) + 6^0 

/(3) = 3 3 - 2(3) 2 - 5(3) + 6 = 0, 

hence (x — 3) is a factor 

/(-1) = (-1) 3 -2(-1) 2 —5(- l) + 6^0 

/(—2) = (—2) 3 - 2(—2) 2 - 5( - 2) + 6 = 0, 
hence (x + 2) is a factor 

Hence, x 3 — 2x 2 — 5x + 6 = (x — l)(x — 3)(x + 2) 
Therefore if x 3 — 2x 2 — 5x + 6 = 0 
then (x — l)(x — 3)(x + 2) = 0 
from which, x = 1, x — 3 and x — —2 


Alternatively, having obtained one factor, i.e. (x — 1) 
we could divide this into (x 3 — 2x 2 — 5x + 6) as follows: 

x 2 — x — 6 

x — 1 ^ x 3 — 2x 2 — 5x + 6 



— x 2 — 5x + 6 

— x -\- X 

— 6x + 6 

— 6x + 6 


Hence x 3 — 2x 2 — 5x + 6 

= (x — l)(x 2 — x — 6) 

= (x — l)(x — 3)(x + 2) 


Summarising, the factor theorem provides us with 
a method of factorising simple expressions, and an 
alternative, in certain circumstances, to polynomial 
division. 


Now try the following exercise 

Exercise 24 Further problems on the factor 
theorem 

Use the factor theorem to factorise the expressions 
given in problems 1 to 4. 

1. x 2 + 2x — 3 [(x — l)(x + 3)] 

2. x 3 + x 2 — 4x — 4 [(x + l)(x + 2)(x — 2)] 

3. 2x 3 + 5x 2 — 4x — 7 

[(x+l)(2x 2 + 3x —7)] 

4. 2x 3 —x 2 — 16x+ 15 

[(x — l)(x + 3)(2x — 5)] 

5. Use the factor theorem to factorise 
x 3 + 4x 2 + x — 6 and hence solve the 
cubic equation x 3 + 4x 2 + x — 6 = 0 

x 3 + 4x 2 + x — 6 

= (x - l)(x + 3)(x + 2); 
x = l,x = —3 andx = —2 

6. Solve the equation x 3 — 2x 2 —x +2 = 0 

[x = 1, x = 2 and x = — 1 ] 
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6.3 The remainder theorem 


Dividing a general quadratic expression (ax 2 + bx + c ) 
by ( x—p ), where p is any whole number, by long 
division (see Section 6.1) gives: 

ax + (b + ap ) 

x — p j ax 2 + bx + c 

ax 2 — apx 

(b + ap)x + c 

(b + ap)x — (b + ap)p 

c + (b + ap)p 

The remainder, c + (b + ap)p = c + bp + ap 2 or 

ap 2 + bp + c. This is, in fact, what the remainder 

theorem states, i.e. 

‘if (ax 2 + bx + c) is divided by (jc — p), 
the remainder will be ap 2 + bp +c’ 

If, in the dividend (ax 2 + bx + c), we substitute p for x 
we get the remainder ap 2 + bp + c 

For example, when (3x 2 — 4x + 5) is divided by 
(x —2) the remainder is ap 2 + bp + c, (where a — 3, 
b = —4, c — 5 and p = 2), 
i.e. the remainder is: 

3(2) 2 + (—4) (2) + 5=12-8 + 5 = 9 

We can check this by dividing (3x 2 — 4x + 5) by 
(x — 2) by long division: 

3x + 2 

x — 2 j 3x 2 — 4x + 5 
3x 2 — 6.x 

2x + 5 
2x — 4 

9 


Similarly, when (4x 2 — lx + 9) is divided by (x + 3), the 
remainder is ap 2 + bp + c, (where a = 4, b— —7, c = 9 
and p — —3) i.e. the remainder is: 4(—3) 2 + (—7)(—3) + 
9 = 36 + 21+9 = 66 

Also, when (x 2 + 3x —2) is divided by (x—1), the 
remainder is 1(1) 2 + 3(1) — 2 = 2 
It is not particularly useful, on its own, to know the 
remainder of an algebraic division. However, if the 
remainder should be zero then (x — p) is a factor. This 
is very useful therefore when factorising expressions. 

For example, when (2x 2 +x —3) is divided by 
(x— 1), the remainder is 2(1) 2 + 1(1) — 3 = 0, which 
means that (x — 1) is a factor of (2x 2 + x — 3). 


In this case the other factor is (2x + 3), i.e. 

(2x 2 + x - 3) = (x - l)(2x - 3). 

The remainder theorem may also be stated for a cubic 
equation as: 

‘if ( ax 3 + bx 2 + cx + d) is divided by (x — p), the 
remainder will be ap 3 + bp 2 + cp + d' 

As before, the remainder may be obtained by substitut¬ 
ing p for x in the dividend. 

For example, when (3x 3 + 2x 2 — x + 4) is divided by 
(x— 1), the remainder is: ap 2 + bp 2 + cp + d (where 
a = 3, b— 2, c = — 1, d — 4 and p = 1), i.e. the remain- 
deris: 3(1) 3 + 2(1) 2 + (—1)(1) + 4=3 + 2- l+ 4 = 8. 

Similarly, when (x 3 — lx —6) is divided by (x — 3), 
the remainder is: 1(3) 3 + 0(3) 2 —7(3) — 6 = 0, which 
mean that (x — 3) is a factor of (x 3 — lx — 6). 

Here are some more examples on the remainder 
theorem. 

Without dividing out, find the 
remainder when 2x 2 — 3x + 4 is divided by (x — 2) 

By the remainder theorem, the remainder is given by: 
ap 2 + bp + c, where a — 2,b= —3, c = 4 and p — 2. 

Hence the remainder is: 

2(2) 2 + (—3)(2) + 4= 8 — 6 + 4 = 6 


Use the remainder theorem to 
determine the remainder when (3x 3 — 2x 2 + x — 5) 
is divided by (x + 2) 

By the remainder theorem, the remainder is given 
by: ap 2 + bp 2 + cp + d, where a = 3, b=— 2, c=l, 
d — —5 and p — —2 

Hence the remainder is: 

3(—2) 3 + (—2)(—2) 2 + (1)(—2) + (-5) 

= -24 - 8 - 2 - 5 = -39 

Determine the remainder when 
(x 3 — 2x 2 — 5x + 6) is divided by (a) (x — 1) and 
(b) (x + 2). Hence factorise the cubic expression 
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(a) When (x 3 — 2x 2 — 5x + 6) is divided by (x— 1), 
the remainder is given by ap 3 + bp 2 + cp + d, 
where a = 1, b = —2, c = —5, d — 6 and p— 1, 

i.e. the remainder = (1)(1) 3 + (—2)(1) 2 

+ (—5)(l) + 6 
= 1 — 2 — 5 + 6 = 0 

Hence (x — 1) is a factor of (x 3 — 2x 2 — 5x + 6) 

(b) When (x 3 — 2x 2 — 5x + 6) is divided by (x + 2), 

the remainder is given by 

(1)(—2) 3 + (—2)(—2) 2 + (—5)(—2) + 6 
= - 8 - 8+10 + 6 = 0 

Hence (x + 2) is also a factor of (x 3 — 2x 2 — 5x + 6) 

Therefore (x — l)(x + 2)( ) = x 3 — 2x 2 — 5x + 6 

To determine the third factor (shown blank) we could 

(i) divide (x 3 — 2x 2 — 5x + 6) by (x—1) 
(x + 2) 

or (ii) use the factor theorem where/(x) = x 3 — 
2x 2 — 5x + 6 and hoping to choose a 
value of x which makes/(x) = 0 

or (iii) use the remainder theorem, again hoping 
to choose a factor (x — p) which makes 
the remainder zero 

(i) Dividing (x 3 — 2x 2 — 5x + 6) by (x 2 + x — 2) gives: 

x — 3 

x 2 + x — 2 jx 3 — 2x 2 — 5x + 6 
x 3 + x 2 — 2x 

- 3x 2 - 3x + 6 

— 3x 2 — 3x + 6 


Thus (x 3 — 2x 2 — 5x + 6) 

= (x — l)(x + 2)(x — 3) 

(ii) Using the factor theorem, we let 

f(x) = x 3 — 2x 2 — 5x + 6 
Then /(3) = 3 3 - 2(3) 2 - 5(3) + 6 
= 27-18-15 + 6 = 0 


Hence (x — 3) is a factor. 

(iii) Using the remainder theorem, when (x 3 — 2x 2 — 
5x + 6) is divided by (x — 3), the remainder is 
given by ap 3 + bp 2 + cp + d, where a = 1, b—— 2, 
c = —5, d — 6 and p = 3. 

Hence the remainder is: 

1(3) 3 + (—2)(3) 2 + (—5)(3) + 6 
= 27 - 18 - 15 + 6 = 0 

Hence (x — 3) is a factor. 

Thus (x 3 — 2x 2 — 5x + 6) 

= (x — l)(x + 2)(x — 3) 


Now try the following exercise 

Exercise 25 Further problems on the 
remainder theorem 

1. Find the remainder when 3x 2 — 4x + 2 is 
divided by: 

(a) (x — 2) (b)(x+l) [(a) 6 (b) 9] 

2. Determine the remainder when 
x 3 — 6x 2 + x — 5 is divided by: 

(a) (x+2) (b) (x — 3) 

[(a) -39 (b) -29] 

3. Use the remainder theorem to find the factors 
of x 3 — 6x 2 +1 lx — 6 

[(x — l)(x — 2)(x — 3)] 

4. Determine the factors of x 3 + 7x 2 + 14x + 8 
and hence solve the cubic equation: 

x 3 + lx 2 + 14x + 8 = 0 

[x = — 1, x = —2 and x = —4] 

5. Determine the value of ‘a’ if (x + 2) is a factor 

of (x 3 —ax 2 + 7x + 10) [a = —3] 

6. Using the remainder theorem, solve the equa¬ 
tion: 2x 3 — x 2 — 7x + 6 = 0 

[x = 1, x = —2 and x= 1.5] 
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Chapter 7 


Partial fractions 


7.1 Introduction to partial fractions 


By algebraic addition, 

1 3 _ (x + 1) + 3(x — 2) 

x — 2 x + 1 (x — 2)(x + 1) 

4x — 5 
x 2 — x — 2 

4x - 5 

The reverse process of moving from —- to 

x 1 — x — 2 

1 3 

-1-is called resolving into partial fractions. 

x — 2 x + 1 

In order to resolve an algebraic expression into partial 

fractions: 

(i) the denominator must factorise (in the above 
example, x 2 — x — 2 factorises as (x —2)(x+l), 
and 

(ii) the numerator must be at least one degree less than 
the denominator (in the above example (4x — 5) is 
of degree 1 since the highest powered x term is x 1 
and (x 2 — x — 2) is of degree 2) 


must be divided by the denominator (see Problems 3 
and 4). 

There are basically three types of partial fraction 
and the form of partial fraction used is summarised in 
Table 7.1 where/(x) is assumed to be of less degree than 
the relevant denominator and A, B and C are constants 
to be determined. 

(In the latter type in Table 7.1, ax 2 + bx + c is a 
quadratic expression which does not factorise without 
containing surds or imaginary terms.) 

Resolving an algebraic expression into partial frac¬ 
tions is used as a preliminary to integrating certain 
functions (see Chapter 51). 


7.2 Worked problems on partial 
fractions with linear factors 


Problem 1. 

fractions 


Resolve 


11-3x 
x 2 + 2x — 3 


into partial 


When the degree of the numerator is equal to or higher The denominator factorises as (x — l)(x + 3) and the 

than the degree of the denominator, the numerator numerator is of less degree than the denominator. 


Table 7.1 


Type 

Denominator containing 

Expression 

Form of partial fraction 

1 

Linear factors (see Problems 1 to 4) 

fix) 

ABC 

(x + a)(x — b)(x + c ) 

(x + a) (x — b) (x + c) 

O 

Repeated linear factors (see Problems 5 to 7) 

fix) 

ABC 


(x + a) 3 

(x + a) (x + a) 2 (x + a) 3 

3 

Quadratic factors (see Problems 8 and 9) 

fix ) 

Ax + B C 

(ax 2 + bx + c)(x + d ) 

(ax 2 + bx + c) (x + d) 
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Thus -may be resolved into partial fractions. 

x l + 2x — 3 
Let 

11 - 3x 11 — 3 jc _ A B 

x 2 + 2x — 3 (x — l)(x + 3) (x — 1) (x + 3) ’ 

where A and B are constants to be determined, 

11-3* _ A(x + 3) + B(x- 1) 

(x - l)(x + 3) = (x- l)(x + 3) 

by algebraic addition. 


2x 2 - 9v - 35 
Ct (jc + 1)(jc - 2)(x + 3) 

ABC 
= (x+ 1) + (x — 2) + (x + 3) 

A(x - 2)(x + 3) + B(jc + l)(x + 3) 

+ C(x + l)(x — 2) 

(x + l)(x - 2)(x + 3) 

by algebraic addition 

Equating the numerators gives: 


Since the denominators are the same on each side of the 
identity then the numerators are equal to each other. 

Thus, 11 - 3x = A(x + 3) + B(x - 1) 

To determine constants A and B, values of x are chosen 
to make the term in A or B equal to zero. 

When x=l, then 11 - 3(1) = A(1 + 3) + B(0) 

i.e. 8 = 4 A 

i.e. A —2 

When x = —3, then 11 - 3(-3) = A(0) + B(-3 - 1) 

i.e. 20 = —4B 

B = —5 

2 | -5 

(x - 1) + (jc + 3) 

2 5 

(x - 1) (x + 3) 

5 

(x - 1) (x + 3) 

2(x + 3) — 5(x — 1) 
_ (x - l)(x + 3) 

11—3x 
x 2 + 2x — 3 



i.e. 


Thus 


11-3x 
x 2 + 2x — 3 


2x 2 - 9x - 35 = A(x - 2)(x + 3) + B(x + 1 )(x + 3) 

+ C(x + l)(x - 2) 

Let x = — 1. Then 

2(— l) 2 - 9(— 1) - 35 = A(-3)(2)+B(0)(2) 

+ C(0)(—3) 

i.e. -24 = — 6A 



Let x = 2. Then 

2(2) 2 - 9(2) - 35 s A(0)(5) + B(3)(5) 

+ C(3)(0) 

i.e. -45 = 15B 



Let x = —3. Then 


2(—3) 2 - 9(—3) - 35 = A(—5)(0) + B(-2)(0) 

+ C(—2)(—5) 


i.e. 

10= 10C 


i.e. 

C = 1 


Thus 

2x 2 - 9x - 35 
(x + l)(x - 2)(x + 3) 



4 3 

1 


(x + 1) (x - 2) 

(. x + 3) 


Problem 3. 

fractions 


Resolve 


x 2 + 1 
x 2 — 3x + 2 


into partial 
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The denominator is of the same degree as the numerator. 
Thus dividing out gives: 


1 


x 2 -3x + 2j^ 

x 2 — 3x + 2 

3x — 1 

For more on polynomial division, see Section 6.1, 
page 48. 

x 2 + 1 3x - 1 

Hence —---- = 1 + 


x 2 — 3x + 2 x 2 — 3x + 2 


= 1 + 


3x — 1 


Let 


(x — l)(x — 2) 

3x - 1 A B 


(x — l)(x — 2) (x — 1) (x — 2) 

A(x - 2) + B(x - 1) 


(x- 1 )(x — 2) 


Equating numerators gives: 



3x — 1 = 

A(x — 2) + B(x — 

Let x = 1. 

Then 

2 = -A 

i.e. 


A = -2 

Let x = 2. 

Then 

5 = B 

Hence — 

3x — 1 

1 

III 

1 

to 

+ 

Cfl 


(x — l)(x — 2) (x — 1) (x — 2) 


x 2 + 1 2 5 

Thus —-7-r = 1 - t-7- + 


x 2 — 3x + 2 (x — 1) (x — 2) 
x 3 — 2x 2 — 4x — 4 


Express 

fractions 


x 2 + x — 2 


in partial 


The numerator is of higher degree than the denomi¬ 
nator. Thus dividing out gives: 


x 2 + x - 


x — 3 

2) x 3 - 2x 2 - 4x - 4 
x 3 + x 2 — 2x 

—3x 2 - 2x - 4 
—3x 2 — 3x + 6 

x- 10 


x 3 — 2x 2 — 4x — 4 x — 10 

Thus -^- 1 -= x — 3 + 


k 2 + x — 2 


x 2 + x — 2 


= x — 3 + 


x- 10 


(x + 2)(x - 1) 


Let 


x- 10 


A 


B 


(x + 2)(x — 1) (x + 2) (x-1) 

A(x - 1) + B(x + 2) 


(x + 2)(x — 1) 

Equating the numerators gives: 

x - 10 = A(x - 1) + B(x + 2) 

Letx = —2. Then —12 = —3A 

i.e. A = 4 

Let x = 1. Then —9 = 3B 
i.e. B = — 3 

[T x —10 4 3 

Hence 


Thus 


(x + 2)(x — 1) (x + 2) (x — 1) 

x 3 - 2x 2 - 4x 4 


x 2 + x - 2 


= x — 3 + 


(x + 2) (x - 1) 


Now try the following exercise 

Exercise 26 Further problems on partial 
fractions with linear factors 

Resolve the following into partial fractions: 

1 . 


2 . 


3. 


4. 


5. 


12 



' 2 

2 

x 2 — 9 



L (x — 3) 

(x + 3) 

4(x - 4) 



' 5 

1 

x 2 — 2x — 3 



(*+!) 

(x — 3) 

x 2 — 3x + 6 


'3 

2 

4 

1 

rT 

1 

_x 

(x-2) 

(x-1) 

3(2x 2 — 8x — 1) 




(x + 4)(x + l)(2x — 1) 




' 7 


3 

2 


_ (x + 4) 

(x+1) 

(2x — 1) 

x 2 + 9x + 8 


r 2 

i -i- 

6 

-i- 


x~ + x — 6 


(x + 3) (x — 2) 
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■ 2 - a - 14 
2 — 2a — 


3 a 3 — 2a 2 — 16a + 20 
(a — 2)(a + 2) 


2 , 3 
(a-3) + (a+1) 


3a — 2 + 


1 

(x — 2 ) 


5 

(a+ 2) 


7.3 Worked problems on partial 
fractions with repeated linear 
factors 


Problem 5 


Resolve-^ 

(x-2) 2 


into partial fractions 


The denominator contains a repeated linear factor, 
(x-2) 2 

2a + 3 A B 

Let -=-- 

(a - 2) 2 (a - 2) (A - 2) 2 

_ A (a - 2) + B 

(x - 2) 2 

Equating the numerators gives: 


The denominator is a combination of a linear factor and 
a repeated linear factor. 

5a 2 - 2a - 19 

Let -r- 

(a + 3) (a - l) 2 

ABC 

(a + 3) (a — 1) A — l) 2 
_ A (a - l) 2 + B(a + 3)(a - 1) + C(a + 3) 

= (a + 3)(a — l) 2 

by algebraic addition 

Equating the numerators gives: 

5a 2 - 2a - 19 ee A(a - l) 2 + B(a + 3) (a - 1) 

+ C(a + 3) (1) 

Let a = — 3. Then 

5(—3) 2 - 2(—3) - 19 ee A(—4) 2 + B(0J(—4) + C(0) 
i.e. 32 = 16A 

i.e. A = 2 

Let a = 1. Then 

5(1) 2 - 2(1) - 19 = A(0) 2 + B(4)(0) + C(4) 
i.e. -16 = 4C 

i.e. C = -4 


2a + 3 = A(a — 2) + B 
Let a = 2. Then 7 = A(0) + B 
i.e. B = 7 

2a + 3 = A(a — 2) + B 
= Aa — 2A + B 

Since an identity is true for all values of the unknown, 
the coefficients of similar terms may be equated. 

Hence, equating the coefficients of a gives: 2 = A 
[Also, as a check, equating the constant terms gives: 
3 = —2A + B. When A = 2 and B = 7, 

RHS = -2(2) + 7 = 3 = LHS] 


Without expanding the RHS of equation (1) it can 
be seen that equating the coefficients of a 2 gives: 
5 = A + B, and since A = 2, B = 3 
[Check: Identity (1) may be expressed as: 

5a 2 - 2a - 19 = A(a 2 - 2a + 1) 

+ B(a" + 2a — 3) + C(a + 3) 
i.e. 5a 2 — 2a —19 = Ax 2 — 2Ax + A + Ba 2 
+ 2Ba — 3B + Ca + 3C 

Equating the a term coefficients gives: 

-2 = — 2A + 2B + C 


Hence 


2a + 3 
(x - 2) 2 


2 , 7 

(x ~ 2) + (a - 2) 2 


Express 
three partial fractions 


5a 2 -2a- 19 
(a + 3)(a — l) 2 


as the sum of 


When A = 2, B = 3 and C = —4 then —2A + 2B + C = 
-2(2) + 2(3) - 4 = -2 = LHS 
Equating the constant term gives: 

—19 = A — 3B + 3C 


RHS = 2 - 3(3) + 3(—4) = 2-9-12 
= -19 = LHS] 
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Hence 


5x 2 -2x- 19 

O + 3)0: - l) 2 


2 3 

0 + 3) + O - 1) 


4 

O - 1) 2 


Problem 7. 

fractions 


3x 2 + 16x + 15 

Resolve- 5 -into partial 

0 + 3) 3 


Let 

3x 2 + 16x + 15 _ A B i C 

0 + 3) 3 = 0 + 3) + O + 3) 2 + 0 + 3) 3 

_ AO + 3) 2 + BO + 3) + C 
0 + 3)3 

Equating the numerators gives: 

3x 2 + 16x + 15 = AO + 3) 2 + BO + 3) + C (1) 
Let x = —3. Then 

3(—3) 2 + 16(—3) + 15 = A(0) 2 + B(0) + C 
i.e. — 6 = C 


Now try the following exercise 


Exercise 27 Further problems on partial 
fractions with repeated linear 
factors 


1 . 


4x — 3 

0+ l) 2 


4 7 

0+1) O+l) 2 


x 2 + lx + 3 
x 2 (x + 3) 


"12 1 

_x 2 x 0 + 3) 


5x 2 — 30x + 44 
0-2)3 


"5 10 | 4 

.0-2) ~~ 0 - 2) 2 + O - 2)3 

18 + 2 lx — x 2 

O — 5)0 + 2) 2 


2 3 | 4 

0-5) _ 0 + 2) + 0 + 2) 2 


Identity (1) may be expanded as: 

3x 2 + 16x + 15 = AO 2 + 6x + 9) + BO + 3) + C 

i.e. 3x 2 + 16x+ 15 = A.v 2 + 6 A.r + 9 A 

~h Bx 3B -|- C 

Equating the coefficients of x 2 terms gives: 

3 = A 

Equating the coefficients of x terms gives: 

16 = 6A + B 

Since A = 3, B = — 2 

[Check: equating the constant terms gives: 


7.4 Worked problems on partial 
fractions with quadratic factors 


Problem 8 

fractions 


7x 2 + 5x+13 . , 

Express —=-in partial 

p 0 2 + 2)0 + 1 ) 


The denominator is a combination of a quadratic factor, 
O 2 + 2), which does not factorise without introducing 
imaginary surd terms, and a linear factor, 0+ 1)- Let 


15 = 9A + 3B + C 
When A = 3, B = -2 and C = -6, 

9A + 3B + C = 9(3) + 3 (—2) + (-6) 

= 27-6-6= 15 = LHS] 


Thus 


3x 2 + 16x + 15 
0 + 3? 

3 

O + 3) 


2 

0 + 3) 2 


6 

0 + 3? 


7x 2 + 5x+ 13 
O 2 + 2)0 + 1) 


Ax + B C 
(x 2 + 2) + 0 + 1) 

(Ax + B)(x + 1) + C(x 2 + 2) 
(x 2 + 2)(x + 1) 


Equating numerators gives: 

lx 2 + 5x + 13 ee (Ax + B)(x + 1) + C(x 2 + 2) (1) 
Let x = — 1. Then 

7(—l) 2 + 5(—1) + 13 = (Ax- + B)(0) + C(1 + 2) 
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i.e. 15 = 3C 

i.e. C = 5 

Identity (1) may be expanded as: 

lx * 2 + 5x + 13 = Ajc 2 + Ax + Bx + B + Cx 2 + 2C 
Equating the coefficients of x 2 terms gives: 

7 = A + C, and since C = 5, A = 2 
Equating the coefficients of x terms gives: 

5 = A + B, and since A = 2, B = 3 
[Check: equating the constant terms gives: 

13 = B + 2C 

When B = 3 and C = 5, B + 2C = 3 + 10 = 13 = LHS] 


Equating the coefficients of x 2 terms gives: 

4 = B +D 


Since B = 1, D = 3 

Equating the coefficients of x terms gives: 


6 = 3A 
i.e. A = 2 

From equation (1), since A = 2, C = 

3 + 6x + 4x 2 — 2x 3 

Hence 


-4 


x 2 (x 2 + 3) 


2 1 — 4x + 3 

=-1-T H-2 1 

x x- x z + 3 

_ 2 1 3 - 4x 

x + x 2 + x 2 + 3 


, lx 2 + 5x + 13 2x + 3 5 

Hence ———- 7 - = —-5 - 77 + 


(x 2 + 2)(x + 1) (x 2 + 2) (x + 1) 


2 _l_ f, x 4 - 4x 2 — 2 x 3 
Resolve- 7 -^— r -— into 


partial fractions 


x 2 (x 2 + 3) 


Terms such as x 2 may be treated as (x + 0) 2 , i.e. they 
are repeated linear factors 


Let 


3 + 6x + 4x 2 - 2x 3 
x 2 (x 2 + 3) 

A B Cx + D 
x + x 2 + (x 2 + 3) 

_ Ax(x 2 + 3) + B(x 2 + 3) + (Cx + D)x 2 

x 2 (x 2 + 3) 

Equating the numerators gives: 

3 + 6x + 4x 2 — 2x 3 = Ax(x 2 + 3) 

+ B(x 2 + 3) + (Cx + D)x 2 
= Ax 3 + 3Ax + Bx 2 + 3B 

+ Cx 3 + Dx 2 

Let x = 0. Then 3 = 3B 
i.e. B = 1 

Equating the coefficients of x 3 terms gives: 


Now try the following exercise 


Exercise 28 Further problems on partial 

fractions with quadratic factors 


1 . 


2 . 


3. 


4. 


x 2 —x — 13 

2x -|- 3 

l 

(x 2 + 7)(x — 2) 

_ (x 2 + 7) 

(x — 2) J 

6x — 5 

r i 

-L 

2 —x 

(x — 4)(x 2 + 3) 

L(x —4) 

(x 2 + 3)_ 

15 + 5x + 5x 2 — 4x 3 

'1 3 

2 — 5x 

x 2 (x 2 + 5) 

2 

X X A 

(x 2 + 5) _ 

x 3 + 4x 2 + 20x — 7 



(x — l) 2 (x 2 + 8) 




+ 


+ ■ 


1 — 2 x 


(x — 1 ) (x — 1 ) 2 (x 2 + 8 ) 

5. When solving the differential equation 

d 2 e d e ,, 

—x —6 -100 = 20 —e 2( by Laplace 

dt 2 dt 

transforms, for given boundary conditions, 
the following expression for C{0] results: 


C{0} = 


39 

4s 3 - —s 2 + 42s-40 
s(s — 2 )(s 2 — 6s + 10 ) 


Show that the expression can be resolved into 
partial fractions to give: 

_ 2 1 5s — 3 

j0{0} = - 1 - 7- 

s 2 (s — 2 ) 2 (s 2 — 6 s + 10 ) 


-2 = A + C 


(1) 
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Chapter 8 


Simple equations 


8.1 Expressions, equations and 
identities 


(3x — 5) is an example of an algebraic expression, 
whereas 3 jc — 5=1 is an example of an equation (i.e. 
it contains an ‘equals’ sign). 

An equation is simply a statement that two quantities are 

9 

equal. For example, 1 m = 1000 mm or F — - C + 32 or 
y = mx + c. 

An identity is a relationship that is true for all values of 
the unknown, whereas an equation is only true for par¬ 
ticular values of the unknown. For example, 3 jc — 5=1 
is an equation, since it is only true when x = 2, whereas 
3x = 8x — 5X is an identity since it is true for all values 
of x. (Note ‘=’ means ‘is identical to’). 

Simple linear equations (or equations of the first 
degree) are those in which an unknown quantity is raised 
only to the power 1. 

To ‘solve an equation’ means ‘to find the value of the 
unknown’. 

Any arithmetic operation may be applied to an equation 

as long as the equality of the equation is maintained. 


8.2 Worked problems on simple 
equations 


Solve the equation: 4x = 20 


Solutions to simple equations should always be 
checked and this is accomplished by substituting 
the solution into the original equation. In this case, 
LHS = 4(5) = 20 = RHS. 


Problem 2. 


Solve: 


2x 

~5 


6 


The LHS is a fraction and this can be removed by 
multiplying both sides of the equation by 5. 

2x 


Hence, 5 =5(6) 

Cancelling gives: 2x = 30 

Dividing both sides of the equation by 2 gives: 


2x 30 
— = — i.e. 
2 2 


x —15 


Solve: a — 5 = 8 

Adding 5 to both sides of the equation gives: 

a — 5 + 5 = 8 + 5 
i.e. a = 13 

The result of the above procedure is to move the ‘—5’ 
from the LHS of the original equation, across the equals 
sign, to the RHS, but the sign is changed to +. 


Dividing each side of the equation by 4 gives: 


4x 

~4 


20 

~4 


(Note that the same operation has been applied to both 
the left-hand side (LHS) and the right-hand side (RHS) 
of the equation so the equality has been maintained). 

Cancelling gives: x = 5, which is the solution to the 
equation. 


Solve: x + 3 = 7 

Subtracting 3 from both sides of the equation gives: 
x + 3 — 3 = 7 — 3 
i.e. x = 4 
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The result of the above procedure is to move the ‘+3’ 
from the LHS of the original equation, across the equals 
sign, to the RHS, but the sign is changed to —. Thus a 
term can be moved from one side of an equation to the 
other as long as a change in sign is made. 

Solve: 6.v + l—2x + 9 

In such equations the terms containing x are grouped 
on one side of the equation and the remaining terms 
grouped on the other side of the equation. As in Prob¬ 
lems 3 and 4, changing from one side of an equation to 
the other must be accompanied by a change of sign. 

Thus since 6x + 1 = 2x + 9 
then 6x — 2x = 9 — 1 

4x = 8 
4x _ 8 
~4 ~ 4 

i.e. x — 2 

Check: LHS of original equation = 6(2) +1 = 13 
RHS of original equation = 2(2) + 9=13 
Hence the solution x = 2 is correct. 

Solve: 4 — 3p = 2p — 11 

In order to keep the p term positive the terms in p are 
moved to the RHS and the constant terms to the LHS. 

Hence 4+11= 2/7 + 3/? 

15 = 5 p 
15 _ 5 p 

T ~~ T 

Hence 3 — p or p — 3 


It is often easier, however, to work with positive values 
where possible. 

Solve: 3(x — 2) = 9 

Removing the bracket gives: 3x — 6 = 9 
Rearranging gives: 3.r = 9 + 6 

3x = 15 
3x _ 15 

y _ y 

i.e. x = 5 

Check: LHS = 3(5 - 2) = 3(3) = 9 = RHS 
Hence the solution x = 5 is correct. 

Solve: 

4(2 r - 3) - 2 (r - 4) = 3(r - 3) - 1 

Removing brackets gives: 

8r - 12 - 2r + 8 = 3r - 9 - 1 
Rearranging gives: 

8r - 2r - 3r = -9 - 1 + 12 - 8 
i.e. 3 r = —6 



Check: 

LHS = 4(—4 - 3) - 2(—2 — 4) = —28 + 12= —16 
RHS = 3(—2 — 3) — 1 = —15 — 1 = —16 
Hence the solution r = —2 is correct. 


Now try the following exercise 


Check: LHS = 4 - 3(3) = 4 - 9 = -5 
RHS = 2(3) - 11 = 6- 11 =-5 
Hence the solution p — 3 is correct. 

If, in this example, the unknown quantities had been 
grouped initially on the LHS instead of the RHS then: 

—3p — 2p— —11 -4 
i.e. —5p =—15 

-5 p _ -15 

~ "yr 

p — 3, as before 


Exercise 29 Further problems on simple 
equations 

Solve the following equations: 


1. 2x + 5 = 7 

2. 8 — 3r = 2 

3. 2x — 1 = 5x + 11 

4. l-4p = 2p-3 


[ 1 ] 

[ 2 ] 

[-4] 

' 2 ' 

3 


and 
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5. 2a + 6 — 5fl = 0 

6. 3x — 2 — 5x= 2x — 4 

7. 20ct-3 + 3d=lld + 5-8 

8. 5(/ — 2) — 3(2/ + 5) + 15 = 0 

9. 2x = 4(x — 3) 

10. 6(2 — 3;y) — 42 = —2(y — 1) 

11. 2(3g-5)-5 = 0 

12. 4(3x + 1) = 7(x + 4) - 2(x + 5) 

13. 10 + 3(r — 7) = 16 — (r + 2) 

14. 8 + 4(x — 1) — 5(x — 3) = 2(5 — 2x) 


[ 2 ] 

" 1 " 

_ 2 _ 

[ 0 ] 

[- 10 ] 

[ 6 ] 

[- 2 ] 


[ 2 ] 


[-3] 


example, if - = - then (3)(5) = 4x, which is a quicker 
x 5 

way of arriving at equation (1) above.) 


Problem 10. 


2y 

Solve: — 
5 



3y 

2 


The LCM of the denominators is 20. Multiplying each 
term by 20 gives: 

2o(y)+2oQ+20(5) 



Cancelling gives: 

4(2y) + 5(3) + 100 = 1 - 10(3y) 


8.3 Further worked problems on 
simple equations 


Solve: - = — 
x 5 


The lowest common multiple (LCM) of the denomina¬ 
tors, i.e. the lowest algebraic expression that both x and 
5 will divide into, is 5x. 

Multiplying both sides by 5x gives: 



Cancelling gives: 


i.e. 

Check: 


15 = 4x 


15 

T 

x 


4x 





( 1 ) 


LHS = 




12 

L5 


4 

- =RHS 


(Note that when there is only one fraction on each side of 
an equation ‘cross-multiplication’ can be applied. In this 


i.e. 8y + 15 + 100 = 1 - 30y 
Rearranging gives: 

8y + 30y =1-15-100 
38y = -114 
-114 


y = 


38 


= -3 


2(—3) 3 -6 3 

Check: LHS = --- + - + 5= — + -+ 5 

5 4 5 4 

-9 11 

= _i_ 5 = 4_ 

20 20 

1 3(—3) 1 9 11 

RHS =--—- = — + - = 4 — 

20 2 20 2 20 


Hence the solution y = — 3 is correct. 


11. Solve: 


t — 2 


3t + 4 


By ‘cross-multiplication’: 
Removing brackets gives: 
Rearranging gives: 

i.e. 


3(3r + 4) = 4(r - 2) 
9t+ 12 = 4t- 8 


9f — 4f = —8 — 12 


5 1 = -20 


t = 


-20 


= -4 
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Check: LHS = 


RHS = 


3 3 1 

-4-2 _ ^6 _ _ 2 

4 _ 4 

3(—4) + 4 ~~ -12 + 4 

4 _ 1 

^ ~~ ~2 


Hence the solution f = —4 is correct. 


Solve: = 2 


[^/jc = 2 is not a ‘simple equation’ since the power of x 
is \ he s/x = x^ 1 h 2 - 1 ; however, it is included here since it 
occurs often in practise]. 

Wherever square root signs are involved with the 
unknown quantity, both sides of the equation must be 
squared. Hence 

(^) 2 = ( 2) 2 

i.e. x — 4 


Solve: 2\/2 = 8 


To avoid possible errors it is usually best to arrange the 
term containing the square root on its own. Thus 

2 Vd _ 8 

~Y~ ~ 2 

i.e. Vd = 4 

Squaring both sides gives: d — 16, which may be 
checked in the original equation 


Solve: x 2 = 25 


This problem involves a square term and thus is not 
a simple equation (it is, in fact, a quadratic equa¬ 
tion). However the solution of such an equation is often 
required and is therefore included here for complete¬ 
ness. Whenever a square of the unknown is involved, 
the square root of both sides of the equation is taken. 
Hence 


'J~x 2 — V25 

i.e. x = 5 

However, x — —5 is also a solution of the equation 
because (—5) x (—5) = +25. Therefore, whenever the 


square root of a number is required there are always two 
answers, one positive, the other negative. 

The solution of .r 2 = 25 is thus written as x = ±5 


15 

Solve: —, 
4r 2 

2 

“ 3 

‘Cross-multiplying’ gives: 

15(3) = 2(4 1 2 ) 

i.e. 

45 = 8 1 2 

45 2 

— — r 

8 

i.e. 

r = 5.625 

Hence f = V5.625 = ±2.372, correct to 4 significant 
figures. 


Now try the following exercise 


Exercise 30 Further problems on simple 
equations 

Solve the following equations: 

3 2 5 

1. 2-]—y = 1 -|—vH— [—2] 

4 7 3’ 6 

11 
-4- 

2 _ 

3. *(2/-3)+^(/ —4)+4=0 [2] 

5 6 15 

1 1 1 

4. -(3m — 6) — -(5m + 4) + -(2m — 9) = —3 




[12] 

5. 

X X 

-=2 

3 5 

[15] 

6. 

1—-=3+-—- 
3 3 6 

[-4] 

7. 

1 1 7 

3 n 4n 24 

[2] 

8. 

x+3 x—3 

— 2 

4 5 

[13] 

9. 

y 7 _ 5 — v 

5 + 20 4 

[2] 

10. 

n-2 1 

[3] 

2r> — 3 3 


1 1 

2. -(2x — 1) + 3 = - 
4 2 
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11. 

a — 3 2a + 1 

[-11 

12. 

x x+6 x+3 

4 5 ~ 2 

[-6] 

13. 

3+7 = 9 

[9] 

14. 

3^7 

[4 

1 — V* 

15. 


[10] 

16. 

r 2 

16= - 
9 

[+12] 

17. 

ly + 2 1 

V.y-2 2 

1 1 

1 

u> 

LO| H- 

1_1 

18. 

11 c 8 

~ — 5 + ~2 

[±4 


8.4 Practical problems involving 
simple equations 


A copper wire has a length / of 
1.5 km, a resistance R of 5 £2 and a resistivity of 

17.2 x 10 -6 Q mm. Find the cross-sectional area, a, 
of the wire, given that R = pi/a 


Since R — pi/a 
then 

5 ^ _ (17.2 x FT 6 Q mm)(1500 x 10 3 mm) 
a 

From the units given, a is measured in mm 2 . 

Thus 5 a = 17.2 x 10“ 6 x 1500 x 10 3 


and 


17.2 x 10“ 6 x 1500 x 10 3 


17.2 x 1500 x 10 3 
10 6 x 5 

17.2 x 15 

= 5.16 


10 x 5 


Hence the cross-sectional area of the wire is 
5.16 mm 2 


The temperature coefficient of 
resistance a may be calculated from the formula 
R t =R 0 (l + at). Find a given R f = 0.928, Rq — 0.8 
and t = 40 


Since R, = /?o(l + at) then 

0.928 = 0.8[1 +a(40)] 
0.928 = 0.8 + (0.8)(a)(40) 
0.928 - 0.8 = 32a 
0.128 = 32a 
0.128 

Hence a = -= 0.004 

32 


The distance s metres travelled in 
time t seconds is given by the formula: 
s = ut + \at 2 , where u is the initial velocity in m/s 
and a is the acceleration in m/s 2 . Find the 
acceleration of the body if it travels 168 m in 6 s, 
with an initial velocity of 10 m/s 


s = ut + -af 2 , an d s = 168, u — 10 and t — 6 


Hence 168 = (10)(6) + -a(6) z 

168 = 60+ 18a 

168 - 60 = 18a 

108 = 18a 

108 „ 

a = -= 6 

18 


Hence the acceleration of the body is 6 m/s 2 


When three resistors in an electrical 
circuit are connected in parallel the total resistance 
Rt is given by: 

1 _ i 1 1 

Rt R\ /+ /?3 

Find the total resistance when R i = 5 Q, /+ = 10 f 1 
and /?3 = 30 £2 
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i t 1 l 
Rt~ 5 + To + 30 

6 + 3+1 10 1 

~ 30 _ 30 _ 3 

Taking the reciprocal of both sides gives: Rt — 3 Si 
1111 

Alternatively, if — = —|-1-the LCM of the 

* R t 5 10 30 

denominators is 30Rt 
Hence 

3° Sr (+)=3° Rr (i) + 30 Sr (l) 

+ 30* r (l) 

Cancelling gives: 

30 = 6 Rj + 3R r + Rt 
30 = 10 R t 
30 

Rt — — =3 Si, as above 


(b) Find the value of Rj given that 

Rt — 3S2, R\=5Q and /+ = 10 £3. 

[(a) 1.8 £2 (b) 30 Q] 

5. Ohm’s law may be represented by I — V/R, 
where I is the current in amperes, V is the volt¬ 
age in volts and R is the resistance in ohms. A 
soldering iron takes a current of 0.30 A from 
a 240 V supply. Find the resistance of the 
element. [800 £2] 


8.5 Further practical problems 
involving simple equations 


The extension x m of an aluminium 
tie bar of length / m and cross-sectional area A nr 
when carrying a load of F newtons is given by the 
modulus of elasticity E — FI/Ax. Find the extension 
of the tie bar (in mm) if E = 70 x 10 9 N/m 2 , 

F = 20x 10 6 N,A = 0.1m 2 and/= 1.4m 


Now try the following exercise 


E — FI/Ax, hence 


Exercise 31 Practical problems involving 
simple equations 

1. A formula used for calculating resistance of a 
cable is R = (pi)/a. Given R — 1.25, / = 2500 
and a — 2 x 10~ 4 * find the value of p. 

HO” 7 ] 

2. Force F newtons is given by F = ma, where m 

is the mass in kilograms and a is the acceler¬ 
ation in metres per second squared. Find the 
acceleration when a force of 4 kN is applied to 
a mass of 500 kg. [8 m/s 2 ] 

3. PV — mRT is the characteristic gas equation. 
Find the value of m when P = 100 x 10 3 , 

V — 3.00, R = 288 and T = 300. [3.472] 


70x1q9 N (20x10^1^ 

m 2 (0.1m 2 )(x) 

(the unit of x is thus metres) 

70 x 10 9 x 0.1 x x = 20 x 10 6 x 1.4 

_ 20 x 10 6 x 1.4 
* ~ 70 x 10 9 x 0.1 

2 x 1.4 

Cancelling gives: x = -m 

66 7 x 100 


= -— x 1000 mm 

7 x 100 

Hence the extension of the tie bar, jc = 4 mm 


4. When three resistors R\, Rj and /+ are con¬ 
nected in parallel the total resistance Rt is 
1111 

determined from — =-1-1- 

Rt R\ R 2 R 3 

(a) Find the total resistance when 

R\=3£2, R 2 = 6Sl and /?3 = 18f2. 


Power in a d.c. circuit is given by 
V 2 

P — — where V is the supply voltage and R is the 
circuit resistance. Find the supply voltage if the 
circuit resistance is 1.25 Q and the power measured 
is 320 W 
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v 2 

Since P — — 

R 

i.e. 

Supply voltage. 


V 2 

then 320 = - 

1.25 

(320)(1.25) = V 2 
V 2 = 400 

V = V400 = ±20 V 


A formula relating initial and final 
states of pressures, P\ and Pi, volumes V\ and V 2 , 
and absolute temperatures, T\ and T 2 , of an ideal 
P 1 V 1 P 1 V 2 

gas is-=-. Find the value of Pi given 

T\ T 2 

Pi = 100 x 10 3 , Vi = 1.0, V 2 = 0.266, T, = 423 
and T 2 = 293 


Since 


P 1 V 1 

Ti 


then 


(100 x 10 3 )(1.0) 
423 


P 2 V 2 

T 2 

P 2 ( 0-266) 
293 


‘Cross-multiplying’ gives: 


Squaring both sides gives: 


4 = 


f+ 1800 


/- 1800 
4(/- 1800) = / + 1800 
4/ -7200 =/+ 1800 
4 /-/= 1800 + 7200 
3 f = 9000 
9000 

/ =-= 3000 


Hence stress, / = 3000 


Now try the following exercise 

Exercise 32 Practical problems involving 
simple equations 

1. Given R 2 — Ri(l + at), find a given R\ = 5.0, 
R 2 = 6.03 and t = 51.5 [0.004] 


100 x 10 3 )(1.0)(293) = P 2 (0.266)(423) 

_ (100 x 10 3 )(1.0)(293) 
Pl ~ (0.266)(423) 

Hence P 2 = 260 x 10 3 or 2.6 x 10 s 


The stress/ in a material of a thick 


cylinder can be obtained from — = 

Calculate the stress, given that D — 21.5, d — 10.75 
and p = 1800 



Since 


_= 

d y- P 


21.5 //+ 1800 

10.75 _ y/- 1800 


i.e. 


2 = 


jf+ 1800 


2. If in = u~ + 2 as, find u given v — 24, a — —40 


and s — 4.05 


[30] 


3. The relationship between the temperature on 

a Fahrenheit scale and that on a Celsius scale 
9 

is given by F= - C + 32. Express 113°F in 
degrees Celsius. L45°C] 

4. If t — 2jty/w/Sg, find the value of S given 

w= 1.219, g = 9.81 and f = 0.3132 [50] 

5. Applying the principle of moments to a beam 
results in the following equation: 


Fx3 = (5 — F)x7 


where F is the force in newtons. Determine the 
value of F. [3.5 N] 

6. A rectangular laboratory has a length equal to 
one and a half times its width and a perimeter 
of 40 m. Find its length and width. 

[12 m, 8 m] 


/- 1800 



























Revision Test 2 


This Revision test covers the material contained in Chapters 5 to 8. The marks for each question are shown in brackets 
at the end of each question. 


1 . 


Evaluate: 

1 

and z = — 
2 


3xv 2 z 3 — 2 yz 


when 



y = 2 

(3) 


7. Use the remainder theorem to find the remainder 
when 2x 3 + x 2 — lx — 6 is divided by 

(a) (x- 2) (b)(x+l) 


2. Simplify the following: 


Hence factorise the cubic expression. (7) 


8a 2 bVc ? 


(a) - 1 =— 

(2a) 2 Vby/c 


(b) 3x + 4 -h 2x + 5 x 2 — 4x 

(6) 

Remove the brackets in the following expressions 
and simplify: 

(a) (2x — y) 2 


(b) 4ab - [3 { 2(4 a - b) + b(2 - a)} ] 

(5) 

Factorise: 3x 2 y + 9xy 2 + 6xy 3 

(3) 

If x is inversely proportional to y and 
y = 0.4, determine 

x = 12 when 

(a) the value of x when y is 3, and 


(b) the value of y when x = 2. 

(4) 

Factorise x 3 + 4x 2 + x — 6 using 
theorem. Hence solve the equation 
x 3 + 4x 2 + x — 6 = 0 

the factor 

(6) 


8. Simplify 


6x" + lx — 5 


by dividing out. 


2x — 1 

9. Resolve the following into partial fractions: 
x — 11 . 3 — x 


(5) 


(a) 


(c) 


x — 2 
6x + 9 


(b) 


(x 2 + 3)(x + 3) 


X 2 + x ■ 


(24) 


10. Solve the following equations: 


(a) 3/ — 2 = 5r + 4 


(b) Aik- l)-2(3£ + 2)+ 14 = 0 


(c) 


a 

2 




(13) 


11. A rectangular football pitch has its length equal to 
twice its width and a perimeter of 360 m. Find its 
length and width. (4) 
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Chapter 9 


Simultaneous equations 


9.1 Introduction to simultaneous 
equations 


Only one equation is necessary when finding the value 
of a single unknown quantity (as with simple equa¬ 
tions in Chapter 8). However, when an equation contains 
two unknown quantities it has an infinite number of 
solutions. When two equations are available connecting 
the same two unknown values then a unique solution is 
possible. Similarly, for three unknown quantities it is 
necessary to have three equations in order to solve for a 
particular value of each of the unknown quantities, and 
so on. 

Equations that have to be solved together to find the 
unique values of the unknown quantities, which are 
true for each of the equations, are called simultaneous 
equations. 

Two methods of solving simultaneous equations 
analytically are: 

(a) by substitution, and (b) by elimination. 

(A graphical solution of simultaneous equations is 
shown in Chapter 31 and determinants and matrices are 
used to solve simultaneous equations in Chapter 62). 


9.2 Worked problems on 
simultaneous equations 
in two unknowns 


Solve the following equations for x 
and y, (a) by substitution, and (b) by elimination: 

x + 2y = — 1 (1) 

4x - 3>> = 18 (2) 


(a) By substitution 

From equation (1): x = — 1 —2 y 

Substituting this expression for x into equation (2) 

gives: 

4(— 1 — 2y) — 3y = 18 

This is now a simple equation in y. 

Removing the bracket gives: 

—4 — 8y — 3y = 18 

— lly = 18 + 4 = 22 



Substituting y — —2 into equation (1) gives: 

x + 2(—2) = -1 
x — 4 = — 1 

x = —1+4 = 3 

Thus x = 3 and y = —2 is the solution to the 
simultaneous equations. 

(Check: In equation (2), since x = 3 and y— —2, 
LHS = 4(3) - 3 (—2) =12 + 6=18 = RHS) 

(b) By elimination 

x + 2y = — 1 (1) 

4x — 3y = 18 (2) 

If equation (1) is multiplied throughout by 4 the 
coefficient of x will be the same as in equation (2), 
giving: 


4x + 8y = -4 


( 3 ) 
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Subtracting equation (3) from equation (2) gives: 

4x-3 y= 18 (2) 

4x + 8y = -4 (3) 

0 - 1 ly = 22 


Hence y = —— = —2 

(Note, in the above subtraction, 

18- (-4)= 18 + 4 = 22). 

Substituting y = —2 into either equation (1) or equa¬ 
tion (2) will give x — 3 as in method (a). The solution 
x — 3,y — —2 is the only pair of values that satisfies both 
of the original equations. 

Solve, by a substitution method, the 
simultaneous equations: 


3x — 2y = 12 

(1) 

x + 3y = —7 

(2) 


From equation (2), x — —7 — 3 y 
Substituting for x in equation (1) gives: 

3(—7 - 3y) - 2 y = 12 
i.e. —21 — 9 y — 2 y = 12 
— 1 ly = 12 + 21 = 33 
33 

Hence y ——— = — 3 

Substituting y = —3 in equation (2) gives: 

.v + 3(—3) = -7 
i.e. x — 9 = —7 

Hence x = —7 + 9 = 2 


If equation (1) is multiplied throughout by 2 and equa¬ 
tion (2) by 3, then the coefficient of x will be the same 
in the newly formed equations. Thus 

2 x equation (1) gives: 6x + 8v = 10 (3) 

3 x equation (2) gives: 6x — 1 5y = — 36 (4) 

Equation (3) — equation (4) gives: 


0 + 23 v = 46 



(Note+8y-15y = 8y + 15y = 23y and 10 — (—36) = 

10 + 36 = 46. Alternatively, ‘change the signs of the 
bottom line and add’.) 

Substituting y = 2 in equation (1) gives: 

3x + 4(2) = 5 

from which 3x = 5 — 8 = — 3 
and x = — 1 

Checking in equation (2), left-hand side = 

2(—1) — 5(2) = —2 — 10 = —12 = right-hand side. 

Hence x = — 1 and y = 2 is the solution of the simulta¬ 
neous equations. 

The elimination method is the most common method 
of solving simultaneous equations. 

Solve : 

lx - 2y = 26 (1) 

6x + 5y = 29 (2) 


Thus x = 2,_y = —3 is the solution of the simultaneous 
equations. 

(Such solutions should always be checked by substitut¬ 
ing values into each of the original two equations.) 


Use an elimination method to solve 

the simultaneous equations: 



3x + 4y = 

5 

(1) 

2x — 5y = 

-12 

(2) 


When equation (1) is multiplied by 5 and equation 
(2) by 2 the coefficients of y in each equation are 
numerically the same, i.e. 10, but are of opposite sign. 


5 x equation (1) gives: 

35x - lOy = 

130 

(3) 

2 x equation (2) gives: 
Adding equation (3) 

and (4) gives: 

12x + lOy = 

58 

(4) 

47x + 0 = 

188 

(5) 


Hence x =-= 4 

47 
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[Note that when the signs of common coefficients are 
different the two equations are added, and when the 
signs of common coefficients are the same the two equa¬ 
tions are subtracted (as in Problems 1 and 3).] 

Substituting x — 4 in equation (1) gives: 

7(4) - 2y = 26 
28-2 y = 26 
28 - 26 = 2y 
2 = 2 y 

Hence y = 1 

Checking, by substituting x — 4 andy = 1 in equation 
(2), gives: 

LHS = 6(4) + 5(1) = 24 + 5 = 29 = RHS 

Thus the solution is x — 4, y = 1, since these val¬ 
ues maintain the equality when substituted in both 
equations. 


Now try the following exercise 

Exercise 33 Further problems on 

simultaneous equations 

Solve the following simultaneous equations and 


verify the results. 


1. a + b — 7 
a — b — 3 

[a — 5, b = 2] 

2. 2x + 5y = 7 
x + 3y = 4 

[x=l, y = 1] 

3. 3s + 2r= 12 

4.? —r = 5 

II 

K) 

II 

4. 3x — 2y= 13 

2x + 5y — -4 

Ti 

II 

u> 

II 

1 

5. 5x = 2y 

3x + 7y = 41 

[x = 2, y = 5] 

6 . 5c=l-3d 

2d + c + 4 = 0 

[c = 2, d = —3] 


9.3 Further worked problems on 
simultaneous equations 


Solve 

3 P = 2 q 

4p + q+\\=0 

(1) 

(2) 

Rearranging gives: 

3p — 2q = 0 

(3) 

4 p + q = -11 

(4) 

Multiplying equation (4) by 2 gives: 

Sp + 2q = —22 

(5) 


Adding equations (3) and (5) gives: 

11/7 + 0 = —22 



Substituting p— —2 into equation (1) gives: 
3(—2) = 2 q 
—6 = 2 q 



Checking, by substituting p = —2 and q — — 3 into 
equation (2) gives: 

LHS = 4(—2) + (-3) + 11 = -8-3+ 11 

= 0 = RHS 

Hence the solution is p = —2, q = —3 


Problem 6. 

Solve 




x 5 
8 + 2 

= y 

(i) 


13 - - 

= 3x 

(2) 


3 



Whenever fractions are involved in simultaneous equa¬ 
tion it is usual to firstly remove them. Thus, multiplying 
equation (1) by 8 gives: 

8 Cl) +8 (I)= 8y 

x + 20 = 8y 


i.e. 


(3) 
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Multiplying equation (2) by 3 gives: 

39 -y = 9.x (4) 

Rearranging equation (3) and (4) gives: 

x - 8y = -20 (5) 

9 x + y = 39 (6) 

Multiplying equation (6) by 8 gives: 

72x + 8y = 312 (7) 

Adding equations (5) and (7) gives: 

73x + 0 = 292 



Substituting x — 4 into equation (5) gives: 

4 — 8y = -20 
4 + 20 = 8y 


24 = 8y 



Checking: substituting x — 4, y = 3 in the original 
equations, gives: 

4 5 1 1 

Equation (1): LHS = —|— = —b 2- = 3 
8 2 2 2 

= y = RHS 

3 

Equation (2): LHS = 13 — — = 13 — 1 = 12 
RHS = 3x = 3(4) = 12 


Rearranging gives: 

25Ox - 300y = -75 
160x + 120y = 108 

Multiplying equation (3) by 2 gives: 

500x- 600y = -150 
Multiplying equation (4) by 5 gives: 

800x + 600v = 540 
Adding equations (5) and (6) gives: 

1300x + 0 = 390 

390 39 3 

x — -= -= — = 0.3 

1300 130 10 

Substituting x — 0.3 into equation (1) gives: 


250(0.3) ■ 


75 - 300y = 0 
75 + 75 = 300v 
150 = 300y 
_ 150 
y ~ 300 


= 0.5 


Checking x — 0.3, y = 0.5 in equation (2) gives: 


LHS = 160(0.3) = 48 
RHS = 108 - 120(0.5) 
= 108 - 60 = 48 

Hence the solution is x = 0.3 ,y = 0.5 


(3) 

(4) 

(5) 

( 6 ) 


Now try the following exercise 


Hence the solution is x — 4, y — 3 

Solve 

2.5x + 0.75 - 3v = 0 
1 .6.x = 1.08- 1.2 y 

It is often easier to remove decimal fractions. Thus 
multiplying equations (1) and (2) by 100 gives: 

250.x + 75 - 300y = 0 (1) 

160.x = 108 - 120y (2) 


Exercise 34 Further problems on 

simultanuous equations 

Solve the following simultaneous equations and 
verify the results. 

1. 7p+ll + 2q = 0 

-l=3q-5p [p = - 1, q = - 2] 



x y 

--- = 0 [x — 4, y = 6] 

6 9 
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3. -~l = -2b 
2 


12 = 5a H— b 
3 

x 2 y 49 

4 ‘ 5 + y - 15 
^-> + ’=o 

7 2 7 

5. 1.5x — 2.2;y= —18 
2.4x + 0.6y = 33 

6. 3/?-2.5a = 0.45 


[a = 2, £> = 3] 


[x = 3, y = 4] 


[x = 10, y=15] 


1.6a+ 0.8/7 = 0.8 [<7 = 0.30, /? = 0.40] 


9.4 More difficult worked problems 
on simultaneous equations 


Problem 8. Solve 



2 

3 


- 

H— =7 

(i) 

X 

y 


1 

4 




(2) 

X 

y 



In this type of equation the solutions is easier if a 

1 1 

substitution is initially made. Let - = a and - = b 

x y 

Thus equation (1) becomes: 2a + 3b = l (3) 

and equation (2) becomes: a — 4b = —2 (4) 

Multiplying equation (4) by 2 gives: 

2fl — 8/7 = —4 (5) 

Subtracting equation (5) from equation (3) gives: 

0+ 11/7= 11 

i.e. b — 1 

Substituting b = 1 in equation (3) gives: 

2(7 + 3 = 7 

2(7 = 7 — 3 = 4 

i.e. a = 2 


Checking, substituting a —2 and b = I in equation (4) 
gives: 


LHS = 2 — 4(1) = 2 — 4 = —2 = RHS 
Hence a = 2 and b = 1 


However, since 

and since 


1 1 1 

- = a then x = - = — 

x a 2 

1 1 1 

- = b then y = = = 1 

y b 1 


Hence the solutions is x = -. y = 1, 

2 

which may be checked in the original equations. 


Solve 



1 3 „ 

2 a 5b 

(1) 


4 1 

- + — = 10.5 
a 2b 

(2) 

1 

Let - = x 
a 

1 

and - = y 
b 


then 

x 3 
- + -y = 4 

2 5- 

(3) 


1 

4x + -y= 10.5 

(4) 

To remove 

fractions, equation (3) is 

multiplied by 10 

giving: 



10 (: 

5) +log,) = UK4) 


i.e. 

5x + by — 40 

(5) 

Multiplying equation (4) by 2 gives: 



8x + y = 21 

(6) 

Multiplying equation (6) by 6 gives: 



48x + 6y = 126 

(7) 


Subtracting equation (5) from equation (7) gives: 
43x + 0 = 86 
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Substituting x = 2 into equation (3) gives: 

2 3 „ 

- + -y — 4 

2 5' 


-v = 4-! = 3 

T=5(3) = 5 

1 1 1 

Since - = x then a = — = - 

a x 2 

1 1 1 

and since - = y then b = - = - 

b y 5 

1 1 

Hence the solutions is a = -, b = - 

2 5 

which may be checked in the original equations. 


Now try the following exercise 


Exercise 35 Further more difficult problems 
on simultaneous equations 

In Problems 1 to 5, solve the simultaneous equa¬ 
tions and verify the results 

3 2 

1. - + - = 14 

x y 


- — - = —2 
x y 

4 3 

2.-= 18 

a b 

2 5 

- + - = -4 


x = —, y = - 

2 4 


1 1 

a = b= — 


Problem 10. Solve 

1 

4 

(1) 

1 3 

3 - X b 7“ = 5 

2 p 5q 


x + y 

27 

5 1 35 

r i ii 

1 

4 

(2) 

p 2 q 2 

4 C+1 d+2 +l=0 

4 3 

P= 4’ ?= 5 

2x — y 

“ 33 



To eliminate fractions, both sides of equation (1) are 
multiplied by 27(x + y) giving: 


1 — c 3-d 13 


27(x + y) 


1 


= 27(x + y ) ( — 


i.e. 


x + y 

27(l) = 4(x + y) 
27 = 4x + 4y 

Similarly, in equation (2): 33 = 4(2x — y) 
i.e. 33 = 8x — 4y 

Equation (3) + equation (4) gives: 


5 +_ 

4 + 

20 _ 

3r + 2 

2s- 1 

11 

5 

4 

5 

3 + 2r 

5 — .v 

15 

—— + 

-= 

— 


[c = 3, d = 4] 


r = 3 ’ s =2 


(3) 


(4) 


3 4 5 

6 If 5x — = 1 and x H— = - find the value of 

V y 2 

^ [1] 


60=12x, i.e. x= — =5 
12 

Substituting x = 5 in equation (3) gives: 

27 = 4(5) + 4y 

from which 4y = 27 — 20 = 7 


, 7 3 

and y = - = 1 - 
7 4 4 


Hence x = 5, y = l- is the required solution, which 
may be checked in the original equations. 


9.5 Practical problems involving 
simultaneous equations 


There are a number of situations in engineering and 
science where the solution of simultaneous equations 
is required. Some are demonstrated in the following 
worked problems. 


The law connecting friction F and 
load L for an experiment is of the form F — aL + b. 
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Section 1 


74 Engineering Mathematics 


where a and b are constants. When F — 5.6. L = 8.0 
and when F — 4.4, L — 2.0. Find the values of a and 
b and the value of F when L = 6.5 

Substituting F = 5.6, L = 8.0 into F = aL + b gives: 

5.6 = 8.0a + b (1) 

Substituting F = 4.4, L = 2.0 into F = aL + b gives: 

4.4 = 2.0 a + b (2) 

Subtracting equation (2) from equation (1) gives: 


1.2 = 6 . 0 a 
L2 _ 
64) "" 


a - 


1 

5 


Substituting a = 


1 

5 


into equation ( 1 ) gives: 


5.6= 8.0 +b 

5.6= 1.6 + b 
5.6- 1.6 = b 

i.e. b = 4 

1 

Checking, substituting a = - and b — 4 in equation (2), 
gives: 

RHS = 2.O0^ +4 = 0.4 + 4 = 4.4 = LHS 
Hence a = ^ and b = 4 

1 

When L = 6.5, F = al + b= -(6.5) + 4 
= 1.3 + 4 , i.e. F — 5.3 


The equation of a straight line, of 
gradient m and intercept on the y-axis c, is 
y = mx + c. If a straight line passes through the 
point where x — 1 and y = — 2 , and also through the 
point where x — 3 1 and y = 10 J,, find the values of 
the gradient and the v-axis intercept 


Subtracting equation (1) from equation (2) gives: 

1 1 

12-=2-nz from which, m = — -=- = 5 
2 2 I 

2 

Substituting m — 5 into equation (1) gives: 

-2=5+c 
c = —2 — 5 = —7 

Checking, substituting ;« = 5 and c = —7 in equation 
(2), gives: 

RHS = (5) + (—7)= 17^ — 7 

= 10- = LHS 
2 

Hence the gradient, m = 5 and the j -axis intercept, 
c = —7 


When Kirchhoff’s laws are applied 
to the electrical circuit shown in Fig. 9.1 the 
currents I\ and I 2 are connected by the equations: 

27= 1.5/i + 8(/i -I 2 ) (1) 

-26 = 2/ 2 - 8(/1 - I 2 ) ( 2 ) 



Solve the equations to find the values of currents I\ 
and 1 2 


Removing the brackets from equation (1) gives: 


Substituting x = 1 and y = —2 into y = mx + c gives: 

—2 = /?i + c (1) 

1 1 

Substituting x = 3- and v = 10- into v = mx + c gives: 
1 1 

10- = 3—m + c 
2 2 


27= 1.5/i + 8 / 1 - 8/2 
Rearranging gives: 

9.5/i - 8/2 = 27 (3) 

Removing the brackets from equation (2) gives: 


(2) 


-26 = 2 / 2 - 8/1 + 8/2 
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Rearranging gives: 

— 8/1 + 10/ 2 = -26 
Multiplying equation (3) by 5 gives: 

47.5/i- 40/2= 135 
Multiplying equation (4) by 4 gives: 

-32/i +40/2 = -104 
Adding equations (5) and ( 6 ) gives: 

15.5/i+0 = 31 



Substituting I\ = 2 into equation (3) gives: 


(4) 


(5) 


( 6 ) 


Multiplying equation (1) by 2 gives: 

84 = 4m + 4a 

Subtracting equation (3) from equation (2) gives: 
60 = 0 + 4 m 

60 is 

a = — = 15 

15 

Substituting a = 15 into equation (1) gives: 

42 = 2m+ 2(15) 

42-30 = 2m 
12 

u = — = 6 
2 

Substituting a= 15, m = 6 in equation (2) gives: 


(3) 


9.5(2) - 8/2 = 27 
19-8/2 = 27 
19-27=8/2 
-8 = 8/2 

h = ~ 1 

Hence the solution is /1 = 2 and /2 = — 1 
(which may be checked in the original equations). 


RHS = 4(6)+ 8(15) = 24+ 120= 144 = LHS 

Hence the initial velocity, u = 6 m/s and the 
acceleration, a = 15 m/s 2 . 

1 , 

Distance travelled after 3 s is given by s = ut+ - at 
where t = 3, u = 6 and a = 15 

Hence 5 = (6)(3) + ^(15)(3) 2 = 18 + 67.5 

i.e. distance travelled after 3 s = 85.5 m 


The distance s metres from a fixed 
point of a vehicle travelling in a straight line with 
constant acceleration, a m/s 2 , is given by 
s = ut + \at 2 , where u is the initial velocity in m/s 
and t the time in seconds. Determine the initial 
velocity and the acceleration given that s — 42 m 
when t = 2 s and s = 144 m when t — 4 s. Find also 
the distance travelled after 3 s 


1 ry 

Substituting s — 42, t — 2 into s—ut + -at gives: 


42 = 2m + -«(2) 2 
i.e. 42 = 2m + 2 a 


(1) 


• 1 -s , 

Substituting s = 144, t = 4 into s — ut-j- -at gives: 


144 = 4m + -m(4) 2 
2 

i.e. 144 = 4 m+ 8 fl 


The resistance R of a length of 
wire at t °C is given by R = /?o(l + at), where Rq 
is the resistance at 0°C and a is the temperature 
coefficient of resistance in /°C. Find the values of a 
and Rq if R = 30 £2 at 50°C and R = 35 £2 at 100°C 


Substituting R — 30, t — 50 into R — /?o(l + at) gives: 

30 = //(>( 1 +50cc) ( 1 ) 

Substituting R — 35,t— 100 into R — Rq(1 + at) gives: 

35=/? 0 (l + 100 a) (2) 

Although these equations may be solved by the conven¬ 
tional substitution method, an easier way is to eliminate 
Ro by division. Thus, dividing equation (T) by equation 
( 2 ) gives: 

30 R 0 (l + 50a) 1 + 50a 


( 2 ) 


35 Rod + 100a) 1 + 100a 
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‘Cross-multiplying’ gives: 

30(1 + 100a) = 35(1 + 50a) 
30 + 3000a = 35 + 1750a 
3000a- 1750a = 35-30 
1250a = 5 


1 


1250 250 


or 0.004 


Substituting a = into equation (1) gives: 


30 = R 0 


1 + (50) - 

1 250 


30 = Ro (1.2) 

30 

R 0 = — =25 

1.2 

1 

Checking, substituting a = and Ro — 25 in equation 

(2) gives: 


1 


1 + (100 )' 250 


RHS = 25 

= 25(1.4) = 35 = LHS 


Thus the solution is a = 0.004/° C and Ro = 25 S2. 


The molar heat capacity of a solid 
compound is given by the equation c — a + bT, 
where a and b are constants. When c = 52, T = 100 
and when c — 172, T = 400. Determine the values 
of a and b 


When c = 52, 

T = 100, hence 



52 = a + 1006 

(1) 

When c = 172, 

T — 400, hence 



172 = fl +4006 

(2) 


Equation (2) - equation (1) gives: 

120 = 3006 
120 

from which, b = -=0.4 

300 

Substituting b = 0.4 in equation (1) gives: 


a = 52 — 40 = 12 

Hence a = 12 and b = 0.4 


Now try the following exercise 


Exercise 36 Further practical problems 
involving simultaneous 
equations 


1. In a system of pulleys, the effort P required to 
raise a load W is given by P — aW + b, where 
a and b are constants. 


If W = 40 when P=12 and W = 90 when 
P = 22, find the values of a and b. 

1 

a = —, 6 = 4 

2. Applying Kirchhoff’s laws to an electrical 
circuit produces the following equations: 

5 = 0.2/i + 2(7, - I 2 ) 

12 = 3/ 2 + 0.4 1 2 - 2(1 \ - / 2 ) 

Determine the values of currents I\ and / 2 

[/i =6.47, h = 4.62] 

3. Velocity v is given by the formula v = u + at. 
If i; = 20 when t — 2 and v — 40 when t — 7, 
find the values of u and a. Hence find the 
velocity when t — 3.5. 

[u =12, a = 4, v = 26] 


4. 


y — mx + c is the equation of a straight line 
of slope m and v-axis intercept c. If the line 
passes through the point where x = 2 and 
y = 2, and also through the point where x = 5 
and y—\, find the slope and y-axis intercept 

T 1 1 


of the straight line. 



c = 3 


5. The resistance R ohms of copper wire at 
t°C is given by R = Rq( 1 +at), where Ro is 
the resistance at 0°C and a is the tempera¬ 
ture coefficient of resistance. If R — 25.44 
at 30°C and /?= 32.17^2 at 100°C, find a 
and/?o- [a = 0.00426, Ro = 22.56 £2] 


6. The molar heat capacity of a solid compound 
is given by the equation c — a + bT. When 
c = 52, T — 100 and when c — 172, T — 400. 
Find the values of a and 6. 

[a — 12, 6 = 0.40] 


52 = a + 100(0.4) 














Chapter 10 


Transposition of formulae 


10.1 Introduction to transposition of 
formulae 


When a symbol other than the subject is required to 
be calculated it is usual to rearrange the formula to 
make a new subject. This rearranging process is called 
transposing the formula or transposition. 

The rules used for transposition of formulae are the 
same as those used for the solution of simple equa¬ 
tions (see Chapter 8)—basically, that the equality of 
an equation must be maintained. 


10.2 Worked problems on 

transposition of formulae 


Transpose p — q+r + sio make r the 

subject 

The aim is to obtain r on its own on the left-hand side 
(LHS) of the equation. Changing the equation around 
so that r is on the LHS gives: 

q+r+s—p (1) 

Substracting (q + s) from both sides of the equation 
gives: 

q + r + s —(q + s) = p-(q + s) 

Thus q + r + s — q — s = p — q — s 

i.e. r = p — q — s (2) 

It is shown with simple equations, that a quantity can be 
moved from one side of an equation to the other with an 
appropriate change of sign. Thus equation (2) follows 
immediately from equation (1) above. 

Problem 2. If a + b = w — x + y, express x as the 
subject 


Rearranging gives: 

w — x + y — a + b and — x = a + b — w — y 

Multiplying both sides by —1 gives: 

(-!)(-*) = (-1 )(a + b-w-y) 

i.e. x = — a — b + w + y 

The result of multiplying each side of the equation 
by — 1 is to change all the signs in the equation. 

It is conventional to express answers with positive 
quantities first. Hence rather than x = —a — b + w + y, 
x = w +y — a — b, since the order of terms connected 
by + and — signs is immaterial. 

Transpose v =fX to make X the 

subject 

Rearranging gives: fX — v 

fX v 

Dividing both sides by / gives: '— = - 


When a body falls freely through 
a height h, the velocity v is given by v 2 — 2gh. 
Express this formula with h as the subject 

Rearranging gives: 2 gh = v 2 

2 gh v 2 

Dividing both sides by 2 g gives: -= — 

2 g 2 g 

1 yl 

i.e. n — — 

2g 

V 

If I = —, rearrange to make V the 

subject 
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Rearranging gives: 

Multiplying both sides by R gives: 


V 

-=I 

R 


Hence 


V =IR 


Transpose: a = — for m 
m 


Rearranging gives: — = a 
m 

Multiplying both sides by m gives: 


F = ma 


ma — F 


m I — ) = m(a ) i.e. 

v»l. 

Rearranging gives: 


ma F 

Dividing both sides by a gives: — = — 

a a 

F 

i.e. m — — 

a 


pi 

Rearrange the formula: R = — to 

a 

make (i) a the subject, and (ii) l the subject 


pi 

(i) Rearranging gives: — —R 


Multiplying both sides by a gives: 

(pl\ 

a I — 1 = a(R) i.e. pi = aR 

\a ) 

Rearranging gives: aR = pi 
Dividing both sides by R gives: 

aR pi 
~R ~ ~R 


i.e. 


pi 

a = — 

R 


pi 

(ii) Multiplying both sides of — = R by a gives: 

a 

pi = aR 

pi aR 

Dividing both sides by p gives: — = — 

p p 


i.e. 


I 

P 


Now try the following exercise 


Exercise 37 Further problems on 

transposition of formulae 

Make the symbol indicated the subject of each of 
the formulae shown and express each in its simplest 
form. 

1. a + b = c — d — e (d) [d = c — a — b] 


2. x + 3y = t 

3. c — 2jtr 

4. y = mx + c 

5. / = PRT 


E 

6 . /=- 

R 


7. S = 


1 -r 


8. F=-C+32 


(y) 

to 

(x) 

CO 

(R) 

(r) 

(C) 


y= -(t-x) 


hs] 

y-c 


m 

I 

T= — 
PR 

E 

R= - 
I 


S — a 

- 

S 

a 

or 1 - - 

S J 


C=-(F- 32) 


10.3 Further worked problems on 
transposition of formulae 


ft 

Transpose the formula: v = u-\ -to 

m 

make/ the subject 


ft ft 

Rearranging gives: u H-= v and = v — u 

m m 

Multiplying each side by m gives: 

fft\ 

m I I = m(v — u) i.e. ft = m(v — u ) 

\ m J 

Dividing both sides by t gives: 

ft m m 

- = -{v-u) i.e. f=-(v-u) 
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The final length, h of a piece of wire 
heated through 6° C is given by the formula 
l 2 = /| (I + aO). Make the coefficient of expansion, 
a, the subject 


Rearranging gives: /i(l + aO) = h 

Removing the bracket gives: l\ + 1\olQ = I 2 

Rearranging gives: l\aO = h — h 

Dividing both sides by l\6 gives: 

l\cn6 li — /] I 2 — 1\ 

-= —- i.e. a = - 

he he he 


A formula for the distance moved by 

1 

a body is given by: s = ~(v + u)t. Rearrange the 
formula to make u the subject 


Rearranging gives: 

-(v + u)t = s 

2 

Multiplying both sides by 2 gives: 

(v + u)t = 2s 

Dividing both sides by t gives: 


(v + u)t 

t 

i.e. v + u — 

2 s 

Hence u =- v or u = 

t 

2s 

t 

2s 

t 

2 s — i it 

t 

A formula for kinetic energy is 

1 , 

k= -mv~. Transpose the formula to make v the 

subject 


1 9 

Rearranging gives: -mv — k 


Whenever the prospective new subject is a squared 
term, that term is isolated on the LHS, and then the 
square root of both sides of the equation is taken. 


Multiplying both sides by 2 gives: 
Dividing both sides by m gives: 

i.e. 


mv 2 = 2k 

mv 2 2k 

m m 
2 2k 

V = — 
m 


Taking the square root of both sides gives: 



V m 


In a right-angled triangle having 
sides x, y and hypotenuse z, Pythagoras’ theorem 
states z 2 —x 2 +y 2 . Transpose the formula to find x 


Rearranging gives: x 2 + y 2 — z 2 
and x 2 = z 2 — y 2 

Taking the square root of both sides gives: 


* = Jz 2 -y 2 


'l 


Given t = 2nj — find g in terms of 

V 8 

t, l and ic 


Whenever the prospective new subject is within a square 
root sign, it is best to isolate that term on the LHS and 
then to square both sides of the equation. 


Rearranging gives: 2n 


t 


Dividing both sides by 2 it gives: 



t 

2 jt 


l 


Squaring both sides gives: - = I — 1 = —^ 
g \2nJ An 1 

Cross-multiplying, i.e. multiplying each term by 4 n 2 g, 
gives: 


or 

Dividing both sides by t 2 gives: 


i.e. 


47T 2 / = gt 2 
gt 2 = An 2 1 
gt 2 _ An 2 ! 

4n 2 l 

8= -?~ 


The impedance of an a.c. circuit is 
given by Z = ~JR 2 +X 2 . Make the reactance, X, the 
subject 
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Vr 2 + x 2 = z 
r 2 +x 2 = z 2 


X 2 = Z 2 - R 2 


Rearranging gives: 

Squaring both sides gives: 

Rearranging gives: 

Taking the square root of both sides gives: 

X = Vz 2 -R 2 

The volume V of a hemisphere is 
2 , 

given by V = -nr . Find r in terms of V 

2 , 

Rearranging gives: -7rr = V 

Multiplying both sides by 3 gives: 2nr 2 = 3V 

Dividing both sides by 2n gives: 

2 nr 3 3F , 3T 

-= — t.e. r = — 

2n 2n 2n 

Taking the cube root of both sides gives: 

irn 3 /3F . JW 

— t.e. r=. — 


Now try the following exercise 


1 1 1 

5. - = — + — (R 2 ) 

R R\ R 2 


r 2 = 


RR i 
R] —R 


6 . 1 = 


E-e 


(R) 


R + r 

E — e — Ir E — e 

R — - or R = - r 


7. y = 4 ab 2 c 2 

a 2 b 2 

8 . — + — — 1 

y- 

9. t = 2nj~- 

10 . v 2 — u 2 + 2 as 

nR 2 9 

11. A = ■ 


360 


12. N = 


a+x 


(b) 

(x) 

(/) 

(u) 

(R) 

(a) 


b = 


y 


4 ac 2 
ay 


■y/y 2 — b 2 


1 = 


t 2 g 


An 2 

|^m = \/i> 2 — 2aij 


R = 


360A 
nO 


13. Z = ^R 2 + (2nfL) 2 (L) 


L = 


[a — N z y — x] 
VZ 2 - R 2 


2nf 


Exercise 38 Further problems on 

transposition of formulae 

Make the symbol indicated the subject of each of 
the formulae shown and express each in its simplest 
form. 


1. y = 


X(x — d ) 


(x) 

d yd 

x=— (y + k) or x = d+ — 
A. X 


2. A = 


3 (F-f) 


(f) 


3F-AL AL 

f = - or f — F - 

J 3 3 


10.4 Harder worked problems on 
transposition of formulae 


Transpose the formula 

crx + a 2 y 

p =-— to make a the subject 

r 


Rearranging gives: 


a 2 x + a 2 y 


Multiplying both sides by r gives: a 2 x + a 2 y = rp 


3. 


Ml 2 
8 El 


4. R — Ro(l+oit) 


(E) 

(0 


Ml 2 ' 
8 yl _ 

R-Ro' 

Roa 


Factorising the LHS gives: a 2 (x + y) = rp 

Dividing both sides by (x + y) gives: 

a 2 {x + y) rp . 2 rp 

-= - t.e. a~ = - 

(x + y) (x + y) (x + y) 
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Taking the square root of both sides gives: 


a — 


rp 

x -Fy 


Make b the subject of the formula 
x — v 

a = 

s/bd — be 

Rearranging gives: - = a 

*Jbcl + be 

Multiplying both sides by «Jbd + be gives: 

x — y = flV bd + be 
or aV bd + be = x — y 

Dividing both sides by a gives: 


~Jbd + be 


■ — y 


Squaring both sides gives: 


bd + be = 


Factorising the LHS gives: 


b(d + e) = 


x — y 


x-y 


Dividing both sides by ( d + e) gives: 

2 


b = 


i.e. b = 


x — y 


(d + e) 

(x-y) 2 

a 2 (d + e) 


If a = -make b the subject of 

1 +b 

the formula 


Rearranging gives: -= a 

1 +b 

Multiplying both sides by (1 + b ) gives: 

b = a( 1 + b) 

Removing the bracket gives: b = a + ab 
Rearranging to obtain terms in b on the LHS gives: 


Factorising the LHS gives: b(\ — a) — a 
Dividing both sides by (1 — a) gives: 

b= U 


1 — a 


Er 

Transpose the formula V = -to 

R + r 

make r the subject 


Er 


= V 


Rearranging gives: 

R+r 

Multiplying both sides by (R + r ) gives: 

Er = V(R + r) 

Removing the bracket gives: Er = VR + Vr 
Rearranging to obtain terms in r on the LHS gives: 
Er-Vr= VR 

Factorising gives: r(E — V)=VR 
Dividing both sides by (E — V ) gives: 

VR 

r = 


E-V 


Problem 2 

in terms of D, d and/ 


r- th t D f +p 
Given that: — = /-express p 

d \f~p 


f + P = D 
1 f~P d 

f+p\ D 2 


Rearranging gives: 


Squaring both sides gives: , . — , 

\f-pj d 

Cross-multiplying, i.e. multiplying each term by 
d 2 (f — p), gives: 

d 2 (f+p) = D 2 (f-p) 

Removing brackets gives: d 2 f + d 2 p — D 2 f — D 2 p 
Rearranging, to obtain terms in p on the LHS gives: 

d 2 p + D 2 p = D 2 f — d 2 f 
Factorising gives: p(d 2 + D 2 ) —f(D 2 — d 2 ) 

Dividing both sides by ( d 2 +D 2 ) gives: 

/CD 2 — d 2 ) 


P = 


(d 2 + D 2 ) 


b — ab = a 
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Now try the following exercise 


Exercise 39 Further problems on 

transposition of formulae 

Make the symbol indicated the subject of each of 
the formulae shown in Problems 1 to 7, and express 
each in its simplest form. 


of the formula and evaluate v when h = 0.712, 
L — 150, d — 0.30 and g = 9.81 


2 dgh 


0.965 


1. y=- 


2 2 
am — an 


(«) 


xy 


0.03L’ 

11. The sag S at the centre of a wire is given by the 
l3d(l-d) 

formula: S = J -. Make / the subject 

of the formula and evaluate / when d— 1.75 
and 5 = 0.80 





r 8 s 2 

2. M — tz{R 4 - r 4 ) (R) 

1 

’'t 

+ 

II 

ft! 


1= - +d, 2.725 

3d 


6 . - = 


x + 2 

3 + r 


pL 


L + rCR 

n 2 

b 2 -c 2 

u - 

b 2 

X 

1 + r 2 


y 1 — r 2 


7. - = 


p I a + 2b 

q V a — 2b 


(r) 

(L) 

(b) 

(r) 

(b) 


3(-r + y) 

(l-.r-y). 

mrCR 
L = - 


12. In an electrical alternating current circuit the 
impedance Z is given by: 


p — m 


z = Jr 2 


coL 


1 

coC 


b = 


V1 — a 1 


Transpose the formula to make C the subject 
and hence evaluate C when Z = 130, R — 120, 
a> — 314 and L — 0.32 


x-y 


b = 


x +y . 
a(p 2 -q 2 y 

2 (p 2 + q 2 ) 


C — 


1 


wL - VZ 2 - R 2 


63.1 x 10 


i-6 


8. A formula for the focal length, f, of a convex 
111 

lens is - = —|—. Transpose the formula to 
f u v 

make v the subject and evaluate v when/ = 5 
and u — 6. 

uf 


13. An approximate relationship between the num¬ 
ber of teeth, T, on a milling cutter, the diameter 
of cutter, Z), and the depth of cut, d, is given by: 
12.5 D 

-. Determine the value of D when 


T = 

D + Ad 
T — 10 and d — 4 mm. 


[64 mm] 


«-/’ 


30 


14. Make A, the wavelength of X-rays, the subject 
of the following formula: 


9. The quantity of heat, Q, is given by the formula 
Q — mc(t 2 — 0). Make tn the subject of the for¬ 
mula and evaluate fg when m= 10, t\ — 15, 
c — 4 and Q = 1600. 


A 

P 


cz 4 V)Ji 


Q 

t2 = h-\ -• 55 


J/ ap y 

me 


VVpcz 4 «; 


10. The velocity, v, of water in a pipe appears in the 
0.03Lu 2 

formula h — -. Express v as the subject 

2 dg 





























































Chapter 11 


Quadratic equations 


11.1 Introduction to quadratic 
equations 


As stated in Chapter 8, an equation is a statement that 
two quantities are equal and to ‘solve an equation’ 
means ‘to find the value of the unknown’. The value 
of the unknown is called the root of the equation. 

A quadratic equation is one in which the high¬ 
est power of the unknown quantity is 2. For example, 
x 2 — 3x + 1 = 0 is a quadratic equation. 

There are four methods of solving quadratic 
equations. 

These are: (i) by factorisation (where possible) 

(ii) by ‘completing the square’ 

(iii) by using the ‘quadratic formula’ 
or (iv) graphically (see Chapter 31). 


11.2 Solution of quadratic equations 
by factorisation 


Multiplying out (2x + l)(x — 3) gives 2x 2 — 6x + x — 3, 
i.e. 2x 2 — 5x — 3. The reverse process of moving from 
2x 2 — 5x — 3 to (2x + l)(x — 3) is called factorising. 

If the quadratic expression can be factorised this 
provides the simplest method of solving a quadratic 
equation. 

For example, if 2x 2 — 5x — 3 = 0, then, 

by factorising: (2x + l)(x — 3) = 0 

1 

Hence either (2x+l) = 0 i.e. x=— - 

or (x — 3) = 0 i.e. x = 3 

The technique of factorising is often one of ‘trial and 
error’. 


Solve the equations: 

(a) x 2 + 2x — 8 = 0 (b) 3x 2 — 1 lx — 4 = 0 by 

factorisation 

(a) x 2 + 2x — 8 = 0. The factors of x 2 are x and x. 
These are placed in brackets thus: (x )(x ) 

The factors of—8 are + 8 and — 1, or—8 and +1, or 
+4 and —2, or —4 and +2. The only combination 
to given a middle term of +2x is +4 and —2, i.e. 

x 2 + 2x — 8 = (x + 4)(x — 2) 


(Note that the product of the two inner terms added 
to the product of the two outer terms must equal 
to middle term, +2x in this case.) 

The quadratic equation x 2 + 2x — 8 = 0 thus 
becomes (x + 4)(x — 2) = 0. 

Since the only way that this can be true is for either 
the first or the second, or both factors to be zero, 
then 

either (x + 4) = 0 i.e. x = —4 

or (x — 2) = 0 i.e. x = 2 

Hence the roots of x 2 + 2x — 8 = 0 are 
x = —4 and 2 

(b) 3x 2 - 1 lx - 4 = 0 

The factors of 3x 2 are 3x and x. These are placed 
in brackets thus: (3x )(x ) 

The factors of —4 are —4 and +1, or +4 and — 1, 
or —2 and 2. 

Remembering that the product of the two inner 
terms added to the product of the two outer terms 
must equal — 1 lx, the only combination to give 
this is +1 and —4, i.e. 

3x 2 - 1 lx - 4 = (3x + l)(x - 4) 
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The quadratic equation 3x 2 — 11* — 4 = 0 thus 
becomes ( 3 a - + l)(x — 4) = 0. 


Hence, either (3x + 1) = 0 i.e. x = — 

3 

or (x — 4) = 0 i.e. x — 4 


and both solutions may be checked in the original 
equation. 


Determine the roots of: 

(a) x 2 — 6x + 9 = 0, and (b) 4x 2 — 25 = 0, by 
factorisation 


(a) x 2 — 6x + 9 = 0. Hence (x —3) (x — 3) = 0, i.e. 
(x — 3) 2 = 0 (the left-hand side is known as a per¬ 
fect square). Hence x — 3 is the only root of the 
equation x 2 — 6x + 9 = 0. 

(b) 4x 2 — 25 = 0 (the left-hand side is the differ¬ 
ence of two squares, (2x) 2 and (5) 2 ). Thus 
(2x + 5)(2x — 5) = 0. 

5 

Hence either (2x + 5) = 0 i.e. x = — - 

Id 

5 

or (2x — 5) = 0 i.e. x = 

2 


Solve the following quadratic 
equations by factorising: (a) 4x 2 + 8x + 3 = 0 
(b) 15x 2 + 2x — 8 = 0. 


(a) 4x 2 + 8x + 3 = 0. The factors of 4x 2 are 4x and 
x or 2x and 2x. The factors of 3 are 3 and 1, or 
—3 and — 1. Remembering that the product of the 
inner terms added to the product of the two outer 
terms must equal +8x, the only combination that 
is true (by trial and error) is: 

(4x 2 + 8x + 3) = (2x + 3)(2x + 1) 


Hence (2x + 3)(2x + 1) = 0 from which, either 
(2x + 3) = 0 or (2x + 1) = 0 


Thus, 

or 


2x = —3, from which, x = — 


2x = — 1, from which, x = — 


3 

2 

1 

2 


which may be checked in the original equation. 


(b) 15x 2 + 2x — 8 = 0. The factors of 15x 2 are 15x 

and x or 5x and 3x. The factors of —8 are —4 and 
+2, or 4 and —2, or —8 and +1, or 8 and —1. By 
trial and error the only combination that works is: 

15x 2 + 2x - 8 = (5x + 4)(3x - 2) 

Hence (5x + 4)(3x — 2) = 0 from which 


either 5x + 4 = 0 

or 3x — 2 = 0 


Hence x 


4 

5 


or x 


2 

3 


which may be checked in the original equation. 


1 

The roots of quadratic equation are - 
and —2. Determine the equation 


If the roots of a quadratic equation are a and /3 then 
(x — a)(x — fi) = 0. 


Hence if a = - and , 
3 


' = — 2, then 


x - - | (x - (-2)) = 0 


x - - ) (x + 2) = 0 


, 1 2 
x"-x + 2x-= 0 


7 5 2 

x +-x-- = 0 


Hence 


3x 2 + 5x — 2 = 0 


Find the equations is x whose roots 
are: (a) 5 and—5 (b) 1.2 and—0.4 


(a) If 5 and —5 are the roots of a quadratic equation 
then: 


(x - 5)(x + 5) = 0 
i.e. x 2 — 5x + 5x — 25 = 0 
i.e. 


x 2 - 25 = 0 
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(b) If 1.2 and —0.4 are the roots of a quadratic 
equation then: 

(x - 1.2)(x + 0.4) = 0 
i.e. x 2 — 1.2x + 0.4x — 0.48 = 0 
i.e. x 2 — 0.8x — 0.48 = 0 


Now try the following exercise 


11.3 Solution of quadratic equations 
by'completing the square' 


An expression such as x 2 or (x + 2) 2 or (x — 3) 2 is called 
a perfect square. 

If x 2 = 3 then x = ± 

If (x + 2) 2 = 5 thenx + 2 = ± V5 andx = —2 ± >/5 
If (x — 3) 2 = 8 then x - 3 = ± 78 and x = 3 ± v/8 


Exercise 40 Further problems on solving 
quadratic equations by 
factorisation 

In Problems 1 to 10, solve the given equations by 
factorisation. 


1. x 2 + 4x—32 = 0 

2. x 2 — 16 = 0 

3. (x + 2) 2 = 16 

4. 2x 2 - x - 3 = 0 

5. 6x 2 — 5x+l = 0 

6. 10x 2 + 3x — 4 = 0 

7. x 2 — 4x + 4 = 0 

8. 2 lx 2 — 25x = 4 

9. 6x 2 — 5x — 4 = 0 
10. 8x 2 + 2x— 15 = 0 


[4, -8] 
[4, -4] 
[ 2 , - 6 ] 



"i r 

_2’ 3_ 
'1 4" 

.2’ ~~ 5_ 

[ 2 ] 

' i r 

_ ! 3’ _ 7_ 

'4 r 

.3’ ~~ 2_ 
'5 3' 

4’ ~2 


Hence if a quadratic equation can be rearranged so that 
one side of the equation is a perfect square and the other 
side of the equation is a number, then the solution of the 
equation is readily obtained by taking the square roots 
of each side as in the above examples. The process of 
rearranging one side of a quadratic equation into a per¬ 
fect square before solving is called ‘completing the 
square’. 

(x + a) 2 — x 2 + 2 ax + a 2 


Thus in order to make the quadratic expression x 2 + 2 ax 
into a perfect square it is necessary to add (half the 

( 2d \ 2 

— I or a 2 

For example, x 2 + 3x becomes a perfect square by 
'3\ 2 

, i.e. 


adding ( - 


x 2 + 3x T ( - 1 = I x + - 


The method is demonstrated in the following worked 
problems. 


Solve 2x 2 + 5x = 3 by ‘completing 

the square’ 


The procedure is as follows: 


In Problems 11 to 16, determine the quadratic 
equations inx whose roots are: 


11. 3 and 1 

[x 2 — 4x + 3 = 0] 

12. 2 and -5 

[x 2 + 3x- 10 = 0] 

13. -land-4 

[x 2 + 5x + 4 = 0] 

1 1 

14. 2- and — 

2 2 

[4x 2 - 8x - 5 = 0] 

15. 6 and—6 

[x 2 — 36 = 0] 

16. 2.4 and -0.7 

[x 2 - 1.7x- 1.68 = 0] 


1. Rearrange the equations so that all terms are on the 
same side of the equals sign (and the coefficient of 
the x 2 term is positive). 

Hence 2x 2 + 5x — 3 = 0 

2. Make the coefficient of the x 2 term unity. In this 
case this is achieved by dividing throughout by 2. 
Hence 

2x 2 5x 3 

-T — — — = 0 

2 2 2 

2 5 3 

i.e. x- + -x - - = 0 
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3. Rearrange the equations so that the x 2 and x terms 
are on one side of the equals sign and the constant 
is on the other side. Hence 

2 5 3 

x" + -x = - 


4. Add to both sides of the equation (half the coeffi- 

, 5 

cient of x)~. In this case the coefficient of x is 

2 

/ 5\ 2 

Half the coefficient squared is therefore I - I . 

5 /5\ 2 3 /5 N 2 


Thus, x l H—x-, , , 

2 \4 J 2 \4 

The LHS is now a perfect square, i.e. 


5\ 2 3 /5 X 2 


A + 4 ) 2 ' V 4 


5. Evaluate the RHS. Thus 




3 | 25 _ 24 + 25 _ 49 
“ + _ _ “ 16 


2 16 


16 


6. Taking the square root of both sides of the equa¬ 
tion (remembering that the square root of a number 
gives a ± answer). Thus 


x ' 4, = 


5 , 7 

i.e. xH—= ±- 

4 4 


7. Solve the simple equation. Thus 


5,7 

x = — ± - 

4 4 

5 7 2 1 

i.e. x =-|— - 

4 4 4 2 

5 7 12 

and x =-=-= —3 

4 4 4 


1 

Hence x= - or —3 are the roots of the equation 
2x 2 + 5x = 3 


Solve 2x 2 + 9x + 8 = 0, correct to 3 
significant figures, by ‘completing the square’ 


Making the coefficient of x“ unity gives: 
? 9 

x + —x + 4 — 0 


and rearranging gives: x~ + -x = —4 

Adding to both sides (half the coefficient of x) 2 gives: 

The LHS is now a perfect square, thus: 


9\ 81 17 

xH— ) =- 4 = — 

4 16 16 


Taking the square root of both sides gives: 

9 rvr 

x+- = J— = ±1.031 
4 V 16 

9 

Hence x= — ±1.031 
4 

i.e. x= - 1.22 or - 3 . 28 , correct to 3 significant figures. 


By ‘completing the square’, solve the 
quadratic equation 4.6y 2 + 3.5y — 1.75 = 0, correct 
to 3 decimal places 


Making the coefficient of y 2 unity gives: 

2 3.5 1.75 

v 2 H-v-=0 

J 4.6' 4.6 

, 3.5 1.75 

and rearranging gives: y + ~^y = 

Adding to both sides (half the coefficient of y) 2 gives: 
, 3.5 /3.5\ 2 1.75 /3.5 x 2 


V i" -v - 

J 4.6^ ' V 9.2 / 4.6 ' V 9.2 

The LHS is now a perfect square, thus: 


y±^) = 0.5251654 


Taking the square root of both sides gives: 
y+^ = VO.5251654 = ±0.7246830 
3.5 

Hence, y =-± 0.7246830 

7 9.2 

i.e y — 0.344 or — 1.105 
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Now try the following exercise 


Exercise 41 Further problems on solving 
quadratic equations by 
'completing the square' 

Solve the following equations by completing the 
square, each correct to 3 decimal places. 


1. x 2 + 4x + 1 = 0 

2. 2x 2 + 5.c — 4 = 0 

3. 3x 2 —x —5 = 0 

4. 5x 2 - 8.v + 2 = 0 

5. 4x 2 — 1 lx + 3 = 0 


[-3.732, -0.268] 
[-3.137,0.637] 
[1.468, -1.135] 
[1.290, 0.310] 
[2.443, 0.307] 


11.4 Solution of quadratic equations 
by formula 


Let the general form of a quadratic equation be given by: 

ax 2 + bx + c = 0 
where a, b and c are constants. 

Dividing ax 2 + bx + c = 0 by a gives: 
i b 


x~ H —x H — =0 
a a 


Rearranging gives: 


x H —x = — 
a a 


Adding to each side of the equation the square of half the 
coefficient of the terms in x to make the LHS a perfect 
square gives: 


x ~ + -x + I — 
a \Za 


Rearranging gives: 


b 

x + - 
a 


b 2 c b 2 — 4 ac 
4a 2 a 


4a 2 


Taking the square root of both sides gives: 


b / b 2 — 4 ac ± V b 2 — 4ac 

2a V 4a 2 2 a 


b Vh 2 — 4ac 

Hence x= -±- 

2 a 2 a 


i.e. the quadratic formula is: x = 


—b ± -Jb 2 — 4 ac 
2 a 


(This method of solution is ‘completing the square’ - as 
shown in Section 10.3.). Summarising: 

if ax 2 + bx + c = 0 

—b ± \/b 2 — 4 ac 


then x = 


2 a 


This is known as the quadratic formula. 

Solve (a) x 2 + 2x — 8 = 0 and 
(b) 3x 2 — 1 lx — 4 = 0 by using the quadratic 
formula 

(a) Comparing x 2 + 2x — 8 = 0 with ax 2 + bx + c — 0 
gives a — 1, b — 2 and c = —8. 

Substituting these values into the quadratic formula 
—b ± s/b 2 — 4ac 


2 a 


gives 


-2±y2 2 -4(l)(-8) 

2 ( 1 ) 

-2 ± s/4 + 32 -2± V36 


-2 ±6 -2 + 6 - 2-6 

=-= - or - 

2 2 2 

4 -8 

Hence x — - = 2 or — = —4 (as in 
2 2 

Problem 1(a)). 

(b) Comparing 3,v 2 — ILc— 4 = 0 with ax 2 + bx+ c — 0 
gives a = 3, b — — 11 and c = —4. Hence, 

-(-11)±v'(-H) 2 -4(3)(—4) 

x = - 

2(3) 

-11 ± v/121 +48 11 + /I69 


11+13 11 + 13 


6 

11 - 13 


or 


24 -2 1 

Hence x = — = 4 or — = — (as in Problem 
6 6 3 

1(b)). 


Solve 4.v 2 + lx + 2 = 0 giving the 
roots correct to 2 decimal places 
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Comparing 4x 2 + lx + 2 = 0 with ax 2 ± bx ± c = 0 
gives a — 4,b — l and c = 2. Hence, 

-7 ± V7 2 - 4(4)(2) 

X = - 

2(4) 

_ -7± vT7 _ -7 ±4.123 

~ 8 “ 8 

-7 ±4.123 -7-4.123 

=-or- 

8 8 

Hence, x = —0.36 or —1.39, correct to 2 decimal 
places. 


Now try the following exercise 

Exercise 42 Further problems on solving 

quadratic equations by formula 

Solve the following equations by using the 
quadratic formula, correct to 3 decimal places. 


1. 

2x 2 ± 5 jc — 4 = 0 

[0.637, -3.137] 

2. 

5.76x 2 ±2.86x— 1.35 = 0 

[0.296, -0.792] 

3. 

2x 2 — lx ± 4 = 0 

[2.781,0.719] 

4. 

3 

4x ± 5 = - 

[0.443, -1.693] 


X 


5. 

(2x ± 1) = — 

x — 3 

[3.608, -1.108] 


11.5 Practical problems involving 
quadratic equations 


There are many practical problems where a quadratic 
equation has first to be obtained, from given informa¬ 
tion, before it is solved. 


Calculate the diameter of a solid 
cylinder which has a height of 82.0 cm and a total 
surface area of 2.0 m 2 


Total surface area of a cylinder 
= curved surface area 

± 2 circular ends (from Chapter 20) 

= 2jtrh — 2itr 2 


Since the total surface area = 2.0 m 2 and the height 
h = 82 cm or 0.82 m, then 

2.0 = 2ttK0.82) ± 2nr 2 

i.e. 2nr 2 ± 27rr(0.82) — 2.0 = 0 

Dividing throughout by 2ji gives: 

r 2 ± 0.82r - - = 0 
7r 

Using the quadratic formula: 

-0.82 ± ^(0.82) 2 -4(l)^-^ 

r= 2 ( 1 ) 

_ -0.82 ± V 1.9456 _ -0.82 ± 1.3948 
~~ 2 ~~ 2 
= 0.2874 or -1.1074 

Thus the radius r of the cylinder is 0.2874 m (the 
negative solution being neglected). 

Hence the diameter of the cylinder 

= 2 x 0.2874 

= 0.5748 m or 57.5 cm 

correct to 3 significant figures 


The height s metres of a mass 
projected vertically upward at time t seconds is 


1 r\ 

s — ut— -g/ . Determine how long the mass will 


take after being projected to reach a height of 16 m 
(a) on the ascent and (b) on the descent, when 
u= 30m/s and g = 9.81 m/s 2 


1 i 

When height s = 16m, 16 = 30/- -(9.81)? 2 

i.e. 4.905f 2 — 30f ±16 = 0 

Using the quadratic formula: 

-(-30) ± v/(—30) 2 - 4(4.905)(16) 
r ~ 2(4.905) 

30 ± V586.1 30 ±24.21 

_ 9781 _ 9H 

= 5.53 or 0.59 

Hence the mass will reach a height of 16 m after 0.59 s 
on the ascent and after 5.53 s on the descent. 


(where r = radius and h — height) 
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A shed is 4.0 m long and 2.0 m 
wide. A concrete path of constant width is laid all 
the way around the shed. If the area of the path is 
9.50 m 2 calculate its width to the nearest centimetre 


Figure 11.1 shows a plan view of the shed with its 
surrounding path of width t metres. 

Area of path = 2(2.0 x t) + 2t(4.0 + 2 1) 

i.e. 9.50 = 4.Of + 8.Of + 4r 

or 4r + 12.0r - 9.50 = 0 



Using the quadratic formula, 


-15.3 ± 


(15.3) 2 -4 


-482.2 


-15.3 ± V848.0461 
2 

-15.3 ±29.12123 
2 


Hence radius r — 6.9106 cm (or —22.21cm, which is 
meaningless, and is thus ignored). 

Thus the diameter of the base 


= 2r = 2(6.9106) = 13.82 cm 


Now try the following exercise 


4.0 m 


(4.0+2f) 


SHED 


Figure 11.1 
Hence t= 


-(12.0) ± y/(12.0) 2 — 4(4)( — 9.50) 
2(4) 

— 12.0 ± \/296T) 

8 

-12.0 ± 17.20465 
8 


Hence t — 0.6506 m or —3.65058 m 


Neglecting the negative result which is meaningless, the 
width of the path, t — 0.651 m or 65 cm, correct to the 
nearest centimetre. 

If the total surface area of a solid 
cone is 486.2 cm 2 and its slant height is 15.3 cm, 
determine its base diameter 


From Chapter 20, page 157, the total surface area A 
of a solid cone is given by: A = jtrl ± jtr 2 where / is the 
slant height and r the base radius. 

IfA = 482.2 and /= 15.3, then 

482.2 = 7rr(15.3) + Jtr 2 

i.e. nr 2 + \53nr- 482.2 = 0 


r 2 ± 15.3r — 


482.2 


= 0 


Exercise 43 Further practical problems 

involving quadratic equations 

1. The angle a rotating shaft turns through in t 
seconds is given by: 

1 9 

0 — u>t-\ — at~. Determine the time taken to 

2 

complete 4 radians if co is 3.0 rad/s and a is 
0.60 rad/s 2 . [1.191s] 

2. The power P developed in an electrical cir¬ 

cuit is given by P = 10/ — 8/ 2 , where I is the 
current in amperes. Determine the current 
necessary to produce a power of 2.5 watts in 
the circuit. [0.345 A or 0.905 A] 

3. The sag / metres in a cable stretched between 
two supports, distance x m apart is given by: 

12 

1= - \-x. Determine the distance between 

x 

supports when the sag is 20 m. 

[0.619 m or 19.38 m] 

4. The acid dissociation constant K a of ethanoic 
acid is 1.8 x 10 -5 moldm~ 3 for a particu¬ 
lar solution. Using the Ostwald dilution law 

x 2 

K a = - determine x, the degree of 

u(l — x) 

ionization, given that i>= 10dm 3 . [0.0133] 

5. A rectangular building is 15 m long by 11 m 

wide. A concrete path of constant width is laid 
all the way around the building. If the area of 
the path is 60.0 m 2 , calculate its width correct 
to the neareast millimetre. [ 1.066 m] 


or 


7X 
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6. The total surface area of a closed cylindrical 
container is 20.0 nr. Calculate the radius of 
the cylinder if its height is 2.80 m. 

[86.78 cm] 

7. The bending moment M at a point in a beam 

3x(20 — x ) 

is given by M — ---where x metres is 

the distance from the point of support. Deter¬ 
mine the value of x when the bending moment 
is50Nm. [1.835 m or 18.165 m] 

8. A tennis court measures 24 m by 11m. In the 
layout of a number of courts an area of ground 
must be allowed for at the ends and at the sides 
of each court. If a border of constant width is 
allowed around each court and the total area 
of the court and its border is 950 m 2 , find the 
width of the borders. 

[7 m] 

9. Two resistors, when connected in series, have 
a total resistance of 40 ohms. When connected 
in parallel their total resistance is 8.4 ohms. If 
one of the resistors has a resistance R x ohms: 

(a) show that I? 2 — 40 R x + 336 = 0 and 

(b) calculated the resistance of each. 

[(b) 12 ohms, 28 ohms] 


or 2x~ + x — 3 = 0 

Factorising gives: (2x + 3)(x — 1) = 0 


i.e. 


x — — or x — 1 
2 


In the equation y = 6x — 1 


x = —, y = 6 I— -7 = -16 


when 

and when x = 1, y = 6 — 7 = — 1 
[Checking the result in y = 5x — 4 — 2x 2 : 

when x — — y = 5( — ^ — 4 — 2(— ^ 


15 9 

=-4- - = -16 

2 2 

as above; and when x=l, y = 5 — 4 — 2=—1 
above.] 

Hence the simultaneous solutions occur when 


x= ~r y= ~ 16 


and when x = 1, y — — 1 


11.6 The solution of linear and 
quadratic equations 
simultaneously 


Sometimes a linear equation and a quadratic equation 
need to be solved simultaneously. An algebraic method 
of solution is shown in Problem 15; a graphical solution 
is shown in Chapter 31, page 281. 

Determine the values of x and y 
which simultaneously satisfy the equations: 
y — 5x — 4 — 2x 2 and y = 6x — 7 


Now try the following exercise 

Exercise 44 Further problems on solving 

linear and quadratic equations 
simultaneously 

In Problems 1 to 3 determine the solutions of the 
simulations equations. 

1. y = x 2 +x+l 
y — 4 — x 

[x= l,y—3 andx = — 3,y = 7] 

2. y= 15 jc 2 + 21x-11 
y = 2x— 1 


For a simultaneous solution the values of y must be 
equal, hence the RHS of each equation is equated. 
Thus 5x — 4 — 2x 2 = 6x — 1 
Rearranging gives: 

5x 2 - 4 - 2x 2 - 6x + 7 = 0 

i.e. —x + 3 — 2x 2 — 0 



— and x = — 1 -,y = —4- 
5 3 3 


3. 


2x 2 +y = 4 + 5x 
x + y = 4 

[x = 0, y = 4 and x = 3,y = 1] 


as 












Chapter 12 


Inequalities 


12.1 Introduction in inequalities 


An inequality is any expression involving one of the 
symbols <, > < or > 

p < q means p is less than q 
p> q means p is greater than q 
p<q means p is less than or equal to q 
p>q means p is greater than or equal to q 

Some simple rules 

(i) When a quantity is added or subtracted to both 
sides of an inequality, the inequality still remains. 

For example, if p < 3 

then p + 2 < 3 + 2 (adding 2 to both sides) 

and p — 2 < 3 — 2 (subtracting 2 from 

both sides) 

(ii) When multiplying or dividing both sides of 
an inequality by a positive quantity, say 5, the 
inequality remains the same. For example, 

p 4 

if P > 4 then 5 p > 20 and - > - 

(iii) When multiplying or dividing both sides of an 
inequality by a negative quantity, say —3, the 
inequality is reversed. For example, 

p 1 

if p > 1 then — 3p < — 3 and —— < —— 

(Note > has changed to < in each example.) 

To solve an inequality means finding all the values of 
the variable for which the inequality is true. Knowledge 
of simple equations and quadratic equations are needed 
in this chapter. 


12.2 Simple inequalities 


The solution of some simple inequalities, using only 
the rules given in section 12.1, is demonstrated in the 
following worked problems. 


Problem 1. 

Solve the following inequalities: 

(a) 3 + x > 7 

(b) 3f < 6 

(c) z-2>5 

(d) P - < 2 


3 


(a) Subtracting 3 from both sides of the inequality: 
3 +x > 7 gives: 

3+v-3>7-3, i.e. x > 4 


Hence, all values of x greater than 4 satisfy the 
inequality. 

(b) Dividing both sides of the inequality: 3 1 < 6 by 3 
gives: 

3t 6 

— < -, i.e. t < 2 
3 3 

Hence, all values of t less than 2 satisfy the 
inequality. 

(c) Adding 2 to both sides of the inequality z — 2 > 5 
gives: 

Z-2 + 2>5 + 2, i.e. z > 7 


(d) 


Hence, all values of z greater than or equal to 7 
satisfy the inequality. 


Multiplying both sides of the inequality 
3 gives: 


P 

3 


(3)| <(3)2, i.e./? < 6 


< 2 by 


Hence, all values of p less than or equal to 6 satisfy 
the inequality. 
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Solve the inequality: 4x + 1 > x + 5 

Subtracting 1 from both sides of the inequality: 
4x + 1 > x + 5 gives: 

4x > x + 4 

Subtracting x from both sides of the inequality: 
4x > x + 4 gives: 

3x>4 

Dividing both sides of the inequality: 3x > 4 by 3 gives: 

4 

X > 3 

4 

Hence all values of x greater than - satisfy the 
inequality: 

4x + 1 > x + 5 

Solve the inequality: 3 — 4t < 8 + 1 


Subtracting 3 from both sides of the inequality: 
3 — 4r < 8 + t gives: 

—4t <5 + t 

Subtracting t from both sides of the inequality: 
—4 1 <5 + t gives: 

—5 1 < 5 

Dividing both sides of the inequality —5 1 < 5 by -5 
gives: 

t > — 1 (remembering to reverse the inequality) 

Hence, all values of t greater than or equal to — 1 satisfy 
the inequality. 


Now try the following exercise 

Exercise 45 Further problems on simple 
inequalitites 

Solve the following inequalities: 


5. (a) 5 — 2y < 9 + y (b)l-6x<5 + 2x 

4 1 

(a)y>-- (b) x > — - 


12.3 Inequalities involving a 
modulus 


The modulus of a number is the size of the number, 
regardless of sign. Vertical lines enclosing the number 
denote a modulus. 

For example, |4| —4 and | —4| —4 (the modulus of a 
number is never negative), 

The inequality: |r| < 1 means that all numbers whose 
actual size, regardless of sign, is less than 1, i.e. any 
value between — 1 and +1. 

Thus |f| < 1 means —1 < t < 1. 

Similarly, |x| > 3 means all numbers whose actual size, 
regardless of sign, is greater than 3, i.e. any value greater 
than 3 and any value less than —3. 

Thus |x| >3 means x > 3 and x < —3. 

Inequalities involving a modulus are demonstrated in 
the following worked problems. 


Solve the following inequality: 
13x + 11 <4 


Since 13x + 11 < 4 then —4<3x+ 1 <4 

5 

Now —4 < 3x + 1 becomes —5 < 3x, i.e. — < x 

3 

and 3x + 1 < 4 becomes 3x < 3, i.e. x < 1 


Hence, these two results together become — - < x < 1 

and mean that the inequality 13x + 11 < 4 is satisfied for 

5 

any value of x greater than — - but less than 1. 


(a) 

3 1 

>6 (b) 

2x < 10 






[(a) t > 2 

(b) x 

<5] 

(a) 

X 

9 

>1.5 (b) 

x + 2 > 5 






[(a) x > 3 

(b) x 

>3] 

(a) 

4 1 

- 1 <3 

(b) 5 — x > - 1 






E(a) t < 1 

(b) x 

<6] 


7 

-2k 




(a) 


< 1 

4 - 

(b) 3z + 2 > z + 

3 



(a) k > - (b) z > ] - 


Solve the inequality: 11 + 2t\ < 5 

Since 11 + 2f | < 5 then — 5 < 1 + 2t < 5 

Now — 5 < 1 + 2f becomes —6 < 2f, i.e. —3 <t 

and 1 + 2r < 5 becomes 2t <4 i.e. t <2 

Hence, these two results together become: —3 < t <2 

Solve the inequality: |3z — 4| >2 


|3z — 4| > 2 means 3z — 4 > 2 and 3z — 4 < —2, 
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i.e. 3z > 6 and 3 z < 2, 

i.e. the inequality: |3z — 4| > 2 is satisfied when 

2 

z > 2 and z < - 


Now try the following exercise 


Exercise 46 Further problems on 
inequalities involving 
a modulus 

Solve the following inequalities: 


1. |f+l|<4 

2. |y + 3| < 2 

3. |2jc — 1| < 4 

4. |3f — 51 > 4 

5. |1 — £| > 3 


[—5 < r < 3] 
[—5<y< — 1] 

' 3 5' 

— <x < - 
2 2 _ 

r 

f >3 and t < - 
3_ 

[A: > 4 and A < -2] 


12.4 Inequalities involving quotients 


P P 

If - > 0 then - must be a positive value. 

q q 

p 

For - to be positive, either p is positive and q is positive 

q 

or p is negative and q is negative. 

+ — 
i.e. — = + and — = + 

+ 

p p 

If - < 0 then - must be a negative value. 

q q 

p 

For - to be negative, either p is positive and q is 

q 

negative or p is negative and q is positive. 

i.e. — = — and — = — 

+ 

This reasoning is used when solving inequalities involv¬ 
ing quotients as demonstrated in the following worked 
problems. 


Since-> 0 then-must be positive. 

3r — 6 3r — 6 F 

t+ 1 

For-to be positive, 

3t — 6 F 

either (i) t + 1 > 0 and 3t — 6 > 0 

or (ii) t + 1 < 0 and 3t — 6 < 0 

(i) If t + 1 > 0 then t>— 1 and if 3t — 6 > 0 then 
3t > 6 and t > 2 

Both of the inequalities t > — 1 and t >2 are only 
true when t > 2, 

t+ 1 

i.e. the fraction --- is positive when t > 2 


(ii) If t + 1 < 0 then t < — 1 and if 3t — 6 < 0 then 
3t <6 and t <2 

Both of the inequalities t < — 1 and t <2 are only 
true when t < — 1 , 

t+ 1 

i.e. the fraction-is positive when t < — 1 

3r — 6 


Summarising, 


t + 1 
3t — 6 


> 0 when t > 2 or t < — 1 


Problem 8. 


Solve the inequality: 


2x T 3 
x -f- 2 


< 1 


2x + 3 2x + 3 

Since-< 1 then-1 < 0 

x + 2 x + 2 

2x + 3 x + 2 

i.e.---- < 0, 

x + 2 x + 2 


2x + 3 — (x + 2) x + 1 
i.e.-< 0 or-< 0 


x -f- 2 


x -f- 2 


x + 1 

For-to be negative or zero, 

x T 2 

either (i) x + 1 < 0 and x + 2 > 0 
or (ii) x + 1 > 0 and x + 2 < 0 


(i) Ifx + 1 < 0 thenx < — 1 and ifx + 2 > 0 thenx > —2 
(Note that > is used for the denominator, not >; 
a zero denominator gives a value for the fraction 
which is impossible to evaluate.) 

x T 1 

Hence, the inequality -< 0 is true when x is 

x + 2 

greater than —2 and less than or equal to — 1, which 
may be written as —2 < x < —1 


Problem 7. 


Solve the inequality: 


t+1 
3t — 6 


>0 


(ii) Ifx + 1 > 0 thenx > — 1 and ifx + 2 < 0 thenx < —2 
It is not possible to satisfy both x > — 1 and x < —2 
thus no values of x satisfies (ii). 
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Summarising,-< 1 when —2 < x < — 1 

x -f- 2 


Now try the following exercise 

Exercise 47 Further problems on 
inequalities involving 
quotients 

Solve the following inequalitites: 


x + 4 

1. >0 

6 — 2x 

[—4 <x < 3] 

2t + 4 

2. > 1 
t-5 

\t > 5 or t < —9] 

„ 3z — 4 

3. -- < 2 

z + 5 

[—5 <z< 14] 

A 2 ~ - Y . 

4. - > 4 

x + 3 

[—3 <x< —2] 


12.5 Inequalities involving square 
functions 


The following two general rules apply when inequalities 
involve square functions: 

(i) if jc 2 > k then x > Vk or x < (1) 

(ii) if x 2 > k then — Vk < x < Vk (2) 

These rules are demonstrated in the following worked 
problems. 

Solve the inequality: t 2 >9 

Since t 2 >9 then t 2 — 9 > 0, i.e. ( t + 3)(r — 3) > 0 by 
factorising 

For {t + 3 )(t — 3) to be positive, 

either (i)(t + 3)>0 and (t — 3) > 0 

or (ii) (r + 3) < 0 and (t — 3) < 0 

(i) If (f + 3) > 0 then t > —3 and if (t — 3) > 0 then 
t > 3 

Both of these are true only when t > 3 

(ii) If (t + 3) < 0 then t < — 3 and if (t — 3) < 0 then 
t< 3 

Both of these are true only when t < —3 


Summarising, t 2 >9 when t > 3 or t < —3 

This demonstrates the general rule: 

if x 2 > k then x > Vk or x < -Vk (1) 

Solve the inequality: x 2 > 4 

From the general rule stated above in equation (1): 
if x 2 > 4 then x > \/4 or x < —\/4 

i.e. the inequality: x 2 > 4 is satisfied when x > 2 or 
x < —2 

Solve the inequality: (2 z + l) 2 > 9 
From equation (1), if (2 z + 1 ) 2 > 9 then 



2z+l>V9 

or 

2z+l<—V9 

i.e. 

2z+l>3 

or 

2z + 1 < —3 

i.e. 

2z>2 

or 

2 z < —4, 

i.e. 

z > 1 

or 

z < -2 


Solve the inequality: t 2 <9 

Since t 2 <9 then t 2 — 9 < 0, i.e. (f + 3)(r — 3) < 0 by 
factorising. For (t + 3)(f — 3) to be negative, 

either (i)(f + 3)>0 and (t — 3)<0 
or (ii)(t + 3)<0 and (f — 3)>0 

(i) If (t + 3) > 0 then t > —3 and if (f — 3) < 0 then 
t< 3 

Hence (i) is satisfied when t > — 3 and t < 3 which 
may be written as: —3 < t < 3 

(ii) If (t + 3) < 0 then t < —3 and if (t — 3) > 0 then 
t> 3 

It is not possible to satisfy both t < — 3 and t >3, 
thus no values of t satisfies (ii). 

Summarising, t 2 <9 when —3 < t < 3 which means 
that all values of t between —3 and +3 will satisfy the 
inequality. 

This demonstrates the general rule: 

if x 2 < k then — Vk < x < V& (2) 

Solve the inequality: x 2 <4 

From the general rule stated above in equation (2): if 
x 2 < 4 then — V4 < x < V4 
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i.e. the inequality: x 2 < 4 is satisfied when: 

—2 < x < 2 


Solve the inequality: (y — 3) 2 < 16 

From equation (2), — VT6 <(y — 3) < VI6 

i.e. —4 < (y — 3) < 4 

from which, 3 —4<y<4 + 3, 

i.e. —1 <y <7 


Now try the following exercise 

Exercise 48 Further problems on 
inequalities involving 
square functions 

Solve the following inequalities: 


z 2 > 16 

[z > 4 or z < —4] 

z 2 < 16 

[-4 < z < 4] 

2x 2 > 6 

[x > V3 or x < — V3] 

3k 2 — 2 < 10 

[—2 <k<2] 

(t- 1) 2 <36 

[—5 < f <7] 

(r — l) 2 > 36 

[t > 7 or t < -5] 

7 — 3y 2 < -5 

[y > 2 or y < —2] 

(4k + 5) 2 > 9 

-1 

?*- 

V 

1 

K>| H- 

O 

A 

1 

K> 

_1 


12.6 Quadratic inequalities 


Inequalities involving quadratic expressions are solved 
using either factorisation or ‘completing the square’. 

For example, 

jc 2 — — 3 is factorised as (x + l)(x — 3) 

and 6x 2 + lx — 5 is factorised as (2x — l)(3x + 5) 

If a quadratic expression does not factorise, then the 
technique of ‘completing the square’ is used. In general, 
the procedure for x 2 +bx + c is: 

2 ( b\ 2 

x~ + bx + c = I x + - I + c — 



For example, x 2 + 4x — 7 does not factorise; completing 
the square gives: 

x 2 + 4x - 7 = (x + 2) 2 - 7 - 2 2 = (x + 2) 2 - 11 
Similarly, 

x 2 + 6x - 5 ee (x + 3) 2 - 5 - 3 2 = (x - 3) 2 - 14 

Solving quadratic inequalities is demonstrated in the 
following worked problems. 


Solve the inequality: 

x 2 + 2x — 3 > 0 


Since x 2 + 2x — 3 > 0 then (x — l)(x + 3) > 0 by factor¬ 
ising. For the product (x — l)(x + 3) to be positive, 

either (i)(x— 1) > 0 and (x + 3)>0 
or (ii) (x — 1) < 0 and (x + 3)<0 

(i) Since (x — 1) > 0 then x > 1 and since (x + 3) > 0 
then x > —3 

Both of these inequalities are satisfied only when 
x > 1 

(ii) Since (x — 1) < 0 then x < 1 and since (x + 3) < 0 
then x < — 3 

Both of these inequalities are satisfied only when 

x < —3 

Summarising, x 2 + 2x — 3 > 0 is satisfied when either 

x > 1 or x < —3 


Solve the inequality: t 2 — 2 1 —8 < 0 


Since f 2 — 2t — 8 < 0 then it — 4)(t + 2) < 0 by 
factorising. 

For the product (t — 4)(r + 2) to be negative, 

either (i) (t — 4) > 0 and (t + 2) < 0 

or (ii) (f — 4) < 0 and (t + 2) > 0 

(i) Since (t — 4) > 0 then t >4 and since (f + 2) < 0 
then t < —2 

It is not possible to satisfy both t >4 and t < — 2, 
thus no values of t satisfies the inequality (i) 

(ii) Since (r — 4) < 0 then t <4 and since (f + 2) > 0 
then t > —2 

Hence, (ii) is satisfied when —2 <t <4 

Summarising, t 2 — 2t — 8 < 0 is satisfied when 

-2 < t < 4 
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Solve the inequality: 
x 2 + 6x + 3 < 0 

x 2 + 6x + 3 does not factorise; completing the square 
gives: 

x 2 + 6x + 3 = (x + 3) 2 + 3 - 3 2 
= (x + 3) 2 — 6 

The inequality thus becomes: (x + 3) 2 — 6 < 0 or 
(x + 3) 2 < 6 

From equation (2), —V6 < (x + 3) < V6 

from which, (—\/6 — 3) < x < (V6 — 3) 

Hence, x 2 + 6x + 3 < 0 is satisfied when 
—5.45 < x < —0.55 correct to 2 decimal places. 

Solve the inequality: 
y 2 - 8y - 10 > 0 

y 2 — 8y — 10 does not factorise; completing the square 
gives: 

y 2 - 8_v - 10 = (y - 4) 2 - 10 - 4 2 
= (y - 4) 2 - 26 

The inequality thus becomes: (y — 4) 2 — 26 > 0 or 
(y — 4) 2 > 26 


From equation (1), (y — 4) > \/26 or (y — 4) < —\/26 

from which, y > 4 + V26 or y < 4 — V26 

Hence, y 2 — 8y — 10 > 0 is satisfied when y > 9.10 or 
y < — 1.10 correct to 2 decimal places. 

Now try the following exercise 

Exercise 49 Further problems on quadratic 
inequalities 

Solve the following inequalities: 


x 2 — x — 6 > 0 

[x > 3 orx < —2 

o 

VI 

oo 

1 

(N 

+ 

<N 


[-4 < t < 2] 

2x 2 + 3x — 2 < 0 


r 

—2 <x< - 
2 

y 2 - y - 20 > 0 

[y > 5 or y < -4 

z 2 + 4z + 4 < 4 

x 2 + 6x — 6 < 0 


[—4<z<0] 

" [ 

:-V3-3)<x<(V3-3)] 

t 2 - 4r - 7 > 0 




[t > (vTT + 2) or t < (2 - vTT)] 
8. k 2 + k- 3>0 













Chapter 13 


Logarithms 


13.1 Introduction to logarithms 


13.2 Laws of logarithms 


With the use of calculators firmly established, logarith¬ 
mic tables are now rarely used for calculation. However, 
the theory of logarithms is important, for there are sev¬ 
eral scientific and engineering laws that involve the rules 
of logarithms. 

If a number y can be written in the form a x . then the 
index x is called the ‘logarithm of y to the base of a’, 

i.e. if y = a x then jc = log a y 

Thus, since 1000 = 10 3 , then 3 = log 10 1000 

z Check this using the ‘log’ button on your calculator. 

(a) Logarithms having a base of 10 are called common 
logarithms and logio is usually abbreviated to lg. 
The following values may be checked by using a 
calculator: 

lg 17.9 = 1.2528..., 
lg 462.7 = 2.6652... 
and lg0.0173 =-1.7619... 

(b) Logarithms having a base of e (where ‘e’ is 
a mathematical constant approximately equal to 
2.7183) are called hyperbolic, Napierian or nat¬ 
ural logarithms, and \og e is usually abbreviated 
to In. 

The following values may be checked by using a 
calculator: 


There are three laws of logarithms, which apply to any 
base: 


(i) To multiply two numbers: 

log (A x B) = log A + log/? 

The following may be checked by using a 
calculator: 


also 


lg 10 = 1, 

Ig5 + lg2 = 0.69897... 

+ 0.301029... = 1 
Hence lg (5 x 2) = lg 10 = lg 5 + lg 2 

(ii) To divide two numbers: 


log y- J = log A - log B 

The following may be checked using a calculator: 


lnl-1 = In 2.5 = 0.91629... 

Also In 5 — In 2 = 1.60943 ...- 0.69314 ... 
= 0.91629... 


Hence 


In ( - I = In 5 - In 2 


(iii) To raise a number to a power: 

IgA" = n log A 


In 3.15 = 1.1474..., 

In 362.7 = 5.8935... 
and In 0.156 =-1.8578... 

For more on Napierian logarithms see Chapter 14. 


The following may be checked using a calculator: 

lg 5 2 = lg 25 = 1.39794... 

Also 21g5 = 2 x 0.69897...= 1.39794... 
Hence lg 5 2 = 2 lg 5 
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Evaluate 

(a) log 3 9 (b) log 10 10 (c) log 16 8 

(a) Let x = log 3 9 then 3 A = 9 from the definition of a 
logarithm, i.e. 3 A = 3 2 , from which x = 2. 

Hence log 3 9 = 2 

(b) Let x — log io 10 then 10 A = 10 from the definition 
of a logarithm, i.e. 10 A = 10*, from which x = 1. 

Hence logio 10= 1 (which may be checked by a 
calculator) 

(c) Let x = log 16 8 then 16 A = 8, from the definition 
of a logarithm, i.e. (2 4 ) A = 2 3 , i.e. 2 4a = 2 3 from 

3 

the laws of indices, from which, 4x — 3 and x = - 

4 
3 

Hence logi6 8 = - 


Problem 2. 

(a) lg 0.001 


Evaluate 

(b) In e (c) log 3 


1 

8l 


(a) Let x = lg 0.001 = log 10 0.001 then 10 A = 0.001, 
i.e. 10 A = 10 -3 , from which x = —3 

Hence lg 0.001 = —3 (which may be checked by 
a calculator). 

(b) Let x = In e = log^ e then e x = e, i.e. e* — e 1 from 
which x = 1 

Hence In e = 1 (which may be checked by a 
calculator). 

1 r 1 1 

(c) Let x = log 3 — then 3 A = — = ^ = 3 \ from 
which x = —4 

Hence logi — = — 4 
e 81 

Solve the following equations: 

(a) lg x = 3 (b) log 2 x = 3 (c)log 5 x = -2 


(a) If lgx = 3 then log 10 x = 3 and x=10 3 , i.e. 

x = 1000 

(b) If log 2 x = 3 then x = 2 3 = 8 

1 1 

(c) If log 5 x——2 thenx = 5 = = — 


Write (a) log 30 (b) log 450 in terms 
of log 2, log 3 and log 5 to any base 


(a) log 30 = log (2 x 15)= log (2x3x5) 

= log 2 + log 3 + log 5 

by the first law of logarithms 

(b) log 450 = log (2 x 225) = log (2 x 3 x 75) 

= log(2 x 3 x 3 x 25) 

= log (2 x 3 2 x 5 2 ) 

= log 2 + log 3 2 + log 5 2 

by the first law of logarithms 
i.e Iog450 = log2 + 21og3 + 21og5 

by the third law of logarithms 

in terms of 

log 2, log 3 and log 5 to any base 

= log 8 + log a/ 5 — log 81, 

by the first and second 
laws of logarithms 
= log2 3 + log5 (1/4) — log 3 4 
by the law of indices 

= 3 log 2 + ^log5 — 4 log 3 

by the third law of logarithms. 

Simplify log 64 — log 128 + log 32 

64 = 2 6 , 128 = 2 7 and 32 = 2 5 
Hence log 64 — log 128 + log 32 

= log 2 6 — log 2 7 + log 2 5 
= 6 log 2 — 7 log 2 + 5 log 2 
by the third law of logarithms 
= 4 log 2 

Evaluate 

log 25 — log 125 + * log 625 
3 log 5 


log 


'8x^5' 
81 , 


log 


'8x^5' 
81 , 


i 5. Write log 


'8x^ 
81 , 
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log 25 — log 125 + ^ log 625 
3 log 5 

l°g5 2 - log5 3 + ^ log 5 4 
3 log 5 

2 log 5 — 3 log 5 + ^ log 5 
3 log 5 

_ 1 log 5 _ 1 
_ 3 log 5 ~~ 3 

Solve the equation: 

log (x - 1) + log (x + 1) = 2 log (x + 2) 


log (x - 1) + log (x + 1) = log (x - l)(x + 1) 

from the first 
law of logarithms 


= log(x 2 - 1) 

2 log (x + 2) = log (x + 2) 2 

= log (x 2 + 4x + 4) 
Hence if log Or — 1) = log (x 2 + 4x + 4) 

then x 2 — 1 = x 2 + 4x + 4 

i.e. — 1 — 4x + 4 

i.e. —5 = 4x 


i.e. 



Now try the following exercise 

Exercise 50 Further problems on the laws of 
logarithms 

In Problems 1 to 11, evaluate the given expression: 


9. log 4 8 

11. In e 2 


1 


T 

1- 

2 

10. log 27 3 

_3_ 


[ 2 ] 


In Problems 12 to 18 solve the equations: 


12. 

II 

* 

O 

b5 

O 

[10000 

13. 

lgx = 5 

[100000 

14. 

log 3 x = 2 



[9] 

15. 

1 

log 4 Jt = -2~ 


' 1 ' 

zb — 
32_ 

16. 

lgx=-2 


[0.01 

17. 

4 

logs x — — 



' 1 ' 
16_ 

18. 

lnx = 3 



[e 3 ] 


In Problems 19 to 22 write the given expressions 
in terms of log 2, log 3 and log 5 to any base: 


19. 

log 60 

[2 log 2 + log 3 + log 5] 

20. 

log 300 

[2 log 2 + log3 + 21og5] 

21. 

, /l6x^5\ 


lo s 



1 

4 log 2 + - log 5 - 3 log 3 


22 . 


log 


/125 x .yiA 
\ / 

[log 2 — 3 log 3 + 3 log 5] 


Simplify the expressions given in Problems 23 
to 25: 

23. log 27-log 9+log 81 [5 log 3] 

24. log 64 + log 32 - log 128 [4 log 2] 

25. log 8 - log 4 + log 32 [6 log 2] 

Evaluate the expression given in Problems 26 
and 27: 


1. log 10 10000 

[4] 

2. 

log 2 16 [4] 

1 1 

- log 16- - log 8 





1 

" r 

3. log, 125 

[3] 4. 

lo g2 g [-3] 

26. 2 3 


T 

_3_ 



log 4 

|_2j 

5. log 8 2 

6. 

log 7 343 [3] 

l°g9 — log 3+ ^ log 81 

27. 2 

'3' 

7. lg 100 

[2] 

8. 

lgO.01 [-2] 

2 log 3 

|_2 J 
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Solve the equations given in Problems 28 to 30: 

28. log x 4 — log x 3 = log 5x — log 2x 

[x = 2.5] 

29. log 2r 3 - log f = log 16 + log t [t = 8] 

30. 2 log b 2 — 3 log b = log 8 b — log 4b 

[b = 2] 


13.3 Indicial equations 


The laws of logarithms may be used to solve certain 
equations involving powers — called indicial equa¬ 
tions. For example, to solve, say, 3 X = 27, logarithms 
to base of 10 are taken of both sides. 


i.e. 

and 


logio 3* = log 10 27 

x log 10 3 = log 10 27 by the third law of 

logarithms. 


Rearranging gives 


logio 27 
l°gio 3 
1.43136... 


= 3 


0.4771 ... 

which may be readily checked. 

(Note, (log 8/ log 2) is not equal to lg(8/2)) 

Solve the equation 2 X = 3, correct to 
4 significant figures 

Taking logarithms to base 10 of both sides of 2 X = 3 
gives: 


Taking logarithms to base 10 of both sides gives: 

logio 2 * +l = logio 3 2jc “ 5 
i.e. (x + 1) log 10 2 = (2x — 5) log 10 3 

X log 10 2 + log 10 2 = 2x log 10 3-5 log 10 3 
x(0.3010) + (0.3010) = 2x(0.4771) - 5(0.4771) 
i.e. 0.3010x + 0.3010 = 0.9542x - 2.3855 


Hence 


from which 


2.3855 + 0.3010 = 0.9542x - 0.3010x 
2.6865 = 0.6532x 
2.6865 


x = 


= 4.11 


0.6532 

correct to 2 decimal places. 

Solve the equation x 32 = 41.15, 
correct to 4 significant figures 

Taking logarithms to base 10 of both sides gives: 

logio-* 3 ' 2 = logio 41-15 
3.21og 10 x = log 10 41.15 


Hence 


login 41.15 

log 10 x=-^-=0.50449 


Thusx = antilog 0.50449 = 10°- 50449 = 3.195 correct to 
4 significant figures. 


Now try the following exercise 

Exercise 51 Indicial equations 

Solve the following indicial equations for x, each 


logio 2* = logio 3 

correct to 4 significant figures: 


i.e. x log 10 2 = log 10 3 

1. 3 X = 6.4 

[1.690] 

Rearranging gives: 

2. 2 X = 9 

[3.170] 

logio 3 0.47712125... t 

2 2 X ~ i_ 3 2x ~ * 

[0.2696] 

A log 10 2 0.30102999... 

4. x L5 = 14.91 

[6.058] 

correct to 4 significant figures. 

5. 25.28 = 4.2 A 

[2.251] 

Solve the equation 2 X+1 = 3 2a_5 
correct to 2 decimal places 

6. 4 2a_1 = 5 A+2 

[3.959] 

7. x“ a25 = 0.792 

[2.542] 
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8. 0.027* = 3.26 [-0.3272] 

9. The decibel gain n of an amplifier is given 

where P\ is the power 

input and Pj is the power output. Find the 
Pi 

power gain — when n = 25 decibels. 

[316.2] 


by: n = 101og 10 ( y 


13.4 Graphs of logarithmic functions 


A graph of y = log 10 xisshowninFig. 13.1 and a graph 
of y — \og e x is shown in Fig. 13.2. Both are seen to be 
of similar shape; in fact, the same general shape occurs 
for a logarithm to any base. 



Figure 13.1 


In general, with a logarithm to any base a , it is noted 
that: 

(i) logo 1 = 0 

Let log a = x, then a x — 1 from the definition of 
the logarithm. 

If a x = 1 then x — 0 from the laws of logarithms. 

Hence log a 1 = 0. In the above graphs it is seen 
that log 10 1=0 and log,, 1 = 0 

(ii) loga a = 1 

Let log a a—x, then a x = a , from the definition of 
a logarithm. 

If a x = a then x = 1 

Hence log a a — 1. (Check with a calculator that 
log 10 10 = 1 and log e e = 1) 

(iii) loga 0 >■ oo 

Let log a 0 = x then a x = 0 from the definition of 
a logarithm. 

If a x — 0, and a is a positive real number, 
then x must approach minus infinity. (For 
example, check with a calculator, 2~ 2 — 0.25, 
2 -20 = 9.54 x 10 -7 , 2 -200 = 6.22 x 10“ 61 , and 
so on.) 

Hence log a 0 —> — oo 



Figure 13.2 
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Revision Test 3 


This Revision test covers the material contained in Chapters 9 and 13. The marks for each question are shown in 
brackets at the end of each question. 


1. Solve the following pairs of simultaneous 
equations: 


(a) lx — 3y = 23 
2x + 4>’ = — 8 

b 

(b) 3a - 8 + - = 0 

8 

a 21 
b + - = — 


( 12 ) 


2. In an engineering process two variables x and y 

b 

are related by the equation y = ax H— where a 

x 

and b are constants. Evaluate a and b if y— 15 
when x — 1 and y = 13 when x = 3 (4) 

3. Transpose the following equations: 


(a) 

y = mx + c 

for m 

(b) 

2 (y - z ) 
x= - 

f 

for z 

(c) 

1 1 1 

Rt Ra Rb 

for R.\ 

(d) 

x 2 — y 2 — 3ab 

for y 

(e) 

K= p - q 

1 +pq 

for q (17) 

The 

passage of sound 

waves through walls is 


governed by the equation: 


u 


\ 


4 

* + 3 G 

9 


Make the shear modulus G the subject of the 
formula. (4) 


6 . Determine the quadratic equation in a whose roots 

are 1 and —3 (4) 

7. Solve the equation 4x 2 — 9x + 3 = 0 correct to 3 

decimal places. (5) 

8 . The current i flowing through an electronic device 
is given by: 

i = 0.005 v 2 + 0.014 v 

where v is the voltage. Calculate the values of v 
wheni = 3xlO -3 (5) 

9. Solve the following inequalities: 

(a) 2 — 5x < 9 + 2x (b) |3 + 2t|<6 

(c) 7 —r4 > 0 (d) (3f + 2 ) 2 >16 

3x + 5 

(e) 2x 2 — x — 3 < 0 (14) 

10. Evaluate logig 8 (3) 

11. Solve 

(a) log 3 x = —2 

(b) log2x 2 + logx = log 32 — log x ( 6 ) 

12. Solve the following equations, each correct to 3 

significant figures: 

(a) 2 X = 5.5 

(b) 3 2 ' -1 =7 '+ 2 

(c) 3e lx — 4.2 (10) 


5 . 


Solve the following equations by factorisation: 
(a) x 2 — 9 = 0 (b) 2x 2 — 5x — 3 = 0 ( 6 ) 











Chapter 14 


Exponential functions 


14.1 The exponential function 


An exponential function is one which contains e*, e 
being a constant called the exponent and having an 
approximate value of 2.7183. The exponent arises from 
the natural laws of growth and decay and is used as a 
base for natural or Napierian logarithms. 


14.2 Evaluating exponential 
functions 


The value of e* may be determined by using: 

(a) a calculator, or 

(b) the power series for e x (see Section 14.3), or 

(c) tables of exponential functions. 

The most common method of evaluating an exponential 
function is by using a scientific notation calculator, 
this now having replaced the use of tables. Most 
scientific notation calculators contain an e x function 
which enables all practical values of e x and e~ x to be 
determined, correct to 8 or 9 significant figures. For 
example. 


e 1 = 2.7182818 
e 24 = 11.023176 
e -1 ' 618 = 0.19829489 

each correct to 8 significant figures. 

In practical situations the degree of accuracy given 
by a calculator is often far greater than is appropriate. 
The accepted convention is that the final result is stated 
to one significant figure greater than the least signifi¬ 
cant measured value. Use your calculator to check the 


following values: 

e 0 12 = 1.1275, correct to 5 significant figures 
e~ L47 = 0.22993, correct to 5 decimal places 
e-o- 43 ! = 0.6499, correct to 4 decimal places 
e 932 _ i j 159, correct to 5 significant figures 
2.785 _ 0.0617291, correct to 7 decimal places 

Using a calculator, evaluate, correct 
to 5 significant figures: 

(a)e 2 731 (b)e“ 3162 (c) ^e 5 253 

(a) e 2 - 731 = 15.348227 . .. = 15.348, correct to 5 sig¬ 
nificant figures. 

(b) <T 3 162 = 0.04234097 ... = 0.042341, correct to 5 
significant figures. 

(c) ^e 5 - 253 = ^(191.138825 ... ) = 318.56, correct to 
5 significant figures. 

Use a calculator to determine the 
following, each correct to 4 significant figures: 

(a) 3.72e 018 (b)53.2 e - L4 ( c ) 

(a) 3.72e 0 ' 18 = (3.72)( 1.197217...) = 4.454, correct 

to 4 significant figures. 

(b) 53.2e -1 - 4 = (53.2)(0.246596...) = 13.12, correct 

to 4 significant figures. 

5 , 5 

(c) - e 7 = - (1096.6331. ,.) = 44.94, correct to 

122 122 

4 significant figures. 










Section 1 


104 Engineering Mathematics 


Evaluate the following correct to 4 
decimal places, using a calculator: 

(a) 0.0256O 5 ' 21 - e 2A9 ) 

£ 0.25 _ £— 0.25 \ 
e 0.25 + e -0.25 J 



(a) 0.0256(e 5 ' 21 - e 2A9 ) 

= 0.0256(183.094058... - 12.0612761...) 

= 4.3784, correct to 4 decimal places 
/ £ 0.25 £— 0.25 \ 

(b) 5 ^ 0.25 +£- 0.25 ) 


/1.28402541.. 

. - 0.77880078... 

V 1.28402541.. 

. +0.77880078... 

/0.5052246... 

\ 

“ 5 l 2.0628261... 

) 


= 1.2246, correct to 4 decimal places 


The instantaneous voltage v in a 
capacitive circuit is related to time t by the equation 
v = Ver' AR where V, C and R are constants. 
Determine v, correct to 4 significant figures, when 
t = 30 x 10 -3 seconds, C = 10 x 10 -6 farads, 

R — 47 x 10 3 ohms and V = 200 volts 


v = Ve~ t/CR = 200e (_30xl0 ^ )/(10xl0 “ 6x47xl03) 


Using a calculator, v = 200e ° 0638297 - 

= 200(0.9381646...) 

= 187.6 volts 


Now try the following exercise 


2 . (a) e -1 ' 8 (b)e-°- 78 (c) e 10 

[(a) 0.1653 (b) 0.4584 (c) 22030] 

3. Evaluate, correct to 5 significant figures: 

(a) 3.5e 2 8 (b)-^fr 15 (c)2.16e 57 

[(a) 57.556 (b) -0.26776 (c) 645.55] 

4. Use a calculator to evaluate the following, cor¬ 
rect to 5 significant figures: 

(a)e L629 (b) c- 2 - 7483 (c) 0.62e 4178 

[(a) 5.0988 (b) 0.064037 (c) 40.446] 


In Problems 5 and 6, evaluate correct to 5 decimal 
places: 


1 =£ 2.6921 

5. (a)-e 3 - 4629 (b) 8.52e- L2651 (c)^ 

'(a) 4.55848 (b) 2.40444 

(c) 8.05124 


6 . 


(a) 

(c) 


5.6823 £2.1127 _ £-2.1127 

g-2.1347 2 

4(£-1.7295 _ !) 
e 3.6817 


(a) 48.04106 (b) 4.07482 
(c) - 0.08286 


7. The length of bar, /, at a temperature 6 
is given by l = loe ae , where Iq and a are 
constants. Evaluate l, correct to 4 signifi¬ 
cant figures, when /o = 2.587, 0 = 321.7 and 
ot= 1.771 x 10“ 4 . [2.739] 


14.3 The power series for e x 


The value of e x can be calculated to any required degree 
of accuracy since it is defined in terms of the following 

power series: 


Exercise 52 Further problems on evaluating 
exponential functions 


X 2 X 3 X 4 

e = 1 + jr H-1-1-h 

2! 3! 4! 


( 1 ) 


In Problems 1 and 2 use a calculator to evaluate 
the given functions correct to 4 significant figures: 

1 . (a) e 4 4 (b)e-°- 25 (c) e 0 92 

[(a) 81.45 (b) 0.7788 (c) 2.509] 


(where 3! = 3 x 2 x 1 and is called ‘factorial 3’) 

The series is valid for all values of x. 

The series is said to converge, i.e. if all the terms are 
added, an actual value for e x (where x is a real number) 
is obtained. The more terms that are taken, the closer 
will be the value of e x to its actual value. The value of 
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the exponent e, correct to say 4 decimal places, may be 
determined by substituting x = 1 in the power series of 
equation (1). Thus 


, (l ) 2 (l ) 3 (l ) 4 (l ) 5 

2! 3! 4! 5! 

(I ) 6 (l ) 7 (l ) 8 

H-— + --h — H- 

6! 7! 8! 

= 1 + 1 + 0.5 + 0.16667 + 0.04167 

+ 0.00833 + 0.00139 + 0.00020 


let x be replaced by he. Then 


ae kx = a 


Thus 5e lx = 5 


1 + (he) + 


= 5 


i.e. 5e 2 * = 5 


(he) 2 (kx) 3 


2 ! 


3! 


(2.x-) 2 (2x) 3 

1 + (2x) + —— + —- 
2! 3! 

4x 2 8x 3 

1 + 2x H———I———f- • • 
2 6 


1 4" 2x + 2x~ + —x + • • • 
3 


+ 0.00002 + ■ ■ • 


= 2.71828 

i.e. e = 2.71828 correct to 4 decimal places. 


Determine the value of 5e 05 , correct 
to 5 significant figures by using the power series 
for e x 


The value of e 005 , correct to say 8 significant figures, 
is found by substituting x — 0.05 in the power series for 
e x . Thus 


e 0.05 = , 


0.05 


(0.05) 2 (0.05) 3 


2 ! 


3! 

(0.05) 4 


= 1 + 0.05 + 0.00125 


(0.05) 5 
4! + 5! 

0.000020833 


0.000000260 + 0.000000003 


and by adding, 

e 005 = 1.0512711, 

correct to 8 significant figures 

In this example, successive terms in the series grow 
smaller very rapidly and it is relatively easy to determine 
the value of e 0 05 to a high degree of accuracy. However, 
when x is nearer to unity or larger than unity, a very large 
number of terms are required for an accurate result. 

If in the series of equation (1), x is replaced by —x, 
then 


e* = 1 


Hence e 0 ' 5 = 1 


x 2 x 3 
- x + — + — 
2! 3! 


x 

4! 


0.5- 


(0-5) 2 

( 2 )( 1 ) 


(0.5) 4 


(4)(3)(2)(1) 

(0.5) 6 


+ 


(0.5) 3 

(3)(2)(1) 

(0-5) 5 

(5)(4)(3)(2)(1) 


= 1 


(6)(5)(4)(3)(2)(1) 

+ 0.5 + 0.125 + 0.020833 

+ 0.0026042 + 0.0002604 
+ 0.0000217 


i.e. e 0 ' 5 = 1.64872 correct to 6 significant 
figures 

Hence 5e° 5 = 5(1.64872) = 8.2436, correct to 5 signif¬ 
icant figures. 


Determine the value of 3e 1 , correct 
to 4 decimal places, using the power series for e x 


e 


—X 


e 


—x 


1 + ( — x) + 


(-X ) 2 (-X ) 3 

2! + 3! + "' 


2 ! 



In a similar manner the power series for e x may be used 
to evaluate any exponential function of the form ae kx . 
where a and k are constants. In the series of equation (1), 


Substituting x = — 1 in the power series 


, X X" X" 

e — 1+x+ — + — + — + •■■ 

2! 3! 4! 

-i ^(-D* (-D 3 

gives e = 1 + ( — 1) H-—-h 


2! 3! 

(-D 4 
+ 4! 
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= 1 - 1 + 0.5 - 0.166667 + 0.041667 

-0.008333 + 0.001389 
- 0.000198 + 

= 0.367858 correct to 6 decimal places 

Hence 3e~ 1 = (3)10.367858) = 1.1036 correct to 4 dec¬ 
imal places. 


Expand e x (x 2 — 1) as far as the term 

in x 5 


The power series for e x is: 


2. Use the power series for e x to determine, cor¬ 
rect to 4 significant figures, (a) e 2 (b) e~ 0 3 and 
check your result by using a calculator. 

[(a) 7.389 (b) 0.7408] 

3. Expand (1 — 2x)e lx as far as the term in x 4 . 

1 — 2x 2 - x 3 — 2x 4 

3 


4. Expand (2e xl ){x x / 2 ) to six terms. 


1 


2 x V2 + 2x V2 +x 9I2 + x _ x UI2 

+ — .\- 17 / 2 + - X 21 / 2 

12 60 


r 2 3 

y A A 

6 = 1 ~h X -|- — + — 

2! 3! 



Hence: 


14.4 Graphs of exponential functions 


e*(x 2 - 1) 


( x 2 X 3 x 4 X 5 

1 + x + — + — + — + — 
2! 3! 4! 5! 





(x 2 - 1) 


2 3 4 5 

, x x J x x J 

1 + x + — + — + — + — 
2! 3! 4! 5! 


Values of e x and e~ x obtained from a calculator, correct 
to 2 decimal places, over a range x = — 3 to x = 3, are 
shown in the following table. 


X 

-3.0 

-2.5 

-2.0 

-1.5 

-1.0 

-0.5 

0 

e* 

0.05 

0.08 

0.14 

0.22 

0.37 

0.61 

1.00 


20.09 

12.18 

7.9 

4.48 

2.72 

1.65 

1.00 


Grouping like terms gives: 
e*(x 2 - 1) 


= — 1 — x + ( x- 

2 ! 


4 4 

X X 


2! 4! 


i _ -V 

3! 

x 5 x~‘ 

3! ~ 5! 

19 


1 , 5 , 11 , .. , 

= — 1 — x 4- —x + —x + —x + x 

2 6 24 120 


when expanded as far as the term in x 5 


x 0.5 

1.0 

1.5 

2.0 

2.5 

3.0 

1.65 

2.72 

4.48 

7.39 

12.18 

20.09 

0.61 

0.37 

0.22 

0.14 

0.08 

0.05 


Figure 14.1 shows graphs of y = e x and y — e 


Plot a graph of y = 2e 0 3x over a range 
of x = —2 to x = 3. Hence determine the value of y 
when x = 2.2 and the value of x when y = 1.6 


Now try the following exercise 

Exercise 53 Further problems on the power 
series for e x 

1. Evaluate 5.6e~’, correct to 4 decimal places, 
using the power series for e x . [2.0601] 


A table of values is drawn up as shown below. 


X 

-3 

-2 

-1 

0 

1 

2 

3 

0.3x 

-0.9 

-0.6 

-0.3 

0 

0.3 

0.6 

0.9 

e 0.3* 

0.407 

0.549 

0.741 

1.000 

1.350 

1.822 

2.460 

2e 0.3, 

0.81 

1.10 

1.48 

2.00 

2.70 

3.64 

4.92 
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Figure 14.1 



Figure 14.2 

A graph of y = 2e 03x is shown plotted in Fig. 14.2. 

From the graph, when x — 2.2, y = 3.87 and when 
y = 1.6, jc=-0.74 

1 _ 9 

Plot a graph of y = -e over the 
range x = — 1.5 to x = 1.5. Determine from the 
graph the value of y when x — — 1.2 and the value of 
x when y = 1.4 


A table of values is drawn up as shown below. 


X 

-1.5 

-1.0 

-0.5 

0 

0.5 

1.0 

1.5 

— 2x 

3 

2 

1 

0 

-1 

-2 

-3 

e -2x 

20.086 

7.389 

2.718 

1.00 

0.368 

0.135 

0.050 

L~2x 

3 

6.70 

2.46 

0.91 

0.33 

0.12 

0.05 

0.02 



Figure 14.3 


A graph of —e is shown in Fig. 14.3. 

From the graph, when x — — 1.2, y = 3.67 and when 
y = 1.4, * = -0.72 


The decay of voltage, v volts, across 
a capacitor at time t seconds is given by 
v = 250e ~ ,,/3 . Draw a graph showing the natural 
decay curve over the first 6 seconds. From the 
graph, find (a) the voltage after 3.4 s, and (b) the 
time when the voltage is 150 V 


A table of values is drawn up as shown below. 


t 

0 

1 

2 

3 

e-'P 

1.00 

0.7165 

0.5134 

0.3679 

T 

o 

<N 

II 

250.0 

179.1 

128.4 

91.97 


t 

4 

5 

6 

e -V3 

0.2636 

0.1889 

0.1353 

m 

T 

o 

in 

(N 

II 

65.90 

47.22 

33.83 


The natural decay curve of v = 25 Oe ,/M j s shown in 
Fig. 14.4. 

From the graph: 

(a) when time t = 3.4 s, voltage v = 80 volts and 

(b) when voltage v —150 volts, time t — 1.5 seconds. 
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Now try the following exercise 

Exercise 54 Further problems on 
exponential graphs 

1. Plot a graph ofy = 3e ()1 ' over the range x = —3 
to x — 3. Hence determine the value of y when 
x = 1.4 and the value of x when y = 4.5 

[3.95, 2.05] 

2. Plot a graph of y= -e -15 * over a range 

x— —1.5 to .r =1.5 and hence determine the 
value of y when x — — 0.8 and the value of x 
when y = 3.5 [1.65, -1.30] 

3. In a chemical reaction the amount of starting 
material C cm 3 left after t minutes is given by 
C = 40<? _0006f . Plot a graph of C against t and 
determine (a) the concentration C after 1 hour, 
and (b) the time taken for the concentration to 
decrease by half. 

[(a) 28 cm 3 (b) 116 min] 

4. The rate at which a body cools is given by 
0 — 250e _0 05? where the excess of temper¬ 
ature of a body above its surroundings at 
time t minutes is 0° C. Plot a graph show¬ 
ing the natural decay curve for the first hour of 
cooling. Hence determine (a) the temperature 
after 25 minutes, and (b) the time when the 
temperature is 195°C 

[(a) 70°C (b) 5 minutes] 


14.5 Napierian logarithms 


Logarithms having a base of e are called hyper¬ 
bolic, Napierian or natural logarithms and the 

Napierian logarithm of x is written as log e x, or more 
commonly, lnx. 


14.6 Evaluating Napierian 
logarithms 


The value of a Napierian logarithm may be determined 
by using: 

(a) a calculator, or 

(b) a relationship between common and Napierian 
logarithms, or 

(c) Napierian logarithm tables. 

The most common method of evaluating a Napierian 
logarithm is by a scientific notation calculator, this 
now having replaced the use of four-figure tables, and 
also the relationship between common and Napierian 
logarithms, 

log f y = 2.3026 log 10 y 

Most scientific notation calculators contain a ‘In x’ func¬ 
tion which displays the value of the Napierian logarithm 
of a number when the appropriate key is pressed. 

Using a calculator. 

In 4.692 = 1.5458589...= 1.5459, 
correct to 4 decimal places 
and In 35.78 = 3.57738907 ... = 3.5774, 

correct to 4 decimal places 

Use your calculator to check the following values: 

In 1.732 = 054928, correct to 5 significant figures 
In 1 = 0 

In 593 = 6.3852, correct to 5 significant figures 
In 1750 = 7.4674, correct to 4 decimal places 
In 0.17 = —1.772, correct to 4 significant figures 
In 0.00032 =—8.04719, correct to 6 significant 
figures 

In e 3 4 = 3 
In* 2 e 1 — 1 
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From the last two examples we can conclude that 

log e e x — x 

This is useful when solving equations involving expo¬ 
nential functions. 

For example, to solve e 3 * = 8, take Napierian loga- 


Evaluate the following: 

In e 25 


(a) 


lglO°‘ 


4e 2 ' 23 lg 2.23 

(b)-(correct to 


In 2.23 


3 decimal places) 


rithms of both sides, which gives 

In e 3 * = In 8 

In e 2 ' 5 2.5 

(a) n ,= =5 

lg 10°- 5 0.5 

i.e. 3x = In 8 

1 

from which x = - In 8 = 0.6931, 

4e 223 lg2.23 
(b) 

In 2.23 

3 

4(9.29986607... )(0.34830486...) 

correct to 4 decimal places 

0.80200158... 


= 16.156, correct to 3 decimal places 

Using a calculator evaluate correct 
to 5 significant figures: 

Solve the equation 7 = 4e -3jc to find 

(a) In 47.291 (b) In 0.06213 

x, correct to 4 significant figures 

(c) 3.2 In 762.923 

H 


(a) In 47.291 =3.8563200... =3.8563, correct to 

5 significant figures. 

(b) In 0.06213 = -2.7785263... = -2.7785, correct 

to 5 significant figures. 

(c) 3.2 In 762.923 = 3.2(6.6371571...) = 21.239, cor¬ 

rect to 5 significant figures. 


Use a calculator to evaluate the 

following, each correct to 5 significant figures: 

1 In 7.8693 

(a)-In4.7291 (b) 


Rearranging 7 = 4e 3v gives: - = e 3v 
Taking the reciprocal of both sides gives: 

4 _ 1 _ 


7 e 3x 

Taking Napierian logarithms of both sides gives: 

- -„3.tx 


In ( - ) = In (e ) 


7.8693 


(c) 


5.29 In 24.07 


e 


-0.1762 


(a) 


(b) 


(c) 


1 In 4.7291 = 1 (1.5537349 .. .) = 0.38843, 
4 4 


In 7.8693 
7.8693 


correct to 5 significant figures. 
2.06296911... 

= 0.26215, 


7.8693 

correct to 5 significant figures. 


Since log,, e a — a, then I n ^ - j = 3x 

Hence x = - In = -(—0.55962) = —0.1865, cor¬ 
rect to 4 significant figures. 

Given 20 = 60(1 — e ~ r / 2 ) determine 
the value of t, correct to 3 significant figures 

Rearranging 20 = 60(1 — e~^ 2 ) gives: 

— = 1 - e~ 1 ' 2 
60 


and 


5.29 In 24.07 5.29(3.18096625...) 


e 


-0-1162 0.83845027... 

= 20.070, correct to 5 significant 
figures. 


- 1/2 = l _ ^ “ 

60 3 


Taking the reciprocal of both sides gives: 

e ’/ 2 = - 
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Taking Napierian logarithms of both sides gives: 

2.946 In e L76 5e“°' 1629 

o 5. (a)-— n — (b)- 

lne' /2 = ln- lg 10 141 2 In 0.00165 

2 In 4.8629- In 2.4711 

(c)- 

r 3 5.173 

i.e. ^ ~ ln 2 [(a) 3.6773 (b)-0.33154 (c) 0.13087] 


from which, t = 2 In- = 0.881, correct to 3 signihcant 
hgures. 


Solve the equation 
/ 5.14\ 

3.72 = In ( -J to find x 


From the definition of a logarithm, since 

5.14\ 3 72 5.14 

-) then e i 71 =- 

x ) x 


3.72 = 


J.It 1 _o n'y 

Rearranging gives: x = , .. = 5.1 4e 

e i - 1 

i.e. x — 0.1246, 

correct to 4 significant figures 


Now try the following exercise 


In Problems 6 to 10 solve the given equations, each 
correct to 4 significant figures. 


6. 

1.5 = 4e 2r 

[-0.4904] 

7. 

7.83 = 2.9\e~ xlx 

[-0.5822] 

8. 

16 = 24(1 -e“ r / 2 ) 

[2.197] 

9. 

5.17= ln(—) 

V4.64/ 

[816.2] 

10. 

/1.59 \ 

3.72 In 1-j =2.43 

[0.8274] 

11. 

The work done in an isothermal expansion of 
a gas from pressure p\ to pi is given by: 


l f p '\ 

w = wo In — 1 
\P2j 

If the initial pressure p\ = 7.0 kPa, calculate 
the final pressure p 2 if w = 3 wo 

[p 2 = 348.5 Pa] 


Exercise 55 Further problems on evaluating 
Napierian logarithms 

In Problems 1 to 3 use a calculator to evaluate the 
given functions, correct to 4 decimal places 

1. (a) In 1.73 (b) In 5.413 (c) In 9.412 

[(a) 0.5481 (b) 1.6888 (c) 2.2420] 

2. (a) In 17.3 (b) In 541.3 (c) In 9412 

[(a) 2.8507 (b) 6.2940 (c) 9.1497] 

3. (a) In 0.173 (b) In 0.005413 (c)ln0.09412 

[(a) —1.7545 (b) —5.2190 (c)-2.3632] 


In Problems 4 and 5, evaluate correct to 5 signifi¬ 
cant figures: 


4 . 


(a) 

(O 


-In 5.2932 (b) 

6 

5.62 In 321.62 


In 82.473 
4.829 


e 1.2942 


[(a) 0.27774 (b) 0.91374 (c) 8.8941] 


14.7 Laws of growth and decay 


The laws of exponential growth and decay are of the 
form y = Ae~ kx and y — A{ 1 — e -foc ), where A and k are 
constants. When plotted, the form of each of these equa¬ 
tions is as shown in Fig. 14.5. The laws occur frequently 
in engineering and science and examples of quantities 
related by a natural law include: 


(i) 

Linear expansion 

Z = Z 0 e“ e 

(ii) 

Change in electrical resistance with 


temperature 

Re = Roe ae 

(iii) 

Tension in belts 

T\ = T 0 e 110 

(iv) 

Newton’s law of cooling 

Q = Ooe~ kt 

(v) 

Biological growth 

O 

II 

(Vi) 

Discharge of a capacitor 

q = Q e -'I CR 

(Vii) 

Atmospheric pressure 

p = poe~ h l c 

(viii) 

Radioactive decay 

1 

s? 

II 
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Figure 14.5 


(ix) Decay of current in an inductive 
circuit 


i — Ie~ R, / L 


(x) Growth of current in a 

capacitive circuit ;' = /(! — e~^ CR ) 


R 1 R 

From above. In — =ad hence 9 — — In — 

Ro a R 0 

When fi = 5.4x 10 3 , a = 1.215477 ... x 10“ 4 and 
R 0 = 5x 10 3 


1 

0 = -Tin 

1.215477... x 10 -4 

104 


5.4 x 10 3 
5 x 10 3 

-(7.696104... x 10“ 2 ) 


1.215477... 

= 633°C correct to the nearest degree. 


In an experiment involving 
Newton’s law of cooling, the temperature 0(°C) is 
given by 9 = 9oe~ kl . Find the value of constant k 
when 9q — 56.6°C, 9 = 16.5°C and t = 83.0 seconds 


Transposing 0 — 9oe kt gives — = e kt from which 

00 



Taking Napierian logarithms of both sides gives: 



The resistance R of an electrical 
conductor at temperature 9 °C is given by R — Roe a(> , 
where a is a constant and Rq — 5 x 10 3 ohms. 
Determine the value of a, correct to 4 significant 
figures, when R — 6 x 10 3 ohms and 9 = 1500°C. 
Also, find the temperature, correct to the nearest 
degree, when the resistance R is 5.4 x 10 3 ohms 


from which, 


1 0 O 1 

k — - In — = -In 

t 9 83.0 


56.6\ 
16^5 y 


= —(1.2326486...) 
83.0 

Hence k = 1.485 x 10 -2 


Transposing R = R^e a6 gives — = e a<i 

Ro 

Taking Napierian logarithms of both sides gives: 

In — = lne ae = oi9 
Ro 

Hence 

1 R 1 /6 x 10 3 \ 

a = - In — = -In I - 7 1 

9 R 0 1500 \5 x 10 3 / 

= —*—(0.1823215...) 

1500 

= 1.215477... x 10~ 4 

Hence a — 1.215 x 10 -4 , correct to 4 significant 
figures. 


The current i amperes flowing in a 
capacitor at time t seconds is given by 
i — 8.0(1 — e~^ CR ), where the circuit resistance R is 
25 x 10 3 ohms and capacitance C is 16 x 10~ 6 
farads. Determine (a) the current i after 0.5 seconds 
and (b) the time, to the nearest millisecond, for the 
current to reach 6.0 A. Sketch the graph of current 
against time 

(a) Current i — 8.0(1 — e~^ CR ) 

= 8.011 - e °-5/(16xl0- 6 )(25xl0 3 )] 

= 8.0(1 — e -1 - 25 ) 

= 8.0(1 — 0.2865047 ...) 
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= 8.0(0.7134952...) 

= 5.71 amperes 

(b) Transposing i = 8.0(1 — e~^ CR ) gives: 

— = 1 - e-'l CR 

8.0 

t /(^R ^ S. 0 l 

from which, e ' =1-=- 

8.0 8.0 

Taking the reciprocal of both sides gives: 

8.0 


e 


t/CR _ 


8.0 - i 

Taking Napierian logarithms of both sides gives: 


Hence 
t = CR In 


— = In 
CR 


8.0 


8.0 

1.0 - i 


,8.0- i 

= (16 x 10 _6 )(25 x 10 J ) In 


8.0 


8.0 — 6.0, 
when i = 6.0 amperes, 


i.e. t — 


400 

TO 1 


8.0 


In — = 0.4 In 4.0 

2.0 


= 0.4(1.3862943...) = 0.5545 s 

= 555 ms, 

to the nearest millisecond 

A graph of current against time is shown in Fig. 14.6. 



Figure 14.6 


The temperature 02 of a winding 
which is being heated electrically at time t is given 
by: 02 — 9i(l — e~^ r ) where 6\ is the temperature 


(in degrees Celsius) at time t = 0 and r is a 
constant. Calculate 

(a) 0 \, correct to the nearest degree, when (>2 is 
50°C, t is 30 s and r is 60 s 

(b) the time t, correct to 1 decimal place, for (h to 
be half the value of 0\ 


(a) Transposing the formula to make 9\ the subject 
gives: 

0 2 50 

1 “ (i - e -th) ~ 1 - e-30/60 

50 50 

“ 1 - e -o.5 - 0.393469 ... 

i.e. 0i = 127°C, correct to the nearest degree 

(b) Transposing to make t the subject of the formula 
gives: 

^ = l- e -^ 

0i 

from which, e~^ T = 1 — — 

0\ 

Hence — - = In ^1 — 

1 

Since 0i = -0\ 

~ 2 

t = -60 In ^1 - ^ = -60 In 0.5 
= 41.59s 

Hence the time for the temperature 62 to be one half 
of the value of 0\ is 41.6 s, correct to 1 decimal place. 


Now try the following exercise 


Exercise 56 Further problems on the laws 
of growth and decay 

1. The pressure p pascals at height h metres 
above ground level is given by p = poe~ h ^ c , 
where po is the pressure at ground level 
and C is a constant. Find pressure p when 
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po = 1.012 x 10 5 Pa, height h — 1420 m and 
C = 71500. [9.921 x 10 4 Pa] 

2. The voltage drop, v volts, across an induc¬ 
tor L henrys at time t seconds is given 
by v — 2QQe~ Rt / L , where R— 150 £2 and 
L— 12.5 x 10 -3 H. Determine (a) the volt¬ 
age when t— 160 x 10 -6 s, and (b) the time 
for the voltage to reach 85 V. 

[(a) 29.32 volts (b) 71.31 x 10“ 6 s] 

3. The length / metres of a metal bar at tem¬ 
perature t°C is given by / = loe at , when 
/(I and a are constants. Determine (a) the 
value of Z when Iq = 1.894, a = 2.038 x 10 -4 
and t — 250°C, and (b) the value of Iq when 
/ = 2.416, t = 310°C and a — 1.682 x 10“ 4 

[(a) 1.993 m (b) 2.293 m] 

4. The temperature (h°C of an electrical con¬ 
ductor at time t seconds is given by 
6b = 0 \ (1 — e~^ T ), when 0 \ is the initial tem¬ 
perature and T seconds is a constant. Deter¬ 
mine (a) 02 when 6 \ = 159.9°C, t = 30 s and 
T — 80 s, and (b) the time t for 62 to fall to 
half the value of 0\ if T remains at 80 s. 

[(a) 50°C (b) 55.45 s] 

5. A belt is in contact with a pulley for a sector 
of 0 = 1.12 radians and the coefficient of fric¬ 
tion between these two surfaces is p — 0.26. 
Determine the tension on the taut side of the 
belt, T newtons, when tension on the slack 
side is given by Tq = 22.7 newtons, given 
that these quantities are related by the law 
T = Toe. Determine also the value of 0 
when T — 28.0 newtons 

[30.4 N, 0.807 rad] 

6. The instantaneous current i at time t is 
given by: 


when a capacitor is being charged. The capac¬ 
itance C is 7 x 10 -6 farads and the resistance 
R is 0.3 x 10 6 ohms. Determine: 

(a) the instantaneous current when t is 2.5 
seconds, and 

(b) the time for the instantaneous current to 
fall to 5 amperes. 

Sketch a curve of current against time from 
t = 0 to t — 6 seconds. 

[(a) 3.04 A (b) 1.46 s] 

7. The amount of product x (in mol/cm 3 ) 
found in a chemical reaction starting 
with 2.5 mol/cm 3 of reactant is given by 
x = 2.5(1 — e~ 4t ) where t is the time, in min¬ 
utes, to form product x. Plot a graph at 
30 second intervals up to 2.5 minutes and 
determine x after 1 minute. [2.45 mol/cm 3 ] 

8. The current i flowing in a capacitor at time t 
is given by: 

i= 12.5(1 -e-‘' CR ) 

where resistance R is 30 kilohms and the 
capacitance C is 20 microfarads. Determine 

(a) the current flowing after 0.5 seconds, 
and 

(b) the time for the current to reach 10 
amperes. 

[(a) 7.07 A (b) 0.966 s] 

9. The amount A after n years of a sum invested 

P is given by the compound interest law: 
A = Pe™/ 100 when the per unit interest rate 
r is added continuously. Determine, correct 
to the nearest pound, the amount after 8 years 
for a sum of £ 1500 invested if the interest rate 
is 6% per annum. [£2424] 


/= I0e~ t/CR 
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Chapter 15 


Number sequences 


15.1 Arithmetic progressions 


When a sequence has a constant difference between suc¬ 
cessive terms it is called an arithmetic progression 
(often abbreviated to AP). 

Examples include: 

(i) 1, 4, 7, 10, 13, ... where the common 

difference is 3 

and (ii) a, a + d, a + 2d, a + 3d, ... where the 
common difference is d. 

If the 1 st term of an AP is ‘a’and the common difference 
is ‘cP then 

the n'th term is: a + (n — 1 )d 


15.2 Worked problems on arithmetic 
progressions 


Determine (a) the 9th, and (b) the 
16th term of the series 2, 7, 12, 17,... 

2, 7, 12, 17, ... is an arithmetic progression with a 
common difference, d , of 5 

(a) The «'th term of an AP is given by a + (n — 1 )d 
Since the first term a = 2, d = 5 and n — 9 then the 
9th term is: 

2 + (9 — 1)5 = 2 + (8)(5) = 2 + 40 = 42 


In example (i) above, the 7th term is given by 
1 + (7 — 1)3 = 19, which may be readily checked. 


The sum S of an AP can be obtained by multiplying the 
average of all the terms by the number of terms. 

a + 1 

The average of all the terms =-, where ‘a’ is the 


1st term and / is the last term, i.e. I— a + (n— I )d, for 
n terms. 

Hence the sum of n terms. 


S n = n 


/ a + l 


-[a + [a + (n — l)<f]} 


i.e. S n = 2 ^ a + ( n ~ l)<fl 

For example, the sum of the first 7 terms of the series 
1, 4, 7, 10, 13, ... is given by 

7 

Sj = -[2(1) + (7 — 1)3 since a = 1 and d = 3 
= Z [2+ 18]= Z [20 ] = 70 


(b) The 16th term is: 

2+ (16— l)5 = 2 + (15)(5) = 2 + 75 = 77 

The 6th term of an AP is 17 and the 
13th term is 38. Determine the 19th term. 

The n'th term of an AP is a + (n — I )d 

The 6th term is: a + 5d = 17 (1) 

The 13th term is: a + 12 d — 38 (2) 

Equation (2) - equation (1) gives: Id = 21, from which, 



Substituting in equation (1) gives: a+ 15= 17, from 
which, a —2 

Hence the 19th term is: 

a + (n - \)d = 2 + (19 - 1)3 = 2 + (18)(3) 

= 2 + 54 = 56 
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Determine the number of the term 
whose value is 22 is the series 

1 1 

2 -, 4 , 5 -, 7 ,... 

2 2 


1 1 

2 -, 4,5 -, 7,... is an AP 
2 2 

1 1 

where a = 2 and d — I 
2 2 

Hence if the n! th term is 22 then: a + (n — l)d — 22 

22 


1 / 1 
2 2 + (' I - 1) ( 1 2 

19- 

n - 1 = —^ 

1- 

2 


1 1 

22-2- = 19- 
2 2 


= 13 


and 


n = 13+ 1 = 14 


i.e. the 14th term of the AP is 22 

Find the sum of the first 12 terms of 
the series 5, 9, 13, 17, ... 

5, 9, 13, 17, ... is an AH where a = 5 and d = 4 
The sum of n terms of an AP, 

S n = -[2 a + (n- 1 )d] 

Hence the sum of the first 12 terms, 

Si2= y[2(5) + (12- 1)4] 

= 6[ 10 + 44] = 6(54) = 324 


Now try the following exercise 


Exercise 57 Further problems on 

arithmetic progressions 

1. Find the 11th term of the series 8, 14, 20, 
26, ... [68] 

Find the 17th term of the series 11, 10.7, 10.4, 

10 . 1 ,... [ 6 . 2 ] 


3. The 7 th term ofaseriesis29 and the 11 th term 

is 54. Determine the sixteenth term. [85.25] 

4. Find the 15 th term of an arithmetic progression 

of which the first term is 2.5 and the 10th term 
is 16. [23.5] 

5. Determine the number of the term which is 29 

in the series 7, 9.2, 11.4, 13.6,... [11] 

6. Find the sum of the first 11 terms of the series 

4,7,10,13,... [209] 

7. Determine the sum of the series 6.5, 8.0, 9.5, 

11.0, ...,32 [346.5] 


15.3 Further worked problems on 
arithmetic progressions 


The sum of 7 terms of an AP is 35 
and the common difference is 1.2. Determine the 
1st term of the series 

n = l,d= 1.2 and Si — 35 

Since the sum of n terms of an AP is given by 


S n = -[2a + (n - 1 )]d 

7 7 

then 35 = -[2a + (7- 1)1.2]= -[2a + 7.2] 


Hence 


35 x 2 


2 

2 a + 7.2 


Thus 


10 = 2a+ 7.2 
2 a = 10-7.2 = 2.8 
2.8 

from which a — — = 14 
2 

i.e. the first term, a = 1.4 

Three numbers are in arithmetic 
progression. Their sum is 15 and their product is 
80. Determine the three numbers 


2 . 


Let the three numbers be (a — d), a and (a + d) 

Then (a — d) + a + (a + d) = 15, i.e. 3a =15, from 
which, a = 5 
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Also, a(a — d)(a + d) = 80, i.e. 

Since a = 5, 5(5 2 - d 2 ) = 80 
125 - 5 d 2 = 80 
125 - 80 = 5 d 2 
45 = 5 d 2 


a(a 2 — d 2 ) = 80 


from which, d = — = 9. Hence, d = V 9 = ±3 

The three numbers are thus (5 — 3), 5 and (5 + 3), i.e. 

2, 5 and 8 


Find the sum of all the numbers 
between 0 and 207 which are exactly divisible by 3 


The series 3, 6, 9, 12, ... 207 is an AP whose first term 
a — 3 and common difference d = 3 

The last term is a + (n — 1 )d — 207 

i.e. 3 + (m — 1)3 = 207 

207-3 

from which (n — 1) = -= 68 

3 

Hence n = 68 + 1 = 69 


The sum of all 69 terms is given by 
%> = -[2a + (n - 1 )d] 

= ® [2(3)+ (69-1)3] 

69 69 

= — [6 + 204] = —(210) = 7245 


The 1st, 12th and last term of an 
arithmetic progression are 4, 31.5, and 376.5 
respectively. Determine (a) the number of terms in 
the series, (b) the sum of all the terms and (c) the 
80th term 


(a) Let the AP be a, a + d, a + 2 d, ... , a + (n — l)d, 
where a = 4 

The 12th term is: a + (12 — 1 )d = 31.5 
i.e. 4 + 1 \d — 31.5, from which, 
llr/=31.5-4 = 27.5 


The last term is a + (n — 1 )d 


i.e. 4 + (n ■ 


1)(2.5) = 376.5 
376.5 

(n - 1) = 


2.5 

372.5 


2.5 


= 149 


Hence the number of terms in the series, 
« = 149+1=150 

(b) Sum of all the terms, 

Si50 = ^[2a + 0? - l)d] 

= ^ [2(4) + (150-1)(2.5)] 

= 75[8 + (149X2.5)] 

= 85[8 + 372.5] 

= 75(380.5) = 28537.5 


(c) The 80th term is: 


a + (n — \)d = 4 + (80 — 1)(2.5) 
= 4 + (79)(2.5) 

= 4 + 197.5 = 201.5 


Now try the following exercise 


Exercise 58 Further problems on 

arithmetic progressions 

1. The sum of 15 terms of an arithmetic progres¬ 

sion is 202.5 and the common difference is 2. 
Find the first term of the series. [—0.5] 

2. Three numbers are in arithmetic progression. 
Their sum is 9 and their product is 20.25. 
Determine the three numbers. [1.5, 3, 4.5] 

3. Find the sum of all the numbers between 5 and 

250 which are exactly divisible by 4. [7808] 

4. Find the number of terms of the series 5, 8, 

11,... of which the sum is 1025. [25] 

5. Insert four terms between 5 and 22.5 to form 
an arithmetic progression. 

[8.5, 12, 15.5, 19] 

6. The 1st, 10th and last terms of an arithmetic 
progression are 9,40.5, and 425.5 respectively. 


Hence 
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Find (a) the number of terms, (b) the sum of 
all terms and (c) the 70th term. 

[(a) 120 (b) 26070 (c) 250.5] 

7. On commencing employment a man is paid a 
salary of £7200 per annum and receives annual 
increments of £350. Determine his salary in 
the 9th year and calculate the total he will have 
received in the first 12 years. 

[£10 000, £109 500] 

8. An oil company bores a hole 80 m deep. Esti¬ 
mate the cost of boring if the cost is £30 for 
drilling the first metre with an increase in cost 
of £2 per metre for each succeeding metre. 

[£8720] 


15.4 Geometric progressions 


When a sequence has a constant ratio between succes¬ 
sive terms it is called a geometric progression (often 
abbreviated to GP). The constant is called the common 
ratio, r 

Examples include 

(i) 1, 2, 4, 8, ... where the common ratio is 2 

and (ii) a, ar, ar 2 , ar 3 , ... where the common ratio 
is r 

If the first term of a GP is ‘a’ and the common ratio is 
r, then 

the /t'th term is: ar" -1 

which can be readily checked from the above examples. 
For example, the 8th term of the GP 1, 2, 4, 8, ... is 
(1)(2) 7 = 128, since a = 1 and r = 2 

Let a GP be a, ar, ar 2 , ar 3 ,... ar n ~ 1 

then the sum of n terms, 


Thus the sum of n terms, 

a( 1 — r") 

S„ = which is valid when r < 1 

(1 - r) 

Subtracting equation (1) from equation (2) gives 


a(P‘ — 1) 

S n = which is valid whenr > 1 

(r - 1) 


For example, the sum of the first 8 terms of the GP 
1, 2, 4, 8, 16, ... is given by: 

1 ( 2 8 - 1 ) 

S s = - since a = 1 and r — 2 

( 2 - 1 ) 

c 1(256- 1) „„ 

i.e. Sx = -= 255 

1 

When the common ratio r of a GP is less than unity, the 
sum of n terms, 


a(l - r") 

S n = — -—, which may be written as 


S n — 


(l — 0 

a ar n 


(1 - r) (1 - r) 

Since, r < 1, r" becomes less as n increases. 


Hence 


(1 — r) 


► 0 as n —> oo 


► 0 as n —> oo. 


Thus S„ —> - as n —> oo 

(1 - r) 


The quantity 


is called the sum to infinity, Soo, 


(1 ~r) 

and is the limiting value of the sum of an infinite number 
of terms. 


S n = a + ar + ar 2 + ar 3 + ■ ■ • + ar n ~ { ... (1) 

Multiplying throughout by r gives: 

rS„ = ar + ar 2 + ar 2 + ar 4 + ■ ■ ■ + ar n ~ 1 +ar"... (2) 
Subtracting equation (2) from equation (1) gives: 

S„ — rS n = a — ar n 
i.e. S„(l -r) = a( 1 - r n ) 


i.e. foo — 


(1 ~r) 


which is valid when — 1 < r < 1 


For example, the sum to infinity of the GP 
1 1 

1 + - + - + ••■ is 
2 4 


1 1 
Soo = -p since a = 1 and r = - i.e. Soo = 2 


1 - - 
2 
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15.5 Worked problems on geometric 
progressions 


Which term of the series: 2187, 729, 

1 

243, ...is -? 

9 



Determine the 10th term of the series 



3, 6, 12, 24, ... 

3, 6, 12, 24, ... is a geometric progression with a 
common ratio r of 2. 

The n! th term of a GP is ar n ~ 1 , where a is the first 
term. Hence the 10th term is: 

(3)(2) 10_1 = (3)(2) 9 = 3(512) = 1536 

Find the sum of the first 7 terms of 

1111 

the series, 1 -,4-, 13-.... 

2 2 2 2 

1111 

-, l-,4-, 13-,... 

2 2 2 2 

is a GP with a common ratio r = 3 
a(r" - 1) 


The sum of n terms, S n = 


(r-1) 


Hence Sj = 


I(3 7 _l) 1(2187 — 1) 

(3-D = 2 


= 546- 
2 


The first term of a geometric 
progression is 12 and the 5th term is 55. Determine 
the 8 th term and the 11th term 


The 5th term is given by ar 4 = 55, where the first term 
a= 12 

h 4 35 55 

Hence r= — = — and 
a 12 


r = ,7 —= 1.4631719... 
12 


The 8th term is 

ar 1 = (12)(1.4631719... ) 7 = 172.3 
The 11th term is 

ar 10 = (12)(1.4631719... ) 10 = 539.7 


1 

2187, 729, 243,... is a GP with a common ratio r = - 

3 

and first term a — 2187 


The n'th term of a GP is given by: ar' 

n —1 


,n — 1 


Hence 


^ = (2187) f ^ ) from which 


n— 1 


l 


i i /i 


(9)(2187) 3 2 3 7 3 9 ' V3 

Thus (n — 1) = 9, from which, n — 9+1 = 10 


i.e. - is the 10th term of the GP 
9 


Find the sum of the first 9 terms of 
the series: 72.0, 57.6, 46.08, ... 


The common ratio. 


ar 57.6 

r = — = -= 0.8 

a 72.0 

ar 2 46.08 

also- = -= 0.8 

ar 57.6 


The sum of 9 terms, 

a( 1 - r n ) 72.0(1 - 0.8 9 ) 


S 9 = 


(1 _ r) (i - 0.8) 

72.0(1 - 0.1342) 


0.2 


= 311.7 


Find the sum to infinity of the series 

1 

3,1,-,... 


1 1 

3, 1. -, ... is a GP of common ratio, r=- 
3 3 


The sum to infinity, 
s - a 


1 — r 


1 - - 
3 


_ 3 _ 9 _ i 

r - 2 ~ 2 2 
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Now try the following exercise 


Exercise 59 Further problems on 

geometric progressions 

1. Find the 10th term of the series 5, 10, 20, 

40, ... [2560] 

2. Determine the sum to the first 7 terms of the 

series 0.25, 0.75, 2.25, 6.75, ... [273.25] 

3. The first term of a geometric progression is 4 

and the 6th term is 128. Determine the 8th and 
11th terms. [512,4096] 

4. Find the sum of the first 7 terms of the series 

1 

2, 5,12 — ,... (correct to 4 significant figures). 

[812.5] 

5. Determine the sum to infinity of the series 

4,2,1,.... [8] 

1 

6. Find the sum to infinity of the series 2-, 

-i 1 -, 5 -,.... r 2i 

4 8 ’ 

3 


15.6 Further worked problems on 
geometric progressions 


In a geometric progression the 6th 
term is 8 times the 3rd term and the sum of the 7th 
and 8th terms is 192. Determine (a) the common 
ratio, (b) the 1st term, and (c) the sum of the 5th to 
11th term, inclusive 


(a) Let the GP be a, ar, ar 2 , ar 3 , ... , ar” -1 
The 3rd term = ar 2 and the 6th term = ar 5 
The 6th term is 8 times the 3rd 

Hence ar 5 = 8 ar 2 from which, r 3 = 8 and r = v^8 

i.e. the common ratio r = 2 

(b) The sum of the 7th and 8th terms is 192. Hence 
ar 6 + ar 7 = 192. Since r = 2, then 

64 a + 128a = 192 
192a = 192, 


(c) The sum of the 5th to 11th terms (inclusive) is 
given by: 


Sit — S4 = 


a(r n - 1) 

{r- 1) 


a(/- 4 - 1) 

(r-1) 


_ l(2 n - 1) 1(2 4 — 1) 

(2-D (2-1) 

= (2 11 - 1) — (2 4 — 1) 

= 2 11 - 2 4 = 2408 - 16 = 2032 


A hire tool firm finds that their net 
return from hiring tools is decreasing by 10% per 
annum. If their net gain on a certain tool this year is 
£400, find the possible total of all future profits 
from this tool (assuming the tool lasts for ever) 


The net gain forms a series: 

£400 + £400 x 0.9 + £400 x 0.9 2 + • • • , 

which is a GP with a = 400 and r = 0.9 
The sum to infinity, 

a 400 

00 = (1 — r) = (1-0.9) 

= £4000 = total future profits 


If £100 is invested at compound 
interest of 8% per annum, determine (a) the value 
after 10 years, (b) the time, correct to the nearest 
year, it takes to reach more than £300 


(a) Let the GP be a, ar, ar 2 , ... ar n 
The first term a = £100 and 

the common ratio r = 1.08 

Hence the second term is ar = (100)( 1.08) = £108, 
which is the value after 1 year, the 3rd term is 
ar 2 = (100)(1.08) 2 = £116.64, which is the value 
after 2 years, and so on. 

Thus the value after 10 years 
= ar 10 = (100) (1.08) 10 = £215.89 

(b) When £300 has been reached, 300 = ar" 

i.e. 300= 100(1.08)" 

and 3 = (1.08)" 

Taking logarithms to base 10 of both sides gives: 


from which, a, the first term = 1 


lg 3 = lg(1.08)" = n lg( 1 -08), 
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by the laws of logarithms from which, 

n = = 14.3 

lg 1.08 

Hence it will take 15 years to reach more than 
£300 


A drilling machine is to have 6 
speeds ranging from 50rev/min to 750rev/min. If 
the speeds form a geometric progression determine 
their values, each correct to the nearest whole 
number 

Let the GP of n terms by given by a, ar, ar 1 2 , ... ar "~ 1 

The 1st term a = 50 rev/min. 

The 6th term is given by ar 6_1 , which is 750 rev/min, 

i.e., ar 5 — 750 

, 750 750 

from which n =-=-= 15 

a 50 

Thus the common ratio, r = ^/T5 = 1.7188 


The 1st term is a = 50 rev/min. 


the 2nd term is ar = (50)( 1.7188) = 85.94, 
the 3rd term is ar 2 = (50)( 1.7188) 2 = 147.71, 
the 4th term is ar 3 = (50)(1.7188) 3 = 253.89, 
the 5th term is ar 4 = (50)(1.7188) 4 = 436.39, 
the 6th term is ar 5 = (50)( 1.7188) 5 = 750.06. 

Hence, correct to the nearest whole number, the 6 speeds 
of the drilling machine are: 50, 86, 148, 254, 436 and 
750 rev/min. 


Now try the following exercise 


Exercise 60 Further problems on 

geometric progressions 

1. In a geometric progression the 5th term is 9 
times the 3rd term and the sum of the 6th and 
7th terms is 1944. Determine (a) the common 
ratio, (b) the 1st term and (c) the sum of the 
4th to 10th terms inclusive. 

[(a) 3 (b) 2 (c) 59 022] 

2. Which term of the series 3, 9,27,... is 59 049? 

[10th] 

3. The value of a lathe originally valued at £3000 

depreciates 15% per annum. Calculate its 


value after 4 years. The machine is sold when 
its value is less than £550. After how many 
years is the lathe sold? [£1566, 11 years] 

4. If the population of Great Britain is 55 million 
and is decreasing at 2.4% per annum, what will 
be the population in 5 years time? 

[48.71 M] 

5. 100 g of a radioactive substance disintegrates 
at a rate of 3% per annum. How much of the 
substance is left after 11 years? [71.53 g] 

6. If £250 is invested at compound interest of 
6% per annum determine (a) the value after 
15 years, (b) the time, correct to the nearest 
year, it takes to reach £750. 

[(a) £599.14 (b) 19 years] 

7. A drilling machine is to have 8 speeds rang¬ 
ing from 100 rev/min to 1000 rev/min. If the 
speeds form a geometric progression deter¬ 
mine their values, each correct to the nearest 
whole number. 


100, 139, 193,268,373,518, 
720, 1000 rev/min 


15.7 Combinations and 
permutations 


A combination is the number of selections of r differ¬ 
ent items from n distinguishable items when order of 
selection is ignored. A combination is denoted by "C r 
n 

or ' 


where 


n C r = 


r\(n - r)\ 


where, for example, 4! denotes 4 x 3 x 2 x 1 and is 
termed ‘factorial 4’. 


Thus, 


’C 3 = 


5! 


5x4x3x2xl 


3!(5 - 3)! (3 x 2 x 1)(2 x 1) 


120 

6x2 


= 10 


For example, the five letters A, B, C, D, E can be 
arranged in groups of three as follows: ABC, ABD, 
ABE, ACD, ACE, ADE, BCD, BCE, BDE, CDE, 
i.e. there are ten groups. The above calculation 5 C 3 
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produces the answer of 10 combinations without having 
to list all of them. 

A permutation is the number of ways of selecting 
r < n objects from n distinguishable objects when order 
of selection is important. A permutation is denoted by 
n Pr or n Pr 


where n P r — n(n — 1 )(n — 2)... (n — r + 1) 

„ n\ 

or "P, = 


Thus, 4 P 2 = 


(n-r)l 
4! 4! 


(4 - 2)! 2! 

4x3x2 


= 12 


Evaluate: (a) 6 P 2 (b) 9 Ps 


(a) 


6 Pi = 


6 ! 

( 6 - 2 )! 


6 ! 

4! 


6x5x4x3x2 

4x3x2 


= 30 


(b) 


9 ^5 = 


9! 

(9-5)! 


9! 

4! 


9x8x7x6x5x4! 

4! 


= 15 120 


Now try the following exercise 


Evaluate: (a) ' C 4 (b) 10 C6 


(a) 7 C 4 = 


Exercise 61 Further problems on 
permutations and 
combinations 


(b) 10 C 6 = 


7! 

Evaluate the 

following: 


4!3! 

1 . 

(a) 9 C 6 

(b) 3 Ci 

[(a) 84 (b) 3] 

4x3x2 , 

-= 35 

0(3 x 2) 

2. 

(a) 6 C 2 

(b) 8 C 5 

[(a) 15 (b) 56] 

10! 

3. 

(a) 4 P 2 

(b) 7 P 4 

[(a) 12 (b) 840] 

=-= 210 

6!4! 

4. 

(a) 10 P 3 

(b) 8 P 5 

[(a) 720 (b) 6720] 
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Chapter 16 


The binomial series 


16.1 Pascal's triangle 


A binomial expression is one that contains two terms 
connected by a plus or minus sign. Thus (p + q), 
(a+x) 2 , (2x + y) 3 are examples of binomial expres¬ 
sion. Expanding ( a + x) n for integer values of n from 0 
to 6 gives the results shown at the bottom of the page. 

From the results the following patterns emerge: 

(i) ‘a’ decreases in power moving from left to right. 

(ii) V increases in power moving from left to right. 

(iii) The coefficients of each term of the expansions are 
symmetrical about the middle coefficient when 
n is even and symmetrical about the two middle 
coefficients when n is odd. 

(iv) The coefficients are shown separately in Table 16.1 
and this arrangement is known as Pascal’s tri¬ 
angle. A coefficient of a term may be obtained 
by adding the two adjacent coefficients immedi¬ 
ately above in the previous row. This is shown by 
the triangles in Table 16.1, where, for example, 
1 + 3 = 4, 10 + 5=15, and so on. 

(v) Pasal’s triangle method is used for expansions of 
the form (a + xf for integer values of n less than 
about 8 

Use the Pascal’s triangle method to 
determine the expansion of ( a + x) 1 


Table 16.1 


(a + x)° 



1 



(a + x) 1 


1 


1 


(a + x) 2 

1 


2 


1 

(a + x) 3 

\l 

3/ 


3 

1 

(a + x) 4 

1 4 


6 


4 1 

(a + x) 5 

1 5 

10 


+) 

5^ 1 

(a + x) 6 1 

6 15 


20 


15 6 1 


From Table 16.1 the row the Pascal’s triangle corre¬ 
sponding to (a + x) 6 is as shown in (1) below. Adding 
adjacent coefficients gives the coefficients of (a + x) 1 
as shown in (2) below. 



The first and last terms of the expansion of (a + x) 1 and 
a 1 and x 1 respectively. The powers of ‘a’ decrease and 
the powers of ‘x’ increase moving from left to right. 
Flence, 

(a +x) 1 = a 1 + la ( 'x + 21a 5 x 2 + 35a 4 x 3 + 35a 3 x 4 

+ 21a 2 jc 5 + 7 ax 6 + x 1 


(a + x)° = 

(a+x) 1 = 

(a + x) 2 = (a + x)(a + x) = 
(a + x) 3 = (a + x) 2 (a + x) — 
(a + x) 4 — (a + x) 3 (a + x) = 
(a + x) 5 — (a + x) 4 (a + .r) = 
(a+x) 6 — (a + x) 5 (a +x) = 


1 

a +x 

a 2 + 2 ax + x 2 
a 3 + 3 a 2 x + 3 ax 2 + x 3 
a 4 + 4 a 3 x + 6 a 2 x 2 + 4 ax 3 + x 4 
a 5 + 5 a 4 x + 10 a 3 x 2 + 10 a 2 x 3 + 5 ax 4 +x 5 
a 6 + 6a 5 x + 15 < 7 4 x 2 + 20 a 3 x 3 + 15 a 2 x 4 + 6ax 5 +x 6 
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Determine, using Pascal’s triangle 
method, the expansion of (2 p — 3q) 5 

Comparing (2 p — 3 q) 5 with (a + x) 5 shows that a = 2p 
and x = —3 q 


With the binomial theorem n may be a fraction, a 
decimal fraction or a positive or negative integer. 

In the general expansion of (a + x) n it is noted that the 
4th term is: 

n(n - 1)0* - 2) 3 3 

- a x 


Using Pascal’s triangle method: 

(a + xf — a 5 + 5a 4 x + lOa 3 * 2 + 10a 2 x 3 + • • • 
Hence 

(2 p - 3 q) 5 = (2 p) 5 + 5(2p)\-3q) 

+ I0(2p) 3 (-3q) 2 
+ 10(2p) 2 (-3q) 3 
+ 5(2p)(-3q) 4 + (-3 qf 

i.e. (2 p - 3 q) 5 = 32 p 5 - 240 p 4 q + 720 p 3 q 2 

- 1080pV + 810 <pq 4 - 243 q 5 


Now try the following exercise 


The number 3 is very evident in this expression. 

For any term in a binomial expansion, say the r’th 
term, (r — 1) is very evident. It may therefore be rea¬ 
soned that the r’th term of the expansion (a+x) n is: 

n(n - 1 ){n -2)... to(r - l)terms „_ (r _ 1} r _ x 
(r-1)! 

If a — 1 in the binomial expansion of (a + x)" then: 


„ n(n — 1) , 

(1 + x) =\ + nx -\ -—- x 2 


n(n — l)(n — 2 ) 

+ ^ - -* + ' 


which is valid for — 1 < x < 1 
When x is small compared with 1 then: 


(1 + x) n « 1 + nx 


Exercise 62 Further problems on Pascal's 
triangle 


1. Use Pascal’s triangle to expand (x — y) 1 
x 1 - lx 6 y + 21 x 5 y 2 - 35x 4 y 3 
+ 35.r 3 y 4 - 21 x 2 y 5 + Ixy 6 - y 1 


2. Expand (2a + 3b) 5 using Pascal’s triangle. 
32a 5 + 240 a 4 b + 120a 3 b 2 
+ 1080fl 2 0 3 + 810 ab 4 + 2430 5 


16.2 The binomial series 


The binomial series or binomial theorem is a formula 
for raising a binomial expression to any power without 
lengthy multiplication. The general binomial expansion 
of (a + x) n is given by: 

I L — I ^ | 1-1 H— 2„2 

(a + x) = a + na x -\ -—- a x 

, n(B-l)(B-2) „_ 3 3 

3! 

+ ••• +x n 

where, for example, 3! denote 3x2x1 and is termed 
‘factorial 3’. 


16.3 Worked problems on the 
binomial series 


Use the binomial series to determine 
the expansion of (2 + x) 1 


The binomial expansion is given by: 

n- 1 , n(n- 1) iji 


(a + x) = a + na x + 


2 ! 


n(n - 1 )(n - 2) 3 3 

- a x + ■ ■ 

3! 


When a —2 and n = l: 


(2 + x) 1 = 2 7 + 7(2) 6 + (2)V 


+ 


+ 

+ 


(7)(6)(5) 4 3 (7)(6)(5)(4) 

- (Z) x 4- - 

(3)(2)(1) V (4)(3)(2)(1) 

(7)(6)(5)(4)(3) 2 5 

(5) (4)(3)(2)(1) _ A 

(7)(6)(5)(4)(3)(2) 6 

(6) (5)(4)(3)(2)(1) 

(7) (6)(5)(4)(3)(2)(1) 7 
C7)(6)(5)(4)(3)C2)(1)^ 


(2) 3 x 4 
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i.e. (2 + x) 7 = 128 + 448x + 672x 2 + 560jc 3 

+ 28<k 4 + 84jc 5 + I4x 6 + x 7 


Expand -) using the 

binomial series 



= c 5 + 5c 4 



(5)(4)(3) 2 
(3)(2)(1) C 



2 


(5)(4)(3)(2) / 1\ 
+ (4)(3)(2)(1) C V c) 


(5)(4)(3)(2)(1) / 1\ 5 
(5)(4)(3)(2)(1) V c) 


i.e. 


\ = c 5 — 5c 4 + 10c — 



Without fully expanding (3 + x ) 7 , 
determine the fifth term 


The r'th term of the expansion (a + x) n is given by: 
n(n - l)(w - 2)... to p- - 1) terms r _, 

(r-1)! 

Substituting n — 7,a = 3 and r — 1 = 5— 1=4 gives: 
(7)(6)(5)(4) 7 _ 4 4 

(4)(3)(2)(1) 

i.e. the fifth term of (3 + x) 1 = 35(3) 3 x 4 = 945x 4 


/ i y° 

Find the middle term of I 2 p - 

V 2 qj 


In the expansion of (a + x) 10 there are 10+ 1, i.e. 11 
terms. Hence the middle term is the sixth. Using the 
general expression for the r’th term where a — 2p, 

1 

x = -, n — 10 and r — 1 = 5 gives: 

2 q 

(10X9X8X7X6) 10 _ 5 

(5)(4)(3)(2)(1) V 2 q) 

= 252<32p! >(-3^) 

/ 1\ 10 p 5 

Hence the middle term of I 2 q -) is —252— F 

V 2 q) q* 


Evaluate (1.002) 9 using the binomial 
theorem correct to (a) 3 decimal places and (b) 7 
significant figures 


(1 + xf = 1 + nx + n \^x 2 


n(/i - 1)(« - 2) 3 

- x + • ■ 

3! 


( 1 . 002) 9 = (1 + 0 . 002) 9 


Substituting x = 0.002 and n — 9 in the general expan¬ 
sion for (1 +x) n gives: 

(1 + 0.002) 9 = 1 + 9(0.002) + |^j(0.002) 2 

+ ( 9 K 8 X 7 ) ( 0 . 002) 3 + ... 

(3)(2)(1) 

= 1 +0.018 + 0.000144 

+ 0.000000672 + ■ ■ • 

= 1.018144672... 

Hence, (1.002) 9 = 1.018, correct to 3 decimal places 
= 1.018145, correct to 

7 significant figures 


Determine the value of (3.039) 4 , 
correct to 6 significant figures using the binomial 
theorem 


(3.039) 4 may be written in the form (1 + x) n as: 


(3.039) 4 


(1 +0.013) 4 


Hence (3.039) 4 


(3 + 0.039) 4 


3 1 + 


0.039 


3 4 (1 +0.013) 4 

(4)(3) , 

1 + 4(0.013) +^jj(0-013) 2 

(4)(3)(2) o 

; (0.013) 3 + 
(3)(2)(1) 

1 + 0.052 + 0.001014 

+ 0.000008788 + 


1.0530228 

correct to 8 significant figures 
3 4 (1.0530228) 

85.2948, correct to 

6 significant figures 
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Now try the following exercise 


3. Expand (2x — 3y) 4 


Exercise 63 Further problems on the 
binomial series 

1. Use the binomial theorem to expand (a + 2.x) 4 

a 4 + 8 a 3 x + 24 a 2 .x 2 

+ 32ax 3 + 16x 4 

2. Use the binomial theorem to expand (2 — x) 6 
[64 - 192x + 240x 2 - 160x 3 ' 

+ 60x 4 — 12x 5 + x 6 

16x 4 - 96x\y + 216x 2 y 2_l 
—216xy 3 + 81/ 

( 2\ 5 

4. Determine the expansion of I 2x H— 1 

' s , 320 

32x 5 + 160x 3 + 320x H- 

160 32 

h— r + ~5 

X 3 X 3 

5. Expand (p + 2q) 11 as far as the fifth term 
j" + 22/%+ 220p V 1 

+ 1320// +5280// 

. 13 


6. Determine the sixth term of ( 3p + ~ ) 

[34749 //] 

7. Determine the middle term of (2 a — 5// 

[700000 a 4 b 4 ] 

8. Use the binomial theorem to determine, cor¬ 
rect to 4 decimal places: 

(a) (1.003) 8 (b) (0.98) 7 

[(a) 1.0243 (b) 0.8681] 

9. Evaluate (4.044) 6 correct to 3 decimal places. 

[4373.880] 


16.4 Further worked problems on 
the binomial series 


Problem 9. 

1 

(a) Expand- ? in ascending powers of x as 

(1 + 2 xy 

far as the term in x 3 , using the binomial series. 


(b) State the limits of x for which the expansion 
is valid 

(a) Using the binomial expansion of (1 +x) n , where 
n — —3 and x is replaced by 2x gives: 


1 


(1 + 2x) 3 


= (1 + 2x) -3 

(—3)(—4) 2 

= 1 + (—3)(2x) + -——-(2x) 2 

+ (_3K-4X-5, (it)3 _ 

= 1 — 6x + 24x 2 — 80 x 3 + 


(b) The expansion is valid provided |2x| < 1, 

111 

i.e. |x| < - or — - <x < - 


Problem 1C 


(a) 


(b) 


1 

Expand —-— in ascending powers of x as 

far as the term in x 3 , using the binomial 
theorem. 

What are the limits of x for which the 
expansion in (a) is true? 


(a) 


1 


(4 — x) 2 


K'-i)] *('/)' 


Using the expansion of (1 +x)" 

1 1 / x \—2 

(4 — x) 2 16 

1 

“ 16 




+ 


(—2)(—3) 

2 ! 

(—2)(—3)(—4) 


3! 


(-/ 


1 

16 


3x 2 x 3 


x 

1 +- + —— + + 
2 16 16 


(b) 


The expansion in (a) is true provided 
i.e. |x| <4 or —4 < x < 4 


x 

4 


< 1, 
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Use the binomial theorem to expand 
V?+ x in ascending powers of x to four terms. 

Give the limits of x for which the expansion is valid 




= V4,/l + \ 


-’(' + ?) 

Using the expansion of (1 +x) n , 


= 2 


+ 


1 


(?) 


(l/2)(-l/2) /x\- 


2 ! 


(?)' 


(1/2)C—1/2)(—3/2) /xx3 


3! 




2 3 

. X X X 

= 21 l + ^-T^ + 


8 128 1024 


1 3 

X X X J 

: — 2 + — — +-— 

4 64 512 


This is valid when 


< 1 , 


i.e. 


< 4 or —4 < x < 4 


Expand 


1 


in ascending 


y/T^Tt 

powers of t as far as the term in f 3 . State the limits 
of t for which the expression is valid 


= d-2f )"i 

= 1 + l _i) ( _ 2 , )+ <=fMW 

, (-1/2X-3/2X-5/2) ,_ 2() 3 + 


3! 

using the expansion for( 1 + x) n 


, 3 2 5 , 

= 1 + H- -r + -r + 

2 2 


The expression is valid when \2t\ < 1, 

111 

i.e. 1/1 < - or — < t < — 

2 2 2 


<yi - 3 xvT+x 
Simplify-=-given 

that powers of x above the first may be neglected 

•yi — 3xV i+x 


/ x\ 3 

( 1 + 2 ) 

1 1 / x\ 

= (1_3x) 3(1 +x )2 (l + -j 


-3 


r /i\ i 

/1\ 1 r /xyi 

1 + - (—3x) 

1 + - x) 1 + -3 (-) 

. \3 / 

\2J JL V2/J 


when expanded by the binomial theorem as far as the 
x term only, 

-c-^ + DO-t) 

( I x 3x\ when powers of x higher 

2 2 / than unity are neglected 

= (1 - 2x) 


Vl + 2x 

Express —as a power series 

yr^ix 

as far as the term in x 2 . State the range of values of 
x for which the series is convergent 


\J 1T 2x i i 

3 =(1+2x)2(1-3x)-3 

V1 — 3x 

(1 +2.v|S = I + (|) tlx) 

+ <1AHV. 


= 1 + x —— + • • • which is valid for 

1 

|2x| < 1, i.e. |x| < - 

(l-3x)-3 = 1 + (—1/3)(—3x) 

(—1/3)(—4/3) , » 


+ 


2 ! 


(—3x) + • ■ 


= 1 + x + 2x“ + • • • which is valid for 
|3x| < 1, i.e. |x| < ^ 
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Hence 


V1 + 2x 
y/1 - 3x 


= (1 + 2x)5(l - 3x)a 

I * 2 

— ( 1 + X--—h • 


(1 + x + 2x + • ■ ■) 

Jl 


— 1 -}- x 2x -{- x -f- x — 

neglecting terms of higher power than 2 


= 1 + 2 x H— x 1 


1 1 

The series is convergent if — - < x < - 


Now try the following exercise 


Exercise 64 Further problems on the 
binomial series 


In Problems 1 to 5 expand in ascending powers of x 
as far as the term in x 3 , using the binomial theorem. 
State in each case the limits of x for which the series 
is valid. 

1. —- [1+X + X 2 +x 3 + • • ■, |x| < 1] 

(1 -x) 


1 

(1 +x) 2 


1 — 2x + 3x 2 — 4x 3 + • ■ • , 

W < 1 


1 

(2+x) 3 



|x| <2 


4. V2 + x 


A i+X i 

|x| < 2 


32 




5 . 


Vl + 3x 


3 27 , 135 , 

1-x H- x~ -x 

2 8 16 

1 

|x| < - 
3 


6. Expand (2 + 3x) 6 to three terms. For what 
values of x is the expansion valid? 


<L * 1 


9x 


189 


2 

|x| < - 
3 


7. When x is very small show that: 

1 i 5 

—-— • ^ 1 —x 

(1 — x) 2 Vl —x 2 


(a) 


(b) 


(c) 


(1 -2x) 

(1 — 3x) 4 

vT+5x ^ 
^/l-2x" 


1 + lOx 


, 19 

1 + —x 

6 


8 . 


If x very small such thatx 2 and higher powers 
may be neglected, determine the power series 
*Jx + 4 -^8 —x 


for 


^(1 +x) 3 


. 31 

4-x 

15 


9. Express the following as power series in 
ascending powers of x as far as the term in 
x 2 . State in each case the range of x for which 
the series is valid. 

(1+x) ^(1 - 3x) 2 


(a) 


1 — X 
1 “I” X 


(b) 


(a) 1 


V 1 + X 2 

1 2 

— x+ -x , 

W < 1 

7 , 

— x — —x, 
2 

1*1 * 5 


16.5 Practical problems involving 
the binomial theorem 


Binomial expansions may be used for numerical approx¬ 
imations, for calculations with small variations and in 
probability theory. 


The radius of a cylinder is reduced 
by 4% and its height is increased by 2%. Determine 
the approximate percentage change in (a) its 
volume and (b) its curved surface area, (neglecting 
the products of small quantities) 


Volume of cylinder = jzr 2 h 
Let /• and h be the original values of radius and height. 
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The new values are 0.96r or (1 — 0.04)r and 1.02 h or 
(1 + 0.02 )h 

(a) New volume = tt[( 1 -0.04)r] 2 [(l + 0.02)/7] 

= nr 2 h{ 1 — 0.04) 2 (1 + 0.02) 

Now (1 - 0.04) 2 = 1 - 2(0.04) + (0.04) 2 

= (1 — 0.08), neglecting powers 
of small terms 

Hence new volume 

R» nr 2 h(l -0.08X1 + 0.02) 

Rs nr 2 h( 1 — 0.08 + 0.02), neglecting products 

of small terms 

Rs jtr 2 h(l — 0.06) or Q.9Aitr 2 h, i.e. 94% of the 

original volume 

Hence the volume is reduced by approxi¬ 
mately 6% 

(b) Curved surface area of cylinder = 2rcrh. 

New surface area 

= 2tt[( 1 -0.04)r][(l + 0.02)/z] 

= 2nrh{\ - 0.04)(1 + 0.02) 

Rs 2jtrh(\ — 0.04 + 0.02), neglecting products 
of small terms 

Rs 2jtrh(l - 0.02) or 0.98(2 nrh), i.e. 98% of the 
original surface area 

Hence the curved surface area is reduced by 
approximately 2% 


bl 3 

(1 + 0.035)(1 — 0.075), neglecting powers 


of small terms 


bl 3 

i —(1 + 0.035 — 0.075), neglecting products 


of small terms 


bl 3 


bl 3 


—(1 - 0.040) or (0.96) — ,i.e. 96% of the 


12 


12 

original second moment of area 


Hence the second moment of area is reduced by 
approximately 4% 


The resonant frequency of a 

1 fk 

vibrating shaft is given by: / = —, -, where k is 

2 Tty I 

the stiffness and I is the inertia of the shaft. Use the 
binomial theorem to determine the approximate 
percentage error in determining the frequency using 
the measured values of k and I when the measured 
value of k is 4% too large and the measured value 
of I is 2% too small 


Let/, k and I be the true values of frequency, stiffness 
and inertia respectively. Since the measured value of 
stiffness, k \, is 4% too large, then 

104 

k\ = - k = (1 + 0.04)* 

100 

The measured value of inertia, I \, is 2% too small, hence 


The second moment of area of a 
bl 3 

rectangle through its centroid is given by —. 
Determine the approximate change in the second 
moment of area if b is increased by 3.5% and / is 
reduced by 2.5% 


New values of b and / are (1 + 0.035)/? and (1 — 0.025)/ 
respectively. 

New second moment of area 


98 

h = -/ = (1 

100 


0 . 02 )/ 


The measured value of frequency. 


h 


_L K 

27ry I\ 


-kh 

/C, l 

Z7T 


1 1 


1 

2 


= —[Q + 0.04 )*]2 [(1 - 0.02)/]"2 
In 


=^[(1 + 0.035)/?][(l - 0.025)/] 3 
bl 3 

=—(l + 0.035)(l -0.025) 3 


= —(1 + 0.04)M(1 - 0.02)"*/-s 
2 7T 

=—kh~ 2(1 + 0.04)z(l - 0.02)“5 

2jt 
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i.e. fi = /( 1 + 0.04)i(l - 0.02)“* 


*f 


(0.04) 


1 + 


(- 0 . 02 ) 


^/(l +0.02)(1 + 0.01) 


Neglecting the products of small terms, 

/i « (1 + 0.02 + 0.01)/ « 1.03/ 

Thus the percentage error in / based on the measured 
values of k and I is approximately [(1.03)(100) — 100], 

i.e. 3% too large 


Now try the following exercise 


Exercise 65 Further practical problems 

involving the binomial theorem 

1. Pressure p and volume v are related by 
pu 3 = c, where c is a constant. Determine the 
approximate percentage change in c when p 
is increased by 3% and v decreased by 1.2%. 

[ 0 . 6 % decrease] 

2. Kinetic energy is given by \mv 2 . Determine 
the approximate change in the kinetic energy 
when mass m is increased by 2.5% and the 
velocity v is reduced by 3%. 

[3.5% decrease] 

3. An error of +1.5% was made when measuring 
the radius of a sphere. Ignoring the products 
of small quantities determine the approximate 
error in calculating (a) the volume, and (b) the 
surface area. 

[(a) 4.5% increase (b) 3.0% increase] 

4. The power developed by an engine is given 

by I = k PLAN, where k is a constant. Deter¬ 
mine the approximate percentage change in 
the power when P and A are each increased 
by 2.5% and L and N are each decreased by 
1.4%. [2.2% increase] 

5. The radius of a cone is increased by 2.7% 
and its height reduced by 0.9%. Determine the 
approximate percentage change in its volume, 
neglecting the products of small terms. 

[4.5% increase] 


6 . The electric field strength H due to a magnet 
of length 21 and moment M at a point on its 
axis distance x from the centre is given by: 

_ L_] 

(x - l) 2 (x + l) 2 \ 



Show that is / is very small compared with x, 
2 M 

then H ss —- 

x 3 

7. The shear stress r in a shaft of diameter 

kT 

D under a torque T is given by: x— - T . 

jtD i 

Determine the approximate percentage error 
in calculating r if T is measured 3% too small 
and D 1.5% too large. [7.5% decrease] 

8 . The energy W stored in a flywheel is given 

by: W — kr 5 N 2 , where k is a constant, r is 
the radius and N the number of revolutions. 
Determine the approximate percentage change 
in W when r is increased by 1.3% and N is 
decreased by 2%. [2.5% increase] 

9. In a series electrical circuit containing induc¬ 
tance L and capacitance C the resonant fre- 

1 

quency is given by:/ r =- -— . If the values 

2tz^JLC 

of L and C used in the calculation are 2.6% too 
large and 0 . 8 % too small respectively, deter¬ 
mine the approximate percentage error in the 
frequency. [0.9% too small] 

At 4 

10. The viscosity 17 of a liquid is given by: rj = —, 

vl 

where k is a constant. If there is an error in r 
of +2%, in v of +4% and l of —3%, what is 
the resultant error in 77 ? [+7%] 


11. A magnetic pole, distance x from the plane of 
a coil of radius r, and on the axis of the coil, is 
subject to a force F when a current flows in the 

kx 

coil. The force is given by: F — — . 

V(r 2 +x 2 ) 3 

where A is a constant. Use the binomial theo¬ 
rem to show that when x is small compared to 

kx 5 kx 2 

r, then F ^ -=- 

r 5 2 r 1 

12. The flow of water through a pipe is given by: 

l(3d) 5 H 

G=yj ———. If d decreases by 2% and H by 

1 %, use the binomial theorem to estimate the 
decrease in G. [5.5%] 
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Chapter 17 


Solving equations by 
iterative methods 


17.1 Introduction to iterative 
methods 


Many equations can only be solved graphically or 
by methods of successive approximation to the roots, 
called iterative methods. Three methods of successive 
approximations are (i) by using the Newton-Raphson 
formula, given in Section 16.2, (ii) the bisection meth¬ 
ods, and (iii) an algebraic methods. The latter two meth¬ 
ods are discussed in Higher Engineering Mathematics, 
fifth edition. 

Each successive approximation method relies on a 
reasonably good first estimate of the value of a root 
begin made. One way of determining this is to sketch a 
graph of the function, say y—f(x), and determine the 
approximate values of roots from the points where the 
graph cuts the x-axis. Another way is by using a func¬ 
tional notation method. This method uses the property 
that the value of the graph of /(x) = 0 changes sign for 
values of x just before and just after the value of a root. 
For example, one root of the equation x 1 — x — 6 = 0 is 
x — 3. 

Using functional notation: 

fix) — x 2 — x — 6 
/(2) = 2 2 - 2 - 6 = -4 
/(4) = 4 2 - 4- = +6 

It can be seen from these results that the value of fix) 
changes from —4 at/(2) to +6 at/(4), indicating that 
a root lies between 2 and 4. This is shown more clearly 
in Fig. 17.1. 



Figure 17.1 


17.2 The Newton-Raphson method 


The Newton-Raphson formula, often just referred to as 
Newton’s method, may be stated as follows: 


if r\ is the approximate value of a real root of the 
equation fix) = 0, then a closer approximation to the 
root ri is given by: 


fin ) 

ri = r\ - 

fin) 

The advantages of Newton’s method over other 
methods of successive approximations is that it can 
be used for any type of mathematical equation (i.e. 
ones containing trigonometric, exponential, logarith¬ 
mic, hyperbolic and algebraic functions), and it is 
usually easier to apply than other methods. The method 
is demonstrated in the following worked problems. 
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17.3 Worked problems on the 
Newton-Raphson method 


Use Newton’s method to determine 
the positive root of the quadratic equation 
5 a ' 2 + I 1a — 17 = 0, correct to 3 significant figures. 
Check the value of the root by using the quadratic 
formula. 

The functional notation method is used to determine the 
first approximation to the root: 

fix) — 5x 2 + llx-17 
/(0) = 5(0 ) 2 + 11(0) - 17 = -17 
/(l) = 5(1 ) 2 + 11(1) — 17 = —1 
/(2) = 5(2) 2 + 11(2)- 17 = 25 

This shows that the value of the root is close to x = 1 
Let the first approximation to the root, r\ , be 1. Newton’s 
formula states that a closer approximation, 


n = r 1 


An) 

fin) 


fix) = 5x 2 + 1 lx — 17, thus, 
/(r) = 5(n) 2 +ll(ri)-17 
= 5(1 ) 2 + 11(1)- 17 = -1 


fix) is the differential coefficient of fix), i.e. 
fix) — lOx + 11 (see Chapter 42). Thus 
fin) = I0(n) +1 1 = 10(1) +1 1 = 21 
By Newton’s formula, a better approximation to the 
root is: 

r 2 = 1 — = 1 - ( - 0.048) = 1.05, 

correct to 3 significant figures 


A still better approximation to the root, r 3 , is given by: 

An) 


n = n - 

= 1.05 
= 1.05 


fin) 

[5(1.05) 2 + 11(1.05)- 17] 
[10(1.05)+ 11] 
0.0625 


21.5 

= 1.05 -0.003 = 1.047, 


i.e. 1.05, correct to 3 significant figures. 

Since the value of n and r 3 are the same when 
expressed to the required degree of accuracy, the 
required root is 1.05, correct to 3 significant figures. 


Checking, using the quadratic equation formula, 

-11 ± V121 — 4(5)( — 17) 
(2X5) 

-11+21.47 


10 


The positive root is 1.047, i.e. 1.05, correct to 3 
significant figures 


Taking the first approximation as 2, 
determine the root of the equation 
x 2 — 3 sinx + 2 ln(x + 1) = 3.5, correct to 3 
significant figures, by using Netwon’s method 


fin) 

Newton’s formula state that r? = n — : -, where ri 

fin) 

is a first approximation to the root and n is a better 
approximation to the root. 

Since fx = x 2 — 3 sinx + 2 ln(x + 1) — 3.5 

fin) =/(2) = 2 2 - 3sin2 + 21n3 - 3.5, 

where sin 2 means the sin of 2 radians 

= 4-2.7279 + 2.1972-3.5 = -0.0307 

, 2 

f x = 2x — 3 cos x H- 

x + 1 

A in) =/ , (2) = 2(2) — 3 cos 2 + ^ 

= 4+ 1.2484 + 0.6667 = 5.9151 


Hence, 


n = n - 

= 2 - 


fin) 
fin) 
-0.0307 


= 2.005 or 2.01, 


5.9151 

correct to 3 significant figures. 

A still better approximation to the root, n, is given by: 

fin) 

r3 = T2 - 

■ fin) 

[(2.005) 2 - 3 sin 2.005 + 2 In3.005 - 3.5] 

= 2.005 - 


2(2.005)- 3 cos 2.005 


2.005 + 1 


(-0.00104) 

= 2.005 - 2 - 2 = 2.005 + 0.000175 

5.9376 

i.e. n — 2.01, correct to 3 significant figures. 
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Since the values of n and r 3 are the same when 
expressed to the required degree of accuracy, then the 
required root is 2.01, correct to 3 significant figures. 

Use Newton’s method to find the 
positive root of: 

(x + 4 ) 3 — e 192x + 5 cos - = 9, 

3 

correct to 3 significant figures 


The function notational method is used to determine the 
approximate value of the root: 

f{x) = (.x + 4 ) 3 — e 192x + 5 cos ^ — 9 

/(0) = (0 + 4 ) 3 - e° + 5 cos 0 - 9 = 59 

/(l) = 5 3 — e 1 ' 92 + 5 cos ^ — 9 » 114 

/(2) = 6 3 - e 3 ' 84 + 5 cos ^ - 9 « 164 

/(3) = 7 3 - e 5 ' 76 + 5 cos 1 - 9 ^ 19 

/(4) = 8 3 - e 1M + 5 cos ^ - 9 « -1660 

From these results, let a first approximation to the root 
be n = 3. 

Newton’s formula states that a better approximation 
to the root. 


r 2 = r i 


fin) 


fin) 

fin) =fi 3) = 7 3 - e 516 + 5 cos 1 - 9 


= 19.35 


fix) = 3 ix + 4 ) 2 - 1.92e l92x - ^ sin j 
fin) =fi 3) = 3(7 ) 2 - 1.92e 576 - ^ sin 1 


= -463.7 
19.35 

Thus, r 3 = 3-=3 + 0.042 = 3.042 = 3.04, 

-463.7 

correct to 3 signihcant hgures 


Similarly, r 3 


3.042 

3.042 


/(3.042) 
/'(3-042) 
-1.146 
(-513.1) 


3.042 - 0.0022 = 3.0398 = 3.04, 


Since n and r 3 are the same when expressed to the 
required degree of accuracy, then the required root is 
3.04, correct to 3 significant hgures. 


Now try the following exercise 


Exercise 66 Further problems on Newton's 
method 

In Problems 1 to 7, use Newton’s method to solve 

the equations given to the accuracy stated. 

1. x 2 — 2x — 13 = 0, correct to 3 decimal places. 

[-2.742, 4.742] 

2. 3x 3 — 10x=14, correct to 4 signihcant 

hgures. [2.313] 

3. x 4 — 3jc 3 + 7x — 12 = 0, correct to 3 decimal 

places. [-1.721,2.648] 

4. 3x 4 — 4x 3 + lx— 12, correct to 3 decimal 

places. [-1.386,1.491] 

5. 3 In x + 4x = 5, correct to 3 decimal places. 

[1.147] 

6 . x 3 = 5 cos2x, correct to 3 signihcant hgures. 

[-1.693, -0.846, 0.744] 

7. 300<? + - = 6 , correct to 3 signihcant 

hgures. [2.05] 

8 . A Fourier analysis of the instantaneous 

value of a waveform can be represented by: 

/ 7r\ 1 

y— (t+ - ) + sinr+ -sin3t 

Use Newton’s method to determine the value 
of t near to 0.04, correct to 4 decimal places, 
when the amplitude, y, is 0.880 [0.0399] 

9. A damped oscillation of a system is given by 

the equation: y = —7.4e° 5r sin 3t. Determine 
the value of t near to 4.2, correct to 3 sig¬ 
nihcant hgure, when the magnitude y of the 
oscillation is zero. [4.19] 


correct to 3 signihcant hgures. 











Revision Test 4 


This Revision test covers the material contained in Chapters 14 to 17. The marks for each question are shown in 
brackets at the end of each question. 


1. Evaluate the following, each correct to 4 signifi¬ 
cant figures: 

5(e~ 2 - 73 — 1) 

(a) g—0.683 (b) gi 68 (3) 

2. Expand xe 3v to six terms (5) 


9. A machine is to have seven speeds ranging from 
25rev/min to 500rev/min. If the speeds form 
a geometric progression, determine their value, 
each correct to the nearest whole number. ( 8 ) 

10. Use the binomial series to expand 

(2 a - 3b) 6 (7) 


3. Plot a graph of y = \e~ X2x over the range x = —2 
to x = +1 and hence determine, correct to 1 deci¬ 
mal place, (a) the value of y when x = —0.75, and 
(b) the value of x when y = 4.0. ( 6 ) 


11. Expand the following in ascending powers of t as 
far as the term in f 3 


(a) 


1 

l + l 


(b) 


1 

vT^3r 


4. Evaluate the following, each correct to 3 decimal 
places: 


(a) In 0.0753 


(b) 


In 3.68- In 2.91 
+63 


( 2 ) 


5. Two quantities x and y are related by the equation 

y = ae~ kx , where a and k are constants. Deter¬ 
mine, correct to 1 decimal place, the value of y 
when a = 2.114, k = - 3.20 and x = 1.429 (3) 

6 . Determine the 20th term of the series 15.6, 15, 

14.4,13.8,... (3) 


7. The sum of 13 terms of an arithmetic progression 

is 286 and the common difference is 3. Determine 
the first term of the series. (4) 

8 . Determine the 11th term of the series 1.5, 3, 

6 , 12 ,... ( 2 ) 


For each case, state the limits for which the 
expansion is valid. ( 10 ) 

R 4 6 

12. The modulus of rigidity G is given by G= —j— 

where R is the radius, 0 the angle of twist and L 
the length. Find the approximate percentage error 
in G when R is measured 1.5% too large, 6 is 
measure 3% too small and L is measured 1% too 
small. ( 6 ) 

13. The solution to a differential equation associated 
with the path taken by a projectile for which the 
resistance to motion is proportional to the velocity 
is given by: y = 2.5{e x — e~ x ) + x — 25 

Use Newton’s method to determine the value of x, 
correct to 2 decimal places, for which the value of 
y is zero. ( 11 ) 
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Multiple choice questions on Chapters 1-17 


All questions have only one correct answer (answers on page 570). 


1. The relationship between the temperature in 
degrees Fahrenheit (F) and the temperature in 
degrees Celsius (C) is given by: F=|C + 32. 
135°F is equivalent to: 


9. 


In an engineering equation 
r is: 


3 4 

y 


i 

The value of 
9 


(a) -6 (b) 2 (c) 6 (d) -2 


(a) 43°C (b) 57.2°C 

(c) 185.4°C (d) 184°C 

V 

2. Transposing I = — for resistance R gives: 

(a )I-V (b) j (c) 1 - (d)VI 

3. 11 mm expressed as a percentage of 41 mm is: 

(a) 2.68, correct to 3 significant figures 

(b) 2.6, correct to 2 significant figures 

(c) 26.83, correct to 2 decimal places 

(d) 0.2682, correct to 4 decimal places 

4. When two resistors R\ and R~> are connected in par- 

1 1 1 

allel the formula — =-h — is used to deter- 

Rt R] Ri 

mine the total resistance R[ . If R\ — 470 Q and 
/?2 = 2.7 k£2, R/ (correct to 3 significant figures) 
is equal to: 

(a) 2.68 Q (b) 400 Q 

(c) 473 (d) 3170 £2 

5. 1j + 1j^2j — jis equal to: 

(a) If (b) if (c) 2 2 ', (d) If 

6 . Transposing v—fX to make wavelength X the 
subject gives: 

(a) j (b )v+f (c )f-v (d)- 

/ v 

2~ 3 

7. The value of — 1 is equal to: 

(a) 1 (b) 2 (c) -\ (d) \ 

8 . Four engineers can complete a task in 5 hours. 
Assuming the rate of work remains constant, six 
engineers will complete the task in: 

(a) 126 h (b) 4 h 48 min 

(c) 3 h 20 min (d) 7 h 30 min 


10. Transposing the formula R — Rq( I + at) for t gives: 


(a) 

(c) 


R-Ro 

d+a) 

R-Rq 

uRo 


(b) 


R-Rq-\ 


R 

(d)- 

Roa 


11 . 2x 2 — (x — xy) — x(2y — x) simplifies to: 


(a) x(3x — 1 — y) (b) x 2 — 3xy — xy 

(c) x(xy — y — 1) (d) 3x 2 —x + xy 


12. The current I in an a.c. circuit is given by: 
f _ V 

~ ^/r 2 +x 2 

When R — 4.8, X = 10.5 and / = 15, the value of 
voltage V is: 


(a) 173.18 (b) 1.30 

(c) 0.98 (d) 229.50 


13. The height s of a mass projected vertically upwards 

1 , 

at time t is given by: s = ut — -gt . When g = 10, 
t— 1.5 and s — 3.75, the value of u is: 

(a) 10 (b) —5 (c)+5 (d) —10 

14. The quantity of heat Q is given by the formula 
Q = mc(t 2 — t\ ). When m — 5, t\ — 20, c = 8 and 
Q = 1200, the value of ?2 is: 


(a) 10 (b) 1.5 (c) 21.5 (d) 50 

15. When p — 3, q — —\ and r — —2, the engineering 
expression 2 p 2 q 3 r 4 is equal to: 


(a) -36 (b) 1296 (c) 36 (d) 18 


16. 


pi 

Electrical resistance R = —; transposing this equa- 
a 

tion for l gives: 


Ra 
(a) — 
P 


R 

(b) — 

ap 


a 

(c) ^ 

Rp 


17. 


| -j -11 is equal to: 


(a) 


(b) 1 


16 


(C) 1 


16 


(d)^ 

R 


(d) 2 i 
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18. (2e — 3/)(e+/) is equal to: 

(a) 2e 2 — 3 / 2 (b) 2e 2 - 5ef - 3f 2 

(c) 2e 2 + 3 / 2 (d) 2e 2 — ef — 3 / 2 

19. The solution of the simultaneous equations 
3x — 2y= 13 and 2.x + 5y — —4 is: 


(a) x= — 2, y = 3 
(c)x = 3, y — — 2 

20 . 16 -3 / 4 is equal to: 


(b) x = 1 , y = —5 
(d) x = —7, y — 2 


(a) 8 


(b) -2^ 


(c)4 


1 

(d) „ 


21. A formula for the focal length f of a convex lens is 

1 1 1 

- = —|—. When/ = 4 and u = 6, v is: 
f u v 

(a)-2 (b) ^ (c) 12 (d)-i 

57.06 x 0.0711 

22. If x — - , — cm, which of the following 

VO.0635 

statements is correct? 

(a) x = 16 cm, correct to 2 significant figures 

(b) x = 16.09 cm, correct to 4 significant figures 

(c) x= 1.61 x 10 1 cm, correct to 3 decimal places 

(d) x = 16.099 cm, correct to 3 decimal places 

mass , 

23. Volume =-. The density (in kg/m ) when 

density 

the mass is 2.532 kg and the volume is 162 cm 3 is: 


(a) 0.01563 kg/m 3 
(c) 15 630 kg/m 3 


(b) 410.2 kg/m 3 
(d) 64.0 kg/m 3 


24. (5.5 x 10 2 )(2 x 10 3 )cm in standard form is 

equal to: 


(a) 11 x 10 6 cm 
(c) 11 x 10 5 cm 


(b) 1.1 x 10 6 cm 
(d) 1.1 x 10 5 cm 


25. PV — mRT is the characteristic gas equation. When 
P = 100 x 10 3 , V = 4.0, R = 288 and T = 300, the 
value of m is: 


(a) 4.630 
(c) 0.216 

26. log 16 8 is equal to: 
(a) \ (b) 144 


(b) 313 600 
(d) 100 592 


(c) I 


(d) 2 


27. The quadratic equation in x whose roots are —2 and 
+5 is: 

(a)x 2 -3x-10 = 0 (b)x 2 + 7x+10 = 0 

(c)x 2 + 3x-10 = 0 (d)x 2 -7x-10 = 0 

28. The area A of a triangular piece of land of 

sides a, b and c may be calculated using 

- ci b 4 ~ c 

A — VVs — a )( s — b)(s — c ) where s =---. 

When a = 15 m, b— 11m and c = 8 m, the area, 
correct to the nearest square metre, is: 


(a) 1836 m 2 
(c) 445 m 2 


(b) 648 m 2 
(d) 43 m 2 


(16 x4 ) 2 

29. The engineering expression ———p is equal to: 

(a) 4 (b)2 “ 4 (c)p (d) 1 

30. In a system of pulleys, the effort P required to raise 
a load W is given by P = aW + b, where a and b 
are constants. If W — 40 when P — 12 and W = 90 
when P — 22, the values of a and b are: 


(a) a = 5, b = \ 
(c) a = j, b— — 8 


(b)a= 1,6 = -28 
(d)fl= j ,6 = 4 


i 2 

31. (16 4—27 3) is equal to: 


(a)^ (b) —7 (c)l§ (d) — 8 ^ 


32. Resistance R ohms varies with temperature t 
according to the formula R — Ro( I + at). Given 
R — 21 £2, a — 0.004 and t = 100, Rq has a value of: 


(a) 21.4 
(c) 15 Q 


(b) 29.4 
(d) 0.067 Q 


33. (p + x ) 4 = p 4 + 4 p 3 x + 6 p 2 x 2 + 4px 3 + x 4 . Using 
Pascal’s triangle, the third term of (p + x ) 5 is: 


(a) 10 p 2 x 3 
(c) 5/r 3 x 2 


(b) 5 p 4 x 
(d) 10 p 3 x 2 


16 4 ls: 


34. The value of = of (4^ - 3|) + 5 = ^ 

(a) 17 27 ) (b) 80 j (c)16i (d) 88 

35. log 2 i is equal to: 

(a)-3 (b)i (c) 3 (d) 16 
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36. The value of —-, correct to 3 significant 

e 2 lg 2 

figures, is: 

(a) 0.0588 (b) 0.312 

(c) 17.0 (d) 3.209 

37. 8 x 2 + 13x — 6 = (x + p){qx — 3). The values of p 
and q are: 

(a) p — —2, q = A (b)p=3, <? = 2 

(c)p = 2 , <7 = 8 (d)p=l,g =8 


38. If log 2 x = 3 then: 

(a) x — 8 (b) x = | 

(c) x — 9 (d) x = | 


(a) 


h 

h 


1 

0 


(c)i 2 -h-he 


(b) 

(d) 


h — h 
he 
h~h 
he 


44. The roots of the quadratic equation 
8 x 2 + lOx —3 = 0 are: 

(a) — ^ and | (b) 4 and | 

(c) — f and | (d) | and —4 


45. The current i amperes flowing in a capacitor at time 
t seconds is given by i= 10(1 —e~^ CR ), where 
resistance R is 25 x 10 3 ohms and capacitance 
C is 16 x 10 -6 farads. When current i reaches 7 
amperes, the time t is: 


39. The pressure p Pascals at height h metres above 
ground level is given by p=p 0 e ~ h ' k , where po is 
the pressure at ground level and k is a constant. 
When po is 1.01 x 10 5 Pa and the pressure at a 
height of 1500 m is 9.90 x 10 4 Pa, the value of k, 
correct to 3 significant figures is: 

(a) 1.33 x 10 -5 (b) 75 000 

(c) 173 000 (d) 197 


(a)-0.48 s (b) 0.14 s 

(c) 0.21s (d) 0.48 s 

3.67 ln21.28 

46. The value of- _ Q —, correct to 4 significant 

figures, is: 

(a) 9.289 (b) 13.56 

(c) 13.5566 (d)-3.844 x 10 9 


40. The fifth term of an arithmetic progression is 18 
and the twelfth term is 46. 

The eighteenth term is: 

(a) 72 (b) 74 (c) 68 (d) 70 

41. The height S metres of a mass thrown verti¬ 
cally upwards at time t seconds is given by 
S = 80 1 — 16 1 2 . To reach a height of 50 metres on 
the descent will take the mass: 

(a) 0.73 s (b) 5.56 s 

(c) 4.27 s (d) 81.77 s 


47. The volume V 2 of a material when the temperature 
is increased is given by V 2 — V\[l + y{t 2 — ?i)]- 
The value of t 2 when V 2 = 61.5 cm 3 , Vi = 60cm 3 , 
y = 54 x 10 -6 and t\ = 250 is: 

(a) 213 (b) 463 

(c) 713 (d) 28 028 

48. A formula used for calculating the resistance of a 

pi 

cable is R— —.A cable’s resistance R = 0.50 £2, 
a 

its length / is 5000 m and its cross-sectional 
area a is 4 x 10“ 4 m 2 . The resistivity p of the 
material is: 


42. (2x — y) 2 is equal to: 

(a) 4x 2 + y 2 (b) 2x 2 — 2 xy + y 2 

(c) 4x 2 — y 2 (d) 4x 2 — 4xy + y 2 

43. The final length l 2 of a piece of wire heated 
through e° C is given by the formula l 2 = l\ (1 + ot9 ). 
Transposing, the coefficient of expansion a is 
given by: 


(a) 6.25 x 10 7 f2m (b) 4 x 10“ 8 fim 
(c) 2.5 x 10 7 Qm (d) 3.2 x 10“ 7 f2m 






/ 2.9 \ 

In the equation 5.0= 3.0 In I — 1, x has a value 


(a) 1.59 (b) 0.392 

(c) 0.548 (d) 0.0625 








50. Current / in an electrical circuit is given by 
E-e 

I = — -. Transposing for R gives: 


R+r 
E — e — Ir 


(a) 


(c) (E - e)(I + r) 


(b) 


(d) 


I + r 
E-e 


Ir 


51. (Vx)(y 3 / 2 )(x 2 y) is equal to: 

(a) (b) A 5/2 


(c)XV 5 / 2 


(d) Xy/y 3 


52. The roots of the quadratic equation 2x 2 — 5x + 1 = 0, 
correct to 2 decimal places, are: 


(a) -0.22 and -2.28 
(c) 0.19 and -2.69 


(b) 2.69 and-0.19 
(d) 2.28 and 0.22 


53. Transposing t = 2n - for g gives: 

V § 


(a) 


(c) 


(t — 2 jt) 2 
/ 

i 


(b) (y) / 2 


4jr 2 Z 


/ 


54. log 3 9 is equal to: 
(a) 3 (b) 27 


(d) 


(c) \ (d) 2 


55. The second moment of area of a rectangle through 

bl 3 

its centroid is given by —. 

Using the binomial theorem, the approximate per¬ 
centage change in the second moment of area if b 
is increased by 3% and / is reduced by 2% is: 
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56. The equation x 4 — 3x 2 — 3x + 1 = 0 has: 

(a) 1 real root (b) 2 real roots 

(c) 3 real roots (d) 4 real roots 

57. The motion of a particle in an electrostatic field is 
described by the equation y — x 3 + 3x 2 + 5x — 28. 
When x = 2, y is approximately zero. Using one 
iteration of the Newton-Raphson method, a better 
approximation (correct to 2 decimal places) is: 

(a) 1.89 (b) 2.07 (c) 2.11 (d) 1.93 

58. In hexadecimal, the decimal number 123 is: 

(a) 1111011 (b) 123 

(c) 173 (d) 7B 

59. 6x 2 — 5x — 6 divided by 2x — 3 gives: 

(a) 2x — 1 (b) 3x + 2 

(c) 3x — 2 (d)6x+l 

60. The first term of a geometric progression is 9 and 
the fourth term is 45. The eighth term is: 

(a) 225 (b) 

(c) 384.7 (d) 

61. The solution of the inequality 

(a) t > —2j (b) 

(c) f < -1 (d) 

62. The solution of the inequality 

(a) 1 < x < —2 (b) 

(c) — 1 <x < 2 (d) 


150.5 

657.9 

3r + 2 
t + 1 


< 1 is: 


— 1 <t<\ 

-\<t <1 


■ 2 < 0 is: 


x > 2 
x < —1 


(a)-6% (b) +1% (c) +3% (d) —3% 
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Chapter 18 


Areas of plane figures 


18.1 Mensuration 


Mensuration is a branch of mathematics concerned 
with the determination of lengths, areas and volumes. 



Figure 18.1 


18.2 Properties of quadrilaterals 


Polygon 

A polygon is a closed plane figure bounded by straight 
lines. A polygon, which has: 


In a square, shown in Fig. 18.2: 

(i) all four angles are right angles, 

(ii) opposite sides are parallel, 

(iii) all four sides are equal in length, and 

(iv) diagonals PR and QS are equal in length and bisect 
one another at right angles. 


(i) 

(ii) 

3 sides is called a triangle 

4 sides is called a quadrilateral 

P 

sr y 

(iii) 

5 sides is called a pentagon 



(iv) 

6 sides is called a hexagon 


X 

(v) 

(vi) 

7 sides is called a heptagon 

8 sides is called an octaeon 

s 

Sf 

\ 

/ 


There are five types of quadrilateral, these being: 

(i) rectangle 

(ii) square 

(iii) parallelogram 

(iv) rhombus 

(v) trapezium 

(The properties of these are given below). 

If the opposite corners of any quadrilateral are joined 
by a straight line, two triangles are produced. Since the 
sum of the angles of a triangle is 180°, the sum of the 
angles of a quadrilateral is 360°. 

In a rectangle, shown in Fig. 18.1: 

(i) all four angles are right angles, 

(ii) opposite sides are parallel and equal in length, and 

(iii) diagonals AC and BD are equal in length and bisect 
one another. 


Figure 18.2 

In a parallelogram, shown in Fig. 18.3: 


Figure 18.3 

(i) opposite angles are equal, 

(ii) opposite sides are parallel and equal in length, and 

(iii) diagonals WY and XZ bisect one another. 

In a rhombus, shown in Fig. 18.4: 

(i) opposite angles are equal, 

(ii) opposite angles are bisected by a diagonal, 

(iii) opposite sides are parallel. 
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Figure 18.4 

(iv) all four sides are equal in length, and 

(v) diagonals AC and BD bisect one another at right 
angles. 

In a trapezium, shown in Fig. 18.5: 

(i) only one pair of sides is parallel 



Figure 18.5 


18.3 Worked problems on areas of 
plane figures 


Table 18.1 summarises the areas of common plane 
figures. 


Table 18.1 

(i) Square 

(ii) Rectangle 


1 _ Area = xr 
x 


I* 


Area = / x b 


(iii) Parallelogram 



Area = b x h 


(iv) Triangle 


(v) Trapezium 


(vi) Circle 



Table 18.1 ( Continued ) 


(vii) Semicircle 



1 , nd 2 

Area= -nr or- 


2 8 



State the types of quadrilateral shown 
in Fig. 18.6 and determine the angles marked a to l 




Figure 18.6 


(iii) ABCD is a square 

The diagonals of a square bisect each of the right 
angles, hence 



(ii) EFGH is a rectangle 

In triangle FGH , 40° + 90° + b= 180° (angles in 
a triangle add up to 180°) from which, b — 50°. 
Also c = 40° (alternate angles between parallel 
lines EF and HG). 

(Alternatively, b and c are complementary, i.e. 
add up to 90°) 

d = 90° + c (external angle of a triangle equals 
the sum of the interior opposite angles), hence 

d = 90° + 40° = 130° 
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(iii) JKLM is a rhombus 

The diagonals of a rhombus bisect the interior 
angles and opposite internal angles are equal. 
Thus ZJKM = ZMKL = ZJMK = ZLMK = 30°. 
hence, e = 30° 

In triangle KLM, 30° + ZKLM + 30° = 180° 
(angles in a triangle add up to 180°), hence 
ZKLM = 120°. 

The diagonal JL bisects ZKLM , hence 


(iv) NOPQ is a parallelogram 

g = 52° (since opposite interior angles of a paral¬ 
lelogram are equal). 

In triangle NOQ, g + h + 65° = 180° (angles in a 
triangle add up to 180°), from which, 

h= 180°-65°-52° = 63° 

i — 65° (alternate angles between parallel lines 
NQ and OP). 

j = 52° + i = 52° + 65° = 117° (external angle of 
a triangle equals the sum of the interior opposite 
angles). 

(v) RSTU is a trapezium 

35° + k — 75° (external angle of a triangle equals 
the sum of the interior opposite angles), hence 

£ = 40° 

ZSTR — 35° (alternate angles between parallel 
lines RU and ST). 

/ + 35° = 115° (external angle of a triangle equals 
the sum of the interior opposite angles), hence 


Find (a) the cross-sectional area of 
the girder shown in Fig. 18.7(a) and (b) the area of 
the path shown in Fig. 18.7(b) 

50 mm 


1— 

~A~ 

-1 ' 

+ 

5 mm 

B 

«—6 mm 

mm 




C 

|< 

H-- 


-N 


L 
r 

(a) 

Figure 18.7 


25 m 


-2m 


(b) 


(a) The girder may be divided into three separate 
rectangles as shown. 

Area of rectangle A = 50 x 5 = 250 mm 2 
Area of rectangle B = (75 — 8 — 5) x 6 
= 62 x 6 = 372 mm 2 
Area of rectangle C = 70 x 8 = 560 mm 2 

Total area of girder =250 + 372 + 560 = 1182 mm 2 

or 11.82 cm 2 

(b) Area of path = area of large rectangle — area of 
small rectangle 

= (25 x 20) - (21 x 16) = 500 - 336 

= 164 m 2 


/= 115° -35° = 80° 

A rectangular tray is 820 mm long 
and 400 mm wide. Find its area in (a) mm 2 , 

(b) cm 2 , (c) m 2 

(a) Area = length x width = 820 x 400 

= 328 000 mm 2 

(b) 1 cm 2 = 100 mm 2 . Hence 

, 328 000 , 2 

328 000mm“ = -cm 2 = 3280 cm 2 

100 

(c) 1 m 2 = 10 000 cm 2 . Hence 

3280 cm 2 = 3280 m 2 = 0.3280 m 2 
10000 


Find the area of the parallelogram 
shown in Fig. 18.8 (dimensions are in mm) 



Figure 18.8 

Area of parallelogram = base x perpendicular height. 
The perpendicular height h is found using Pythagoras’ 
theorem. 

BC 2 = CE 2 + h 2 
i.e. 15 2 = (34 - 25) 2 + h 2 

h 2 = 15 2 - 9 2 = 225 - 81 = 144 
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Hence, h = V 144 = 12 mm (—12 can be neglected). Now try the following exercise 

Hence, area of ABCD = 25 x 12 = 300 mm 2 


Figure 18.9 shows the gable end of a 
building. Determine the area of brickwork in the 
gable end 



Figure 18.9 


The shape is that of a rectangle and a triangle. 

Area of rectangle = 6 x 8 = 48 m 2 

Area of triangle =jX base x height. 

CD = 4 m, AD = 5 m, hence AC = 3 m (since it is a 3, 
4, 5 triangle). 

Hence, area of triangle ABD = j x 8 x 3 = 12m 2 
Total area of brickwork = 48 + 12 = 60 m 2 


Determine the area of the shape 
shown in Fig. 18.10 


27.4 mm 

5.5 mm 

x : ^ 


8.6 mm 

Figure 18.10 



The shape shown is a trapezium. 


Area of trapezium 


1 

2 


(sum of parallel sides)(perpendicular 

distance between them) 


= 1(27.4 + 8.6X5.5) 

1 7 

= - x 36 x 5.5 = 99 mm* 

2 


Exercise 67 Further problems on areas of 
plane figures 

1. A rectangular plate is 85 mm long and 42 mm 
wide. Find its area in square centimetres. 

[35.7 cm 2 ] 

2. A rectangular field has an area of 1.2 hectares 
and a length of 150 m. Find (a) its width 
and (b) the length of a diagonal (1 hectare 
= 10000 m 2 ). 

[(a) 80 m (b) 170 m] 

3. Determine the area of each of the angle iron 
sections shown in Fig. 18.11. 

[(a) 29 cm 2 (b) 650 mm 2 ] 



30 mm ■ | 

8 mm 


-10 mm 1 


50 mm 
(b) 


1 

6 mm 

T 


Figure 18.11 


4. A rectangular garden measures 40 m by 15 m. 
Aim flower border is made round the two 
shorter sides and one long side. A circular 
swimming pool of diameter 8 m is constructed 
in the middle of the garden. Find, correct to 
the nearest square metre, the area remaining. 

[482 m 2 ] 

5. The area of a trapezium is 13.5 cm 2 and the 

perpendicular distance between its parallel 
sides is 3 cm. If the length of one of the paral¬ 
lel sides is 5.6 cm, find the length of the other 
parallel side. [3.4 cm] 

6 . Find the angles p, q, r, s and t in Fig. 18.12(a) 
to (c). 

p = 105°, q = 35°, r = 142°, 
i = 95°, t = 146° 
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Figure 18.12 

7. Name the types of quadrilateral shown in Fig. 
18.13(i) to (iv), and determine (a) the area, 
and (b) the perimeter of each. 

(i) rhombus (a) 14 cm 2 (b) 16 cm 

(ii) parallelogram (a) 180 cm 2 (b) 80 mm 

(iii) rectangle (a) 3600 mm 2 (b) 300 mm 

(iv) trapezium (a) 190 cm 2 (b) 62.91 cm 




5.94 cm 
(i) 


Figure 18.13 

8. Calculate the area of the steel plate shown in 
Fig. 18.14 [6750mm 2 ] 


25 



Figure 18.14 


nd 2 


Area of a circle = nr" or 


(a) Area = nr" = n(5)" — 25n = 78.54 cm* 


(b) Area = 


nd" 


225n 


= ^C15) 2 = _ 

4 4 4 

(c) Circumference, c — 2nr, hence 


= 176.7 mm 2 


c 70 35 

r = — = — = — mm 
2 n 2n n 


35 \ 35 2 

Area of circle = nr z = n | — ) =- 

n) n 

= 389.9 mm 2 or 3.899 cm 2 


Calculate the areas of the following 
sectors of circles having: 

(a) radius 6 cm with angle subtended at centre 50° 

(b) diameter 80 mm with angle subtended at 
centre 107°42' 

(c) radius 8 cm with angle subtended at centre 
1.15 radians 


U rs 

Area of sector of a circle =- (nr") 

360 


or -r 2 0 (0 in radians). 


(a) Area of sector 


50 


= -(7r6 ) = 

360 


50 x n x 36 


360 


= 5jt 


= 15.71 cm 


(b) If diameter = 80 mm, then radius, r — 40 mm, and 
area of sector 

107° 42' 7 107 g 9 

(;r40 2 ) = -— (7r40 2 ) 

360 


360 

107.7 


360 


(tt40 2 ) = 1504 mm 2 or 15.04 cm 2 


18.4 Further worked problems on 
areas of plane figures 


Find the areas of the circles having 
(a) a radius of 5 cm, (b) a diameter of 15 mm, 

(c) a circumference of 70 mm 


(c) Area of sector= j r 2 0 = i x 8 2 x 1.15 

= 36.8 cm 2 

A hollow shaft has an outside 
diameter of 5.45 cm and an inside diameter of 
2.25 cm. Calculate the cross-sectional area of the 
shaft 
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The cross-sectional area of the shaft is shown by the 
shaded part in Fig. 18.15 (often called an annulus). 



d= -| 
2.25 cm 


d= 5.45 cm 

Figure 18.15 


Area of shaded part = area of large circle — area of small 
circle 


txD 2 jtd 2 
~4 4~ 


~(D 2 — d 2 ) 

|(5.45 2 - 2.25 2 ) = 19.35 cm 2 


3. If the area of a circle is 320 mm 2 , find (a) its 
diameter, and (b) its circumference. 

[(a) 20.19 mm (b) 63.41mm] 

4. Calculate the areas of the following sectors of 
circles: 

(a) radius 9 cm, angle subtended at centre 
75° 

(b) diameter 35 mm, angle subtended at cen¬ 
tre 48° 37' 

(c) diameter 5 cm, angle subtended at centre 
2.19 radians 


(a) 53.01 cm 2 (b) 129.9 mm 2 
(c) 6.84 cm 2 


The major axis of an ellipse is 
15.0 cm and the minor axis is 9.0 cm. Find its area 
and approximate perimeter 

If the major axis = 15.0 cm, then the semi-major 
axis = 7.5 cm. 

If the minor axis = 9.0 cm, then the semi-minor 
axis = 4.5 cm. 

Hence, from Table 18.1 (ix), 

area = nab = 7 t(7 .5)(4.5) = 106.0 cm 2 


5. Determine the area of the shaded template 
shown in Fig. 18.16 [5773mm 2 ] 



Figure 18.16 


and perimeter n(a + b) = n(7.5 + 4.5) 

= 12.0tt = 37.7 cm 


Now try the following exercise 

Exercise 68 Further problems on areas of 
plane figures 

1. Determine the area of circles having a 
(a) radius of 4 cm (b) diameter of 30 mm 
(c) circumference of 200 mm. 

(a) 50.27 cm 2 (b) 706.9 mm 2 
(c) 3183 mm 2 

2. An annulus has an outside diameter of 60 mm 

and an inside diameter of 20 mm. Determine 
its area. [2513 mm 2 ] 


6. An archway consists of a rectangular opening 
topped by a semi-circular arch as shown in Fig. 
18.17. Determine the area of the opening if the 
width is 1 m and the greatest height is 2 m. 

[1.89 m 2 ] 



1 m 


Figure 18.17 

7. The major axis of an ellipse is 200 mm and the 
minor axis 100 mm. Determine the area and 
approximate perimeter of the ellipse. 

[15 710 mm 2 , 471 mm] 
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8. If fencing costs £15 per metre, find the cost 
(to the nearest pound) of enclosing an ellip¬ 
tical plot of land which has major and minor 
diameter lengths of 120 m and 80 m. 

[£4712] 



9. A cycling track is in the form of an ellipse, the 
axes being 250 m and 150 m respectively for 
the inner boundary, and 270 m and 170 m for 
the outer boundary. Calculate the area of the 
track. [6597 m 2 ] 


18.5 Worked problems on areas of 
composite figures 


Calculate the area of a regular 
octagon, if each side is 5 cm and the width across 
the flats is 12 cm 

An octagon is an 8-sided polygon. If radii are drawn 
from the centre of the polygon to the vertices then 8 
equal triangles are produced (see Fig. 18.18). 


Figure 18.19 

are equal to each other. Hence each of the triangles is 
equilateral with each angle 60° and each side 8 cm. 

1 

Area of one triangle = - x base x height 

1 

= - x 8 x h 
2 

h is calculated using Pythagoras’ theorem: 

8 2 = h 2 + 4 2 

from which, h = -%/8 2 — 4 2 = 6.928 cm 
Hence area of one triangle 

1 9 

= - x 8 x 6.928 = 27.71 cm 2 

2 

Area of hexagon = 6 x 27.7 1 = 166.3 cm 2 


Area of one triangle 


Area of octagon 


- x base x height 
2 

1 12 2 

-x5x — = 15 cm 
2 2 

8 x 15 = 120 cm 2 



Figure 18.18 


Determine the area of a regular 
hexagon that has sides 8 cm long 


A hexagon is a 6-sided polygon which may be divided 
into 6 equal triangles as shown in Fig. 18.19. The angle 
subtended at the centre of each triangle is 360°/6 = 60°. 
The other two angles in the triangle add up to 120° and 


Figure 18.20 shows a plan of a floor 
of a building that is to be carpeted. Calculate the 
area of the floor in square metres. Calculate the cost, 
correct to the nearest pound, of carpeting the floor 
with carpet costing £16.80 perm 2 , assuming 30% 
extra carpet is required due to wastage in fitting 



Figure 18.20 
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Area of floor plan 

= area of triangle ABC + area of semicircle 
+ area of rectangle CGLM 
+ area of rectangle CDEF 
— area of trapezium HIJK 

Triangle ABC is equilateral since AB = BC — 3 m and 
hence angle B'CB — 60° 

sin B'CB = BB'/ 3, i.e. BB' = 3sin 60° = 2.598 m 

Area of triangle ABC = \(AC)(BB') 

= j(3)(2.598) = 3.897 m * 1 2 3 

Area of semicircle = \nr 2 = j7r(2.5) 2 = 9.817 m 2 

Area of CGLM = 5 x 7 = 35 m 2 

Area of CDEF = 0.8 x 3 = 2.4 m 2 

Area of HIJK = ±(KH + IJ)(0.8) 

Since MC = 7 m then LG = 7 m, hence 
JI = 7 — 5.2 = 1.8 m 

Hence area ofHIJK = ±(3 + 1.8)(0.8) = 1.92 m 2 

Total floor area = 3.897 + 9.817 + 35 + 2.4 - 1.92 
= 49.194 m 2 

To allow for 30% wastage, amount of carpet 
required = 1.3 x 49.194 = 63.95 m 2 

Cost of carpet at £16.80 per m 2 = 63.95 x 16.80 = 
£1074, correct to the nearest pound. 


Now try the following exercise 

Exercise 69 Further problems on areas of 
plane figures 

1. Calculate the area of a regular octagon if each 

side is 20 mm and the width across the flats is 
48.3 mm. [1932 mm 2 ] 

2. Determine the area of a regular hexagon which 

has sides 25 mm. [1624 mm 2 ] 

3. A plot of land is in the shape shown in 
Fig. 18.21. Determine (a) its area in hectares 
(1 ha = 10 4 m 2 ), and (b) the length of fencing 
required, to the nearest metre, to completely 
enclose the plot of land. 

[(a) 0.918 ha (b) 456 m] 



Figure 18.21 

4. If paving slabs are produced in 250 mm x 
250 mm squares, determine the number of 
slabs required to cover an area of 2 m 2 [32] 


18.6 Areas of similar shapes 


The areas of similar shapes are proportional to the 
squares of corresponding linear dimensions. 



(a) (b) 


Figure 18.22 

For example, Fig. 18.22 shows two squares, one of 
which has sides three times as long as the other. 

Area of Fig. 18.22(a) = (x)(x) = x 2 
Area of Fig. 18.22(b) = (3x)(3x) = 9x 2 

Hence Fig. 18.22(b) has an area (3) 2 , i.e. 9 times the 
area of Fig. 18.22(a). 

A rectangular garage is shown on a 
building plan having dimensions 10 mm by 20 mm. 
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If the plan is drawn to a scale of 1 to 250, determine 
the true area of the garage in square metres 


the true area of the park in hectares (1 
hectare = 10 4 m 2 ). [80 ha] 


Area of garage on the plan =10 mm x 20 mm 
= 200 mm 2 

Since the areas of similar shapes are proportional to the 
squares of corresponding dimensions then: 

true area of garage = 200 x (250) 2 

= 12.5 x 10 6 mm 2 


2. A model of a boiler is made having an overall 
height of 75 mm corresponding to an overall 
height of the actual boiler of 6 m. If the area 
of metal required for the model is 12 500 mm 2 
determine, in square metres, the area of metal 
required for the actual boiler. 

[80 m 2 ] 


12.5 x 10 6 
10 6 


m 


12.5 m 2 


Now try the following exercise 


3. The scale of an Ordnance Survey map is 
1:2500. A circular sports field has a diam¬ 
eter of 8 cm on the map. Calculate its area 
in hectares, giving your answer correct to 3 
significant figures. (1 hectare = 10 4 m 2 ) 

[3.14 ha] 


Exercise 70 Further problems on areas of 
similar shapes 

1. The area of a park on a map is 500 mm 2 . If 
the scale of the map is 1 to 40 000 determine 
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Chapter 19 


The circle and its properties 


19.1 Introduction 


A circle is a plain figure enclosed by a curved line, every 
point on which is equidistant from a point within, called 

the centre. 


19.2 Properties of circles 


(i) The distance from the centre to the curve is called 
the radius, r , of the circle (see OP in Fig. 19.1). 



Figure 19.1 

(ii) The boundary of a circle is called the circum¬ 
ference, c. 

(iii) Any straight line passing through the centre and 
touching the circumference at each end is called 
the diameter, d (see QR in Fig. 19.1). Thus 
d = 2r 

circumference 

(iv) The ratio -= a constant for any 

diameter 

circle. 

This constant is denoted by the Greek letter it 
(pronounced ‘pie’), where it — 3.14159, correct 
to 5 decimal places. 

Hence dd = it or c — ml or c = 2itr 

(v) A semicircle is one half of the whole circle. 

(vi) A quadrant is one quarter of a whole circle. 


(vii) A tangent to a circle is a straight line that meets 
the circle in one point only and does not cut 
the circle when produced. AC in Fig. 19.1 is a 
tangent to the circle since it touches the curve at 
point B only. If radius OB is drawn, then angle 
ABO is a right angle. 

(viii) A sector of a circle is the part of a circle between 
radii (for example, the portion OXY of Fig. 19.2 
is a sector). If a sector is less than a semicir¬ 
cle it is called a minor sector, if greater than a 
semicircle it is called a major sector. 


X 



Figure 19.2 

(ix) A chord of a circle is any straight line that 
divides the circle into two parts and is termi¬ 
nated at each end by the circumference. ST, in 
Fig. 19.2 is a chord. 

(x) A segment is the name given to the parts into 
which a circle is divided by a chord. If the 
segment is less than a semicircle it is called a 
minor segment (see shaded area in Fig. 19.2). 
If the segment is greater than a semicircle it is 
called a major segment (see the unshaded area 
in Fig. 19.2). 

(xi) An arc is a portion of the circumference of a 
circle. The distance SRT in Fig. 19.2 is called 
a minor arc and the distance SXYT is called a 

major arc. 

(xii) The angle at the centre of a circle, subtended by 
an arc, is double the angle at the circumference 
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subtended by the same arc. With reference to 
Fig. 19.3, 

Angle AOC = 2 x angle ABC 


A tangent to a circle is at right angles to a radius drawn 
from the point of contact, i.e. ABO = 90°. Hence, using 
Pythagoras’ theorem (see page 187): 



Figure 19.3 

(xiii) The angle in a semicircle is a right angle (see 
angle BQP in Fig. 19.3). 


Find the circumference of a circle of 
radius 12.0 cm 


Circumference, 

c = 2 x n x radius = 2 nr — 2jt(12.0) 

= 75.40 cm 


AO 2 = AB 2 + OB 2 

from which, AO — \J.AB 2 + OB 2 

= v 7 150 2 + 40 2 = 155.2 mm 


Now try the following exercise 


Exercise 71 Further problems on 
properties of a circle 

1. Calculate the length of the circumference of a 

circle of radius 7.2 cm. [45.24 cm] 

2. If the diameter of a circle is 82.6 mm, calculate 
the circumference of the circle. [259.5 mm] 


If the diameter of a circle is 75 mm, 
find its circumference 


Circumference, 


3. Determine the radius of a circle whose circum¬ 
ference is 16.52 cm. [2.629 cm] 

4. Find the diameter of a circle whose perimeter 

is 149.8 cm. [47.68 cm] 


c = n x diameter = nd = 7r(75) = 235.6 mm 

5. A crank mechanism is shown in Fig. 19.5, 
where XY is a tangent to the circle at point X. If 
the circle radius OX is 10 cm and length OY is 
40 cm, determine the length of the connecting 
rod XY. [38.73 cm] 


Determine the radius of a circle if its 
perimeter is 112 cm 


Perimeter = circumference, c — 2rcr 
c 112 

Hence radius r = — = -= 17.83 cm 

2:r 2 jt 

In Fig. 19.4, AB is a tangent to the 
circle at B. If the circle radius is 40 mm and 
AB =150 mm, calculate the length AD 


B 



X 



Figure 19.5 

6 . If the circumference of the earth is 40 000 km 
at the equator, calculate its diameter. 

[12730 km] 
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7. Calculate the length of wire in the paper clip 
shown in Figure 19.6. The dimensions are in 
millimetres. [97.13 mm] 



Convert to radians: (a) 125° 

(b) 69° 47' 


(a) Since 180° = tc rad then 1° = nt 180 rad, therefore 

125° = 125 (y^) C = 2 - 182 radians 

(Note that c means ‘circular measure’ and indicates 
radian measure.) 

(b) 69°47' = 69^- = 69.783° 

60 

69.783° = 69.783 (^) C = 1-218 radians 


19.3 Arc length and area of a sector 


One radian is defined as the angle subtended at the 
centre of a circle by an arc equal in length to the radius. 
With reference to Fig. 19.7, for arc length, s, 

9 radians = s/r or arc length, s = rO (1) 

where 0 is in radians. 



Figure 19.7 

When s = whole circumference (=27rr) then 
9 = s/r — 2n r/r = 2 jr 
i.e. 2: r radians = 360° or 

ji radians = 180° 

Thus 1 rad = 180°/7r = 57.30°, correct to 2 decimal 
places. 

Since tc rad =180°, then jt 12 = 90°, tc! 3 = 60°, 
jt/ 4 = 45°, and so on. 

9 2 

Area of a sector = ——(;rr ) 

360 

when 9 is in degrees 
9 , 1 2 

= ^(Ttr 1 ) = -r 2 e ( 2 ) 

2jt 2 

when 9 is in radians 


Convert to degrees and minutes: 
(a) 0.749 radians (b) 37r/4 radians 


(a) Since it rad= 180° then 1 rad = 180°/jr, therefore 

180\° 


0.749 rad = 0.749 


= 42.915° 


0.915° = (0.915 x 60)' = 55', correct to the nearest 
minute, hence 

0.749 radians = 42°55' 

/180\° 

(b) Since 1 rad= - 1 then 


— rad — — 
4 4 


TC 

3jc ( 180\° 

TC 


= -(180)° = 135° 


Express in radians, in terms of tc: 
(a) 150° (b) 270° (c) 37.5° 

Since 180° = tc rad then 1° = 180/7T, hence 
/ tc \ 5jc 

(a) 150° = 1501- )rad=— rad 

V180/ 6 

(b) 270° = 270 (^) rad = ^rad 

/ tc \ 15tc 5tc 

(c) 37.5° = 37.5 1-) rad=-rad =— rad 

V180/ 360 24 
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Now try the following exercise 


Exercise 72 Further problems on radians 
and degrees 


terms of n: 

(a) 30° 

7V 

57T 

5jt" 

— 

(b 7A 

c) LT 

6 

12 

4 _ 

(a) 

48° (b) 

84° 51 

(b) 1.481 (c) 4.054 


(b) 75° (c) 225° 


(a) 


(c) 232° 15' 


5jt Atc 

3. Convert to degrees: (a) —rad (b) —rad 

In 

(c) —rad 

12 

[(a) 150° (b) 80° (c) 105° ] 

4. Convert to degrees and minutes: 

(a) 0.0125 rad (b) 2.69 rad (c) 7.241 rad 
[(a) 0° 43' (b) 154° 8' (c) 414° 53'] 


19.4 Worked problems on arc length 
and sector of a circle 


Find the length of arc of a circle of 
radius 5.5 cm when the angle subtended at the 
centre is 1.20 radians 


From equation (1), length of arc, s — rQ, where 9 is in 
radians, hence 

s = (5.5)(1.20) = 6.60 cm 


Determine the diameter and 
circumference of a circle if an arc of length 4.75 cm 
subtends an angle of 0.91 radians 

j 4.75 

Since s = r6 then r=- = -= 5.22 cm. 

9 0.91 

Diameter = 2 x radius = 2 x 5.22 = 10.44 cm. 
Circumference, c — nd — n{ 10.44) = 32.80 cm. 


If an angle of 125° is subtended by 
an arc of a circle of radius 8.4 cm, find the length of 
(a) the minor arc, and (b) the major arc, correct to 
3 significant figures 


Since 180° = jrrad then 1° = ( -^ rad 

V180/ 

and 125° = 125 f —rad 
V180/ 

Length of minor arc, 

s=r9= (8.4)(125) = 18.3 cm 

correct to 3 significant figures. 

Length of major arc = (circumference - minor 
arc) = 27r(8.4) — 18.3 = 34.5 cm, correct to 3 signifi¬ 
cant figures. 

(Alternatively, major arc 
= r9 = 8.4(360 - 125)(tt/180) = 34.5 cm.) 


Determine the angle, in degrees and 
minutes, subtended at the centre of a circle of 
diameter 42 mm by an arc of length 36 mm. 
Calculate also the area of the minor sector formed 


Since length of arc, s — r9 then 9 — sir 
diameter 42 

Radius, r =-= — = 21 mm 

2 2 

s 36 

hence 9= - = — = 1.7143 radians 
r 21 

1.7143 rad= 1.7143 x (180/tt)° = 98.22° =98° 13' = 
angle subtended at centre of circle. 

From equation (2), 

1 , 1 7 

area of sector = -r 2 0 = -(21) 2 (1.7143) 

= 378 mm 2 


A football stadiums floodlights can 
spread its illumination over an angle of 45° to a 
distance of 55 m. Determine the maximum area 
that is floodlit 


• i o 

Floodlit area = area of sector = -r 6 

2 


-(55) 2 (45 x —) 

2 V 180/ 


180/ 
from equation (2) 


= 1188 m 2 


An automatic garden spray produces 
a spray to a distance of 1.8 m and revolves through 
an angle a which may be varied. If the desired 
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spray catchment area is to be 2.5 m 2 , to what should 
angle a be set, correct to the nearest degree 


1 , 1 2 

Area of sector = —r~9, hence 2.5 = -(1.8) a from 
2 2 


2.5 x 2 

which, a = -r— = 1.5432 radians 

1 . 8 2 

( 1 go \ ° 

1.5432 x —— j = 88.42° 

Hence angle a = 88° , correct to the nearest degree. 


The angle of a tapered groove is 
checked using a 20 mm diameter roller as shown in 
Fig. 19.8. If the roller lies 2.12 mm below the top of 
the groove, determine the value of angle 6 



Figure 19.8 


In Fig. 19.9, triangle ABC is right-angled at C (see 
Section 19.2(vii), page 150). 



Figure 19.9 

Length BC =10 mm (i.e. the radius of the circle), and 
AB = 30- 10-2.12= 17.88 mm from Fig. 19.8 

e 10 

Hence sin - = -and 

2 17.88 


Now try the following exercise 


Exercise 73 Further problems on arc length 
and area of a sector 

1. Find the length of an arc of a circle of radius 
8.32 cm when the angle subtended at the cen¬ 
tre is 2.14 radians. Calculate also the area of 
the minor sector formed. 

[17.80 cm, 74.07 cm 2 ] 

2. If the angle subtended at the centre of a circle 
of diameter 82 mm is 1.46 rad, find the lengths 
of the (a) minor arc (b) major arc. 

[(a) 59.86 mm (b) 197.8 mm] 

3. A pendulum of length 1.5 m swings through 

an angle of 10° in a single swing. Find, in 
centimetres, the length of the arc traced by 
the pendulum bob. [26.2 cm] 

4. Determine the length of the radius and circum¬ 
ference of a circle if an arc length of 32.6 cm 
subtends an angle of 3.76 radians. 

[8.67 cm, 54.48 cm] 

5. Determine the angle of lap, in degrees and 
minutes, if 180 mm of a belt drive are in 
contact with a pulley of diameter 250 mm. 

[82.5°] 

6. Determine the number of complete revolu¬ 
tions a motorcycle wheel will make in travel¬ 
ling 2 km, if the wheel’s diameter is 85.1 cm. 

[748] 

7. The floodlights at a sports ground spread its 
illumination over an angle of 40° to a distance 
of 48 m. Determine (a) the angle in radians, 
and (b) the maximum area that is floodlit. 

[(a) 0.698 rad (b) 804.2 m 2 ] 

8. Find the area swept out in 50 minutes by the 

minute hand of a large floral clock, if the hand 
is 2 m long. [10.47 m 2 ] 


e 

2 


= sin 



= 34° 


and angle 6 = 68° 


9. Determine (a) the shaded area in Fig. 19.10 
(b) the percentage of the whole sector that the 
area of the shaded portion represents. 

[(a) 396 mm 2 (b) 42.24%] 
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Figure 19.10 

10. Determine the length of steel strip required to 
make the clip shown in Fig. 19.11 

[701.8 mm] 


100 mm 



11. A 50° tapered hole is checked with a 40 mm 
diameter ball as shown in Fig. 19.12. Deter¬ 
mine the length shown as x. [7.74 mm] 



More generally, the equation of a circle, centre (a, b ), 
radius r, is given by: 

(. x-a) 2 + (y-b) 2 =r 2 (1) 

Figure 19.14 shows a circle ( x — 2) 2 + (y — 3) 2 = 4 



Figure 19.14 

The general equation of a circle is: 

x 1 +y 2 + 2ex + 2fy + c = 0 ( 2 ) 

Multiplying out the bracketed terms in equation (1) 
gives: 

x 2 — lax + a 2 + y 2 — Iby + b 2 — r 2 


Comparing this with equation (2) gives: 





2e 


le — — la , 

i.e. 

a = - 



2 

and 

2 f = ~2b. 

i.e. 

1 

II 

<1 

and 

c = a 2 + b 2 

-r 2 , 

i.e. r = J a 2 + b 2 — c 


Thus, for example, the equation 


19.5 The equation of a circle 


The simplest equation of a circle, centre at the origin, 
radius r, is given by: 

2,2 2 

x +y —r 

For example, Fig. 19.13 shows a circle x 2 +y 2 — 9. 



Figure 19.13 


x 2 + y 2 — 4x — 6y + 9 = 0 

represents a circle with centre 

« = -(=?) •!>=-(=?) 

i.e. at (2, 3) and radius r = V2 2 + 3 2 — 9 = 2 
Hence x 2 + v 2 — 4.r — 6y + 9 = 0 is the circle shown in 
Fig. 19.14, which may be checked by multiplying out 
the brackets in the equation 

(x - 2) 2 + (y - 3) 2 = 4 

Determine (a) the radius, and (b) the 
co-ordinates of the centre of the circle given by the 
equation: x 2 + y 2 + 8x — 2y + 8 = 0 
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x 2 + y 2 + 8.\- — 2y + 8 = 0 is of the form shown in equa¬ 
tion (2), 

where a = — (|) = —4, b = — (^=) = 1 

and r = v / (-4) 2 + l 2 - 8 = V9 = 3 

Hence x 2 + y 2 + 8x — 2y + 8 = 0 represents a circle 
centre (—4,1) and radius 3, as shown in Fig. 19.15. 



iiiiiy 

' 

::;:4 

'^2 







= if: 

H3ee| 


a = 

:>/ 0 


Wxp 


Figure 19.15 

Alternatively, x 2 + y 2 + 8x — 2y + 8 = 0 may be 
rearranged as: 

(x + 4) 2 + (y - l) 2 - 9 = 0 

i.e. (x + 4) 2 + (v - l ) 2 = 3 2 

which represents a circle, centre (—4,1) and radius 3, 
as stated above. 

Sketch the circle given by the 
equation: x 2 + y 2 — 4x + 6y — 3 = 0 

The equation of a circle, centre ( a,b ), radius r is 
given by: 

(x - a) 2 + (y - b ) 2 = r 2 
The general equation of a circle is 

x 2 + y 2 + 2ex + 2fy + c = 0 

2e 2 f 

From above a — -,£> = —— 

2 2 

and r = V a 2 + b 2 — c 

Hence if x 2 + y 2 — 4x + 6_v — 3 = 0 

then a = — (^) —2, b = —(%) = — 3 

and r = J 2 2 + (-3) 2 - (-3) = = 4 


Thus the circle has centre (2, —3) and radius 4, as 
shown in Fig. 19.16 



Figure 19.16 

Alternatively, x 2 + y 2 — 4x + 6y — 3 = 0 may be 
rearranged as: 

(x - 2) 2 + (y + 3) 2 - 3 - 13 = 0 

i.e. (x - 2) 2 + (y + 3) 2 = 4 2 

which represents a circle, centre (2, —3) and radius 4, 
as stated above. 

Now try the following exercise 

Exercise 74 Further problems on the 
equation of a circle 

1. Determine (a) the radius, and (b) the co¬ 
ordinates of the centre of the circle given by 
the equation x 2 + y 2 — 6x + 8y + 21 = 0 

[(a) 2 (b) (3 —4)] 

2. Sketch the circle given by the equation 
x 2 + y 2 — 6x + 4y — 3— 0 

[Centre at (3, —2), radius 4] 

3. Sketch the curve x 2 + (y — l) 2 — 25 = 0 

[Circle, centre (0,1), radius 5] 

4. Sketch the curve x = 6^/1 — (-j 

[Circle, centre (0, 0), radius 6] 









































































































































































































































Chapter 20 


Volumes and surface areas of 

common solids 


20.1 Volumes and surface areas of 
regular solids 


A summary of volumes and surface areas of regular 
solids is shown in Table 20.1. 


Table 20.1 

(i) Rectangular prism 
(or cuboid) 


Volume = / x b x h 
Surface area = 

2 (bh + hi + lb) 

(ii) Cylinder 




Volume — nr 2 h 

Total surface area = 2nrh + 2nr 2 


(iii) Pyramid 



1 

Volume = - x A x h 
3 

where A = area of base 
and h = perpendicular height 


Total surface area = (sum of areas of 
triangles forming sides) + (area of base) 


(iv) Cone 


/ h 

\\/ 

i , 

Volume = -jxr h 

3 


-i r'\V 

Curved surface area = mi 



Total surface area = itrl + rcr 2 

(v) Sphere 




Is 

—-A 



r 

4 , 

Volume = -nr 

3 , 

Surface area = 4 nr 



20.2 Worked problems on volumes 
and surface areas of regular 
solids 


A water tank is the shape of a 
rectangular prism having length 2 m, breadth 75 cm 
and height 50 cm. Determine the capacity of the 
tank in (a) m 3 (b) cm 3 (c) litres 

Volume of rectangular prism = / x b x h (see Table 20.1) 

(a) Volume of tank = 2x0.75x0.5 = 0.75 m 3 

(b) 1 nr 3 = 10 6 cm 3 , hence 

0.75 m 3 = 0.75 x 10 6 cm 3 = 750 000 cm 3 

(c) 1 litre = 1000cm 3 , hence 

, 750000 

750 000 cm 3 =-litres = 750 litres 

1000 
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Find the volume and total surface area 
of a cylinder of length 15 cm and diameter 8 cm 

Volume of cylinder = nr 2 h (see Table 20.1) 

Since diameter = 8 cm, then radius r — 4 cm 
Hence volume = 7 rx 4 2 x 15 = 754 cm 3 
Total surface area (i.e. including the two ends) 

= 2 icrh + 2tc r 2 = (2 x ;r x 4 x 15) 

+ (2 x 7 T x 4 2 ) = 477.5 cm 2 


Problem 3. 

shape shown 

Determine the volume (in cm 3 ) of the 
in Fig. 20.1. 


16 mm , 

ih 

12 mm\V 

y 

40 mm 

Figure 20.1 

v 



The solid shown in Fig. 20.1 is a triangular prism. The 
volume V of any prism is given by: V — Ah, where A 
is the cross-sectional area and h is the perpendicular 
height. 

Hence volume = \ x 16x 12x40 

= 3840 mm 3 = 3.840 cm 3 

(since 1 cm 3 = 1000 mm 3 ) 

Calculate the volume and total 
surface area of the solid prism shown in Fig. 20.2 


11 cm 


4 cm| 

\ 








15 cm 

5 cmS 


f^Ccm 



5 cm 


Figure 20.2 




Volume = cross-sectional area x height 

= ±(11 +5)4 x 15 = 32 x 15 = 480cm 3 

Surface area = sum of two trapeziums + 4 rectangles 
= (2 x 32) +(5 x 15)+ (11 x 15) 

+ 2(5 x 15) 

= 64 + 75 + 165 + 150 = 454 cm 2 

Determine the volume and the total 
surface area of the square pyramid shown in 
Fig. 20.3 if its perpendicular height is 12 cm. 


A 



Figure 20.3 

Volume of pyramid 

= 5 (area of base) x (perpendicular height) 

= ±(5 x 5) x 12 = 100cm 3 

The total surface area consists of a square base and 
4 equal triangles. 

Area of triangle ADE 

— \ x base x perpendicular height 

= 5 x 5 x AC 

The length AC may be calculated using Pythago¬ 
ras’ theorem on triangle ABC, where AB = 12 cm. 
BC — 2 x 5 = 2.5 cm 

Hence, AC = ^AB 2 + BC 2 = V ^ 2 + 2.5 2 

= 12.26cm 

Hence area of triangle ADE = J x 5 x 12.26 

= 30.65 cm 2 


The solid shown in Fig. 20.2 is a trapezoidal prism. 
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Total surface area of pyramid = (5 x 5) + 4(30.65) 

= 147.6 cm 2 

Determine the volume and total 
surface area of a cone of radius 5 cm and 
perpendicular height 12 cm 

The cone is shown in Fig. 20.4. 



Figure 20.4 

Volume of cone = jjrr 2 /; = j x jt x 5 2 x 12 

= 314.2 cm 3 

Total surface area = curved surface area 

+ area of base 

= jtrl + jt r 2 

From Fig. 20.4, slant height / may be calculated using 
Pythagoras’ theorem 

/ = v / 12 2 + 5 2 = 13 cm 

Hence total surface area = (ir x 5 x 13) + (tt x 5 2 ) 

= 282.7 cm 2 

Find the volume and surface area of a 
sphere of diameter 8 cm 

Since diameter = 8 cm, then radius, r — 4 cm. 

4,4 o 

Volume of sphere = - nr = — x jt x 4 

= 268.1 cm 3 

Surface area of sphere = 47rr 2 = 4 x jt x 4 2 

= 201.1cm 2 


Now try the following exercise 

Exercise 75 Further problems on volumes 
and surface areas of regular 
solids 

1. A rectangular block of metal has dimensions 

of 40 mm by 25 mm by 15 mm. Determine its 
volume. Find also its mass if the metal has a 
density of 9g/cnr’. [15cm 3 , 135g] 

2. Determine the maximum capacity, in litres, of 

a fish tank measuring 50 cm by 40 cm by 2.5 m 
(1 litre = 1000 cm 3 ). [500 litre] 

2. Determine how many cubic metres of concrete 
are required for a 120 m long path, 150 mm 
wide and 80 mm deep. [ 1.44 m 3 ] 

4. Calculate the volume of a metal tube whose 

outside diameter is 8 cm and whose inside 
diameter is 6 cm, if the length of the tube is 
4 m. [8796 cm 3 ] 

5. The volume of a cylinder is 400 cm 3 . If its 
radius is 5.20cm, find its height. Determine 
also its curved surface area. 

[4.709 cm, 153.9 cm 2 ] 

6. If a cone has a diameter of 80 mm and a perpen¬ 
dicular height of 120 mm calculate its volume 
in cm 3 and its curved surface area. 

[201.1cm 3 , 159.0cm 2 ] 

7. A cylinder is cast from a rectangular piece of 
alloy 5 cm by 7 cm by 12 cm. If the length of 
the cylinder is to be 60 cm, find its diameter. 

[2.99 cm] 

8. Find the volume and the total surface area of 
a regular hexagonal bar of metal of length 3 m 
if each side of the hexagon is 6 cm. 

[28 060 cm 3 , 1.099 m 2 ] 

9. A square pyramid has a perpendicular height 

of 4 cm. If a side of the base is 2.4 cm long 
find the volume and total surface area of the 
pyramid. [7.68 cm 3 , 25.81 cm 2 ] 

10. A sphere has a diameter of 6 cm. Determine its 
volume and surface area. 

[113.1cm 3 , 113.1cm 2 ] 


Section 2 
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11. Find the total surface area of a hemisphere of 
diameter 50 mm. [5890 mm 2 or 58.90 cm 2 ] 

12. How long will it take a tap dripping at a rate 
of 800 mm 3 /s to fill a 3-litre can? 

[62.5 minutes] 


20.3 Further worked problems on 
volumes and surface areas of 
regular solids 


Problem 8. 

A wooden section is shown in Fig. 

20.5. Find (a) its volume (in m 3 ), and (b) its total 

surface area. 

Figure 20.5 

3 m ... . . \ 

]Jl2 cm 


The section of wood is a prism whose end comprises 
a rectangle and a semicircle. Since the radius of the 
semicircle is 8 cm, the diameter is 16 cm. 

Hence the rectangle has dimensions 12 cm by 16 cm. 
Area of end = (12 x 16) + j7t 8 2 = 292.5 cm 2 
Volume of wooden section 

= area of end x perpendicular height 

, 87 750 m 3 

= 292.5 x 300 = 87 750 cm 3 = - z - 

10 6 

= 0.08775 m 3 

The total surface area comprises the two ends (each of 
area 292.5 cm 2 ), three rectangles and a curved surface 
(which is half a cylinder), hence 


The pyramid is shown in Fig. 20.6. To calculate the 
volume of the pyramid the perpendicular height EF is 
required. Diagonal BD is calculated using Pythagoras’ 
theorem, 

i.e. BD = v/3.60 2 + 5.40 2 = 6.490 cm 


F 



Figure 20.6 

1 6.490 

Hence EB = -BD = -= 3.245 cm 

2 2 

Using Pythagoras’ theorem on triangle BEF gives 
BF 2 = EB 2 + EF 2 
from which, EF — V BF 2 — EB 2 

= 7l5.0 2 - 3.245 2 = 14.64cm 
Volume of pyramid 

= ' (area of base)(perpendicular height) 

= ±(3.60 x 5.40)(14.64) = 94.87cm 3 

Area of triangle ADF (which equals triangle BCE) 
= \(AI))(EG), where G is the midpoint of AD. Using 
Pythagoras’ theorem on triangle FGA gives: 


total surface area = (2 x 292.5) + 2(12 x 300) 

+ (16 x 300) + \(2ir x 8 x 300) 
= 585 + 7200 + 4800 + 2400 jt 

= 20125 cm 2 or 2.0125 m 2 


A pyramid has a rectangular base 
3.60 cm by 5.40 cm. Determine the volume and 
total surface area of the pyramid if each of its 
sloping edges is 15.0 cm 


FG = V15.0 2 - 1.80 2 = 14.89 cm 
Hence area of triangle ADF = j(3.60)(14.89) 

= 26.80 cm 2 

Similarly, if // is the mid-point of AB. then 

FH = V15.0 2 - 2.70 2 = 14.75 cm, 
hence area of triangle ABF (which equals triangle CDF) 
= |(5.40)(14.75) = 39.83 cm 2 



















Volumes and surface areas of common solids 161 


Total surface area of pyramid 

= 2(26.80) + 2(39.83) + (3.60)(5.40) 

= 53.60 + 79.66+ 19.44 
= 152.7 cm 2 

Calculate the volume and total 
surface area of a hemisphere of diameter 5.0 cm 

Volume of hemisphere = ^(volume of sphere) 



= 32.7 cm 3 


Total surface area 

= curved surface area + area of circle 
= 2 (surface area of sphere) + icr 2 
— j{4nr 2 ) + nr 2 
= 2nr 2 + nr 2 — 3nr 2 = 3n 

= 58.9 cm 2 

A rectangular piece of metal having 
dimensions 4 cm by 3 cm by 12 cm is melted down 
and recast into a pyramid having a rectangular 
base measuring 2.5 cm by 5 cm. Calculate the 
perpendicular height of the pyramid 


Radius of cylindrical head = \ cm = 0.5 cm and 
height of cylindrical head = 2 mm = 0.2 cm 
Hence, volume of cylindrical head 

= jtr 2 h = tt(0.5) 2 (0.2) = 0.1571 cm 3 
Volume of cylindrical shaft 
/ 0 . 2 \ 2 

= jtr 2 h — re ( j (1.5) = 0.0471 cm 3 

Total volume of 1 rivet = 0.1571 + 0.0471 
= 0.2042 cm 3 

Volume of metal in 2000 such rivets 

= 2000 x 0.2042 = 408.4 cm 3 

A solid metal cylinder of radius 
6 cm and height 15 cm is melted down and recast 
into a shape comprising a hemisphere surmounted 
by a cone. Assuming that 8% of the metal is wasted 
in the process, determine the height of the conical 
portion, if its diameter is to be 12 cm 

Volume of cylinder = nr 2 h = jt x 6 2 x 15 

= 5407T cm 3 

If 8% of metal is lost then 92% of 540 tt gives the 
volume of the new shape (shown in Fig. 20.7). 


Volume of rectangular prism of metal = 4x3x12 

= 144 cm 3 

Volume of pyramid 

= j(area of base)(perpendicular height) 

Assuming no waste of metal, 

144 = 1(2.5 x 5)(height) 

144 x 3 

i.e. perpendicular height = -= 34.56 cm 

2.5 x 5 

A rivet consists of a cylindrical 
head, of diameter 1 cm and depth 2 mm, and a shaft 
of diameter 2 mm and length 1.5 cm. Determine the 
volume of metal in 2000 such rivets 



12 cm 


Figure 20.7 

Hence the volume of (hemisphere + cone) 

= 0.92 x 5407rcm 3 , 

i.e. j (j7rr 3 ) + 5 7tr 2 h — 0.92 x 540 tt 

Dividing throughout by jr gives: 


= r 3 + \r 2 h = 0.92 x 540 


Section 2 
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Since the diameter of the new shape is to be 12 cm, then 
radius r — 6 cm. 


hence |( 6) 3 + 3 ( 6 ) 2 h = 0.92 x 540 


144 + 12/; = 496.8 


i.e. height of conical portion, 


h = 


496.8 - 144 


12 


= 29.4 cm 


A block of copper having a mass of 
50 kg is drawn out to make 500 m of wire of 
uniform cross-section. Given that the density of 
copper is 8.91 g/cm 3 , calculate (a) the volume of 
copper, (b) the cross-sectional area of the wire, and 
(c) the diameter of the cross-section of the wire 


(a) A density of 8.91 g/cm 3 means that 8.91 g of cop¬ 
per has a volume of 1 cm 3 , or 1 g of copper has a 
volume of (1/8.91) cm 3 


Hence 50 kg, i.e. 50 000 g, has a volume 

50 000 3 „„ 3 

-cm = 5612 cm' 


8.91 

(b) Volume of wire 

= area of circular cross-section 

x length of wire. 

Hence 5612 cm 3 = area x (500 x 100 cm), 


from which, area = 


5612 


cm 


500 x 100 

= 0.1122 cm 2 

, nd 2 

(c) Area of circle = nr or-. hence 

4 

0.1122 = from which 
4 


4 x 0.1122 

d — y-= 0.3780 cm 

i.e. diameter of cross-section is 3.780 mm 


A boiler consists of a cylindrical 
section of length 8 m and diameter 6 m, on one end 
of which is surmounted a hemispherical section of 
diameter 6 m, and on the other end a conical section 
of height 4 m and base diameter 6 m. Calculate the 
volume of the boiler and the total surface area 


The boiler is shown in Fig. 20.8 



Figure 20.8 

Volume of hemisphere, P 

— | nr' — | x 7 r x 3 3 = 187 T m 3 
Volume of cylinder, Q 

= nr 2 h = n x 3 2 x 8 = 72;rm 3 
Volume of cone, R 

= j nr 2 h = ^xjtx 3 2 x 4 = 127rm 3 

Total volume of boiler = 187r + 12n + 127r 
= 102?r = 320.4 m 3 

Surface area of hemisphere, P 

= \(4nr 2 ) = 2 x re x 3 2 = 187 rm 2 

Curved surface area of cylinder, Q 

= 2nrh = 2xjtx3x 8 = 487T m 2 

The slant height of the cone, /, is obtained by Pythago¬ 
ras’ theorem on triangle ABC, i.e. 

/ = V4 2 + 3 2 = 5 
Curved surface area of cone, R 

= nrl = jt x 3 x 5 = 157rm 

Total surface area of boiler = 18 tt + 487r + 157r 

= 81tt = 254.5 m 2 
























Now try the following exercise 

Exercise 76 Further problems on volumes 
and surface areas of regular 
solids 

1. Determine the mass of a hemispherical cop¬ 

per container whose external and internal 
radii are 12 cm and 10 cm, assuming that 
1 cm 3 of copper weighs 8.9 g. [13.57 kg] 

2. If the volume of a sphere is 566 cm 3 , find its 

radius. [5.131cm] 

3. A metal plumb bob comprises a hemisphere 
surmounted by a cone. If the diameter of the 
hemisphere and cone are each 4 cm and the 
total length is 5 cm, find its total volume. 

[29.32 cm 3 ] 

4. A marquee is in the form of a cylinder sur¬ 

mounted by a cone. The total height is 6 m and 
the cylindrical portion has a height of 3.5 m, 
with a diameter of 15 m. Calculate the surface 
area of material needed to make the marquee 
assuming 12% of the material is wasted in the 
process. [393.4 m 2 ] 

5. Determine (a) the volume and (b) the total 
surface area of the following solids: 

(i) a cone of radius 8.0 cm and perpendic¬ 
ular height 10 cm 

(ii) a sphere of diameter 7.0 cm 

(iii) a hemisphere of radius 3.0 cm 

(iv) a 2.5 cm by 2.5 cm square pyramid of 
perpendicular height 5.0 cm 

(v) a 4.0 cm by 6.0 cm rectangular pyramid 
of perpendicular height 12.0 cm 

(vi) a 4.2 cm by 4.2 cm square pyramid 
whose sloping edges are each 15.0 cm 

(vii) a pyramid having an octagonal base of 
side 5.0 cm and perpendicular height 
20 cm. 

" (i) (a) 670 cm 3 (b) 523 cm 2 “ 

(ii) (a) 180cm 3 (b) 154cm 2 

(iii) (a) 56.5 cm 3 (b) 84.8 cm 2 
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' (iv) (a) 10.4cm 3 (b) 32.0cm 2- 

(v) (a) 96.0 cm 3 (b) 146 cm 2 

(vi) (a) 86.5 cm 3 (b) 142 cm 2 
_ (vii) (a) 805 cm 3 (b) 539 cm 2 

6 . The volume of a sphere is 325 cm 3 . Deter¬ 
mine its diameter. [8.53 cm] 

7. A metal sphere weighing 24 kg is melted 
down and recast into a solid cone of base 
radius 8.0 cm. If the density of the metal is 
8000 kg/m 3 determine (a) the diameter of the 
metal sphere and (b) the perpendicular height 
of the cone, assuming that 15% of the metal 
is lost in the process. 

[(a) 17.9 cm (b) 38.0 cm] 

8 . Find the volume of a regular hexagonal pyra¬ 

mid if the perpendicular height is 16.0 cm and 
the side of base is 3.0 cm. [125cm 3 ] 

9. A buoy consists of a hemisphere surmounted 

by a cone. The diameter of the cone and hemi¬ 
sphere is 2.5 m and the slant height of the cone 
is 4.0 m. Determine the volume and surface 
area of the buoy. [10.3 m 3 , 25.5 m 2 ] 

10. A petrol container is in the form of a central 
cylindrical portion 5.0 m long with a hemi¬ 
spherical section surmounted on each end. If 
the diameters of the hemisphere and cylinder 
are both 1.2 m determine the capacity of the 
tank in litres (1 litre = 1000 cm 3 ). 

[6560 litre] 

11. Figure 20.9 shows a metal rod section. Deter¬ 
mine its volume and total surface area. 

[657.1cm 3 , 1027 cm 2 ] 



Figure 20.9 
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12. Find the volume (in cm 3 ) of the die-casting 
shown in Figure 20.10. The dimensions are 
in millimetres. [220.7 cm 3 ] 



Figure 20.10 

13. The cross-section of part of a circular ventila¬ 
tion shaft is shown in Figure 20.11, ends AB 
and CD being open. Calculate (a) the vol¬ 
ume of the air, correct to the nearest litre, 
contained in the part of the system shown, 
neglecting the sheet metal thickness, (given 
1 litre = 1000 cm 3 ), (b) the cross-sectional 
area of the sheet metal used to make the sys¬ 
tem, in square metres, and (c) the cost of the 
sheet metal if the material costs £11.50 per 
square metre, assuming that 25% extra metal 
is required due to wastage. 

[(a) 1458 litre (b) 9.77 nr (c) £140.45] 



Figure 20.11 


20.4 Volumes and surface areas of 
frusta of pyramids and cones 


The frustum of a pyramid or cone is the portion remain¬ 
ing when a part containing the vertex is cut off by a plane 
parallel to the base. 

The volume of a frustum of a pyramid or cone is given 
by the volume of the whole pyramid or cone minus the 
volume of the small pyramid or cone cut off. 

The surface area of the sides of a frustum of a pyra¬ 
mid or cone is given by the surface area of the whole 
pyramid or cone minus the surface area of the small 
pyramid or cone cut off. This gives the lateral surface 
area of the frustum. If the total surface area of the frus¬ 
tum is required then the surface area of the two parallel 
ends are added to the lateral surface area. 

There is an alternative method for finding the volume 
and surface area of a frustum of a cone. With reference 
to Fig. 20.12: 



Figure 20.12 

Volume = j nh(R 2 + Rr + r 2 ) 
Curved surface area = nl(R + r) 

Total surface area = nl(R + r) + nr 2 + nR 2 

Determine the volume of a frustum 
of a cone if the diameter of the ends are 6.0 cm and 
4.0 cm and its perpendicular height is 3.6 cm 

Method 1 

A section through the vertex of a complete cone is shown 
in Fig. 20.13 

Using similar triangles 



AP 

DR 


DP ~ 

BR 


AP 

3.6 

lienee 

- - 



2.0 

1.0 



(2.0X3.6) 

from which 

AP = 




1.0 


The height of the large cone = 3.6 + 7.2 = 10.8 cm. 
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Figure 20.13 

Volume of frustum of cone 

= volume of large cone 

— volume of small cone cut off 
= |tt(3.0) 2 (10.8) - ±jr(2.0) 2 (7.2) 

= 101.79-30.16 = 71.6 cm 3 

Method 2 

From above, volume of the frustum of a cone 
= | jrh(R 2 + Rr + r 2 ), 
where R = 3.0 cm, 

r = 2.0 cm and /? = 3.6 cm 
Hence volume of frustum 

= |tt(3.6)[(3.0 ) 2 + (3.0)(2.0) + (2.0) 2 ] 

= j:r(3.6)(19.0) = 71.6 cm 3 

Find the total surface area of the 
frustum of the cone in Problem 16 

Method 1 

Curved surface area of frustum = curved surface area of 
large cone—curved surface area of small cone cut off. 


From Fig. 20.13, using Pythagoras’ theorem: 

AB 2 = AQ 2 + BQ 2 from which 
AB = V10. 8 2 + 3.0 2 = 11.21 cm 
and AD 2 = AP 2 + DP 2 from which 
AD = v/7.2 2 + 2.0 2 = 7.47 cm 
Curved surface area of large cone 

= itrl = t t(BQ)(AB) = 7 t( 3 . 0)(1 1.21) 

= 105.65 cm 2 

and curved surface area of small cone 

= tc{DP)(AD) = jr(2.0)(7.47) = 46.94 cm 2 

Hence, curved surface area of frustum 

= 105.65 -46.94 
= 58.71cm 2 

Total surface area of frustum 

= curved surface area 

+ area of two circular ends 
= 58.71 + 7 t(2 .0) 2 + 7 r( 3 . 0) 2 
= 58.71 + 12.57 + 28.27 = 99.6 cm 2 

Method 2 

From page 164, total surface area of frustum 
= jtI(R + r) + nr 2 + ttR 2 

where / = BD= 11.21 — 7.47 = 3.74cm, /? = 3.0cm 
and r = 2.0 cm. 

Hence total surface area of frustum 

= 7 r( 3 . 74 )( 3.0 + 2.0) + 7 r( 2 . 0) 2 + ;r(3.0 ) 2 

= 99.6 cm 2 

A storage hopper is in the shape of a 
frustum of a pyramid. Determine its volume if the 
ends of the frustum are squares of sides 8.0 m and 
4.6 m, respectively, and the perpendicular height 
between its ends is 3.6 m 


Section 2 
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The frustum is shown shaded in Fig. 20.14(a) as part 
of a complete pyramid. A section perpendicular to the 
base through the vertex is shown in Fig. 20.14(b) 

CG BH 

By similar triangles: -= - 

BG AH 

(BH\ (2.3)(3.6) 

Height CG = BG[ - = -— -- = 4.87 m 

6 \AH 1.7 



Figure 20.14 

Height of complete pyramid = 3.6 + 4.87 = 8.47 m 
Volume of large pyramid = ^(8.0) 2 (8.47) 

= 180.69 m 3 

Volume of small pyramid cut off 

= i(4.6) 2 (4.87) = 34.35 m 3 
Hence volume of storage hopper 

= 180.69 — 34.35 = 146.3 m 3 

Determine the lateral surface area of 
the storage hopper in Problem 18 

The lateral surface area of the storage hopper consists 
of four equal trapeziums. 

From Fig. 20.15, area of trapezium PRSU 

= \{PR + SU){QT) 

OT — 1.7 m (same as AH in Fig. 20.14(b)) and 
OQ —3.6m. 

By Pythagoras’ theorem, 

QT = y/OQ 1 + OT 2 = ^3.62 + 1.7 2 = 3.98m 



Figure 20.15 

Area of trapezium PRSU = j(4.6 + 8.0)(3.98) 

= 25.07 m 2 

Lateral surface area of hopper = 4(25.07) 

= 100.3 m 2 

A lampshade is in the shape of a 
frustum of a cone. The vertical height of the shade 
is 25.0 cm and the diameters of the ends are 20.0 cm 
and 10.0 cm, respectively. Determine the area of the 
material needed to form the lampshade, correct to 
3 significant figures 

The curved surface area of a frustum of a 
cone = 7 rl(R + r ) from page 164. 

Since the diameters of the ends of the frustum are 
20.0 cm and 10.0 cm, then from Fig. 20.16, 

r = 5.0 cm,/? = 10.0 cm 
and 1 = v/25.0 2 + 5.0 2 = 25.50 cm, 
from Pythagoras’ theorem. 


r= 5.0 cm 



Figure 20.16 

Hence curved surface area 

= jr(25.50)(10.0 + 5.0) = 1201.7 cm 2 

i.e. the area of material needed to form the lampshade 
is 1200 cm 2 , correct to 3 significant figures. 
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A cooling tower is in the form of a 
cylinder surmounted by a frustum of a cone as 
shown in Fig. 20.17. Determine the volume of air 
space in the tower if 40% of the space is used for 
pipes and other structures 


12.0 m 



Figure 20.17 

Volume of cylindrical portion 

( 25 0\ 2 

— j (12.0) = 5890 m 3 

Volume of frustum of cone 

= ^ jth(R 2 + Rr + r 2 ) 
where h — 30.0 — 12.0 = 18.0 m, 

R = 25.0/2= 12.5 m and r = 12.0/2 = 6.0m 
Hence volume of frustum of cone 

= ±7r(18.0)[(12.5) 2 + (12.5X6.0) + (6.0) 2 ] 

= 5038 m 3 

Total volume of cooling tower = 5890 + 5038 

= 10 928 m 3 

If 40% of space is occupied then volume of air 
space = 0.6 x 10 928 = 6557 nr 3 


Now try the following exercise 


2. A frustum of a pyramid has square ends, 
the squares having sides 9.0 cm and 5.0 cm, 
respectively. Calculate the volume and total 
surface area of the frustum if the perpendicular 
distance between its ends is 8.0 cm. 

[403 cm 3 , 337 cm 2 ] 

3. A cooling tower is in the form of a frustum of 
a cone. The base has a diameter of 32.0 m, the 
top has a diameter of 14.0 m and the vertical 
height is 24.0 m. Calculate the volume of the 
tower and the curved surface area. 

[10480 m 3 , 1852m 2 ] 

4. A loudspeaker diaphragm is in the form of a 

frustum of a cone. If the end diameters are 
28.0 cm and 6.00 cm and the vertical distance 
between the ends is 30.0 cm, find the area of 
material needed to cover the curved surface of 
the speaker. [ 1707 cm 2 ] 

5. A rectangular prism of metal having dimen¬ 

sions 4.3 cm by 7.2 cm by 12.4 cm is melted 
down and recast into a frustum of a square 
pyramid, 10 % of the metal being lost in the 
process. If the ends of the frustum are squares 
of side 3 cm and 8 cm respectively, find the 
thickness of the frustum. [10.69 cm] 

6 . Determine the volume and total surface area 
of a bucket consisting of an inverted frustum 
of a cone, of slant height 36.0 cm and end 
diameters 55.0 cm and 35.0 cm. 

[55 910 cm 3 , 6051cm 2 ] 

7. A cylindrical tank of diameter 2.0 m and per¬ 
pendicular height 3.0 m is to be replaced by a 
tank of the same capacity but in the form of a 
frustum of a cone. If the diameters of the ends 
of the frustum are 1.0 m and 2.0 m, respec¬ 
tively, determine the vertical height required. 

[5.14 m] 


Exercise 77 Further problems on volumes 
and surface areas of frustra of 
pyramids and cones 

1. The radii of the faces of a frustum of a cone 
are 2.0 cm and 4.0 cm and the thickness of the 
frustum is 5.0cm. Determine its volume and 
total surface area. [147 cm 3 , 164 cm 2 ] 


20.5 The frustum and zone of 
a sphere 


Volume of sphere = |jrr 3 and the surface area of 
sphere = Aicr 2 

A frustum of a sphere is the portion contained 
between two parallel planes. In Fig. 20.18, PQRS is 


Section 2 
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a frustum of the sphere. A zone of a sphere is the curved 
surface of a frustum. With reference to Fig. 20.18: 

Surface area of a zone of a sphere = 2nrh 
Volume of frustum of sphere 

= ~ 7 -{h 2 + 3r{ + 3 r\) 

6 



Figure 20.18 


Determine the volume of a frustum 
of a sphere of diameter 49.74 cm if the diameter of 
the ends of the frustum are 24.0 cm and 40.0 cm, 
and the height of the frustum is 7.00 cm 

From above, volume of frustum of a sphere 

= ^(h 2 + 3 r 2 + 3 r 2 2 ) 

6 

where h = 7.00 cm, r\ =24.0/2= 12.0 cm and 
r 2 = 40.0/2 = 20.0 cm. 

Hence volume of frustum 

7r(7.00) 7 7 7 

= —-[(7.00 ) 2 + 3(12.0 ) 2 + 3(20.0) 2 ] 

6 

= 6161 cm 3 

Determine for the frustum of 
Problem 22 the curved surface area of the frustum 

The curved surface area of the frustum = surface area 
of zone = 2 nrh (from above), where r = radius of 
sphere = 49.74/2 = 24.87 cm and h = 7.00 cm. Hence, 
surface area of zone = 27r(24.87)(7.00) = 1094 cm 2 

The diameters of the ends of the 
frustum of a sphere are 14.0 cm and 26.0 cm 
respectively, and the thickness of the frustum is 
5.0 cm. Determine, correct to 3 significant figures 
(a) the volume of the frustum of the sphere, (b) the 
radius of the sphere and (c) the area of the zone 
formed 



Figure 20.19 

The frustum is shown shaded in the cross-section of 
Fig. 20.19 

(a) Volume of frustum of sphere 

= ^(/ h 2 + 3 r 2 + 3r 2 ) 

6 

from above, where h — 5.0 cm, r\ = 14.0/2 = 7.0 cm 
and r 2 — 26.0/2 =13.0 cm. 

Hence volume of frustum of sphere 

= ^-^[(5.0 ) 2 + 3(7.0 ) 2 + 3(13.0) 2 ] 

6 

7 r( 5 . 0 ) 

= —--[25.0 + 147.0 + 507.0] 

6 

= 1780 cm 3 correct to 3 significant figures. 

(b) The radius, r , of the sphere may be calculated using 
Fig. 20.19. Using Pythagoras’ theorem: 

OS 2 = PS 2 + OP 2 

i.e. r 2 = (13.0) 2 + OP 2 (1) 

OR 2 = QR 2 + OQ 2 

i.e. r 2 = (7.0 ) 2 + OQ 2 

However OQ = QP + OP — 5.0 + OP, therefore 

r 2 = (7.0 ) 2 + (5.0 + OP) 2 (2) 

Equating equations (1) and (2) gives: 

(13.0) 2 + OP 2 = (7.0 ) 2 + (5.0 + OP) 2 
169.0 + OP 2 = 49.0 + 25.0 

+ 10.0(DP) + OP 2 
169.0 = 74.0+ lO.O(OP) 
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Hence 


OP = 


169.0 - 74.0 
104) 


9.50 cm 


Substituting OP — 9.50 cm into equation (1) gives: 
r 2 = (13.0) 2 + (9.50) 2 

from which r = V13.0 2 + 9.50 2 
i.e. radius of sphere, r = 16.1 cm 

(c) Area of zone of sphere 


= 2nrh = 2jt(16.1)(5.0) 

= 506 cm 2 , correct to 3 significant figures. 


A frustum of a sphere of diameter 
12.0 cm is formed by two parallel planes, one 
through the diameter and the other distance h from 
the diameter. The curved surface area of the frustum 
is required to be ^ of the total surface area of the 
sphere. Determine (a) the volume and surface area 
of the sphere, (b) the thickness h of the frustum, 

(c) the volume of the frustum and (d) the volume of 
the frustum expressed as a percentage of the sphere 


(a) Volume of sphere, 



= 904.8 cm 3 


Surface area of sphere 



= 452.4 cm 2 

(b) Curved surface area of frustum 

= |x surface area of sphere 
= \x 452.4 = 113.1cm 2 
From above, 

/ 12 . 0 \ 

113.1 = 2jrrh = 2n ( — 1 h 


Hence thickness of frustum 
113.1 

h = - = 

27r(6.0) 


3.0 cm 


(c) Volume of frustum, 

7T ll o o t 

V = — Or + 3 rf + 3 rj) 
6 

where h — 3.0 cm, r 2 = 6.0 cm and 
n = VOQ 2 - OP 2 
from Fig. 20.20, 

i.e. r\ = V6.0 2 — 3.0 2 = 5.196 cm 



Figure 20.20 

Hence volume of frustum 


7r(3.0) , 9 9 

= ——^p.O) 2 + 3(5.196) 2 + 3(6.0) 2 ] 
6 

= —[9.0 + 81 + 108.0] = 311.0cm 3 
2 


(d) 


Volume of frustum 311.0 


Volume of sphere 904T 

= 34.37% 


x 100% 


A spherical storage tank is filled 
with liquid to a depth of 20 cm. If the internal 
diameter of the vessel is 30 cm, determine the 
number of litres of liquid in the container 
(1 litre = 1000 cm 3 ) 


The liquid is represented by the shaded area in the 
section shown in Fig. 20.21. The volume of liquid com¬ 
prises a hemisphere and a frustum of thickness 5 cm. 
Hence volume of liquid 

2 ", Till 9 9 9 

= T 717-3 + ~r[h 2 + 3r 2 + 3 r\] 

3 6 

where rj = 30/2 = 15 cm and 

r\ = \/ 15 2 — 5 2 = 14.14 cm 


Section 2 
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sphere contained between two parallel planes 
distances 12.0 mm and 10.00 mm from the 
centre and on opposite sides of it. 

[14.84 cm 3 ] 

5. A spherical storage tank is filled with liquid 
to a depth of 30.0 cm. If the inner diam¬ 
eter of the vessel is 45.0 cm determine the 
number of litres of liquid in the container 
(1 litre = 1000cm 3 ). [35.34 litres] 


Figure 20.21 

Volume of liquid 

= |tt(15) 3 + ^[5 2 + 3(14.14) 2 + 3(15) 2 ] 

3 6 

= 7069 + 3403 = 10470 cm 3 

Since 1 litre = 1000 cm 3 , the number of litres of liquid 
10470 

= -= 10.47 litres 

1000 


Now try the following exercise 

Exercise 78 Further problems on frustums 
and zones of spheres 

1. Determine the volume and surface area of a 

frustum of a sphere of diameter 47.85 cm, if 
the radii of the ends of the frustum are 14.0 cm 
and 22.0 cm and the height of the frustum is 
10.0cm [11210 cm 3 , 1503 cm 2 ] 

2. Determine the volume (in cm 3 ) and the sur¬ 
face area (in cm 2 ) of a frustum of a sphere 
if the diameter of the ends are 80.0 mm and 
120.0 mm and the thickness is 30.0 mm. 

[259.2 cm 3 , 118.3 cm 2 ] 

3. A sphere has a radius of 6.50 cm. Determine 
its volume and surface area. A frustum of the 
sphere is formed by two parallel planes, one 
through the diameter and the other at a distance 
h from the diameter. If the curved surface area 
of the frustum is to be j of the surface area of 
the sphere, find the height h and the volume of 
the frustum. 

1150 cm 3 ,531 cm 2 , 
2.60 cm, 326.7 cm 3 

4. A sphere has a diameter of 32.0 mm. Calcu¬ 
late the volume (in cm 3 ) of the frustum of the 


20.6 Prismoidal rule 


The prismoidal rule applies to a solid of length x divided 
by only three equidistant plane areas, Ai, A 2 and A 3 
as shown in Fig. 20.22 and is merely an extension of 
Simpson’s rule (see Chapter 21)—but for volumes. 



Figure 20.22 

With reference to Fig. 20.22 

Volume, V = - [ A 1 + 4 A 2 + A 3 ] 

6 

The prismoidal rule gives precise values of volume for 
regular solids such as pyramids, cones, spheres and 
prismoids. 

A container is in the shape of a 
frustum of a cone. Its diameter at the bottom is 
18 cm and at the top 30 cm. If the depth is 24 cm 
determine the capacity of the container, correct to 
the nearest litre, by the prismoidal rule. 

(1 litre = 1000 cm 3 ) 

The container is shown in Fig. 20.23. At the mid-point, 
i.e. at a distance of 12 cm from one end, the radius r 2 
is (9+ 15)/2= 12 cm, since the sloping side changes 
uniformly. 

Volume of container by the prismoidal rule 

= 7 [A 1 + 4A2 + A 3 ] 

6 
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Figure 



from above, where .c = 24cm, A\ = 7r(15) 2 cm 2 , 
A 2 = tt( 12) 2 cm 2 and A 3 = ?r(9) 2 cm 2 
Hence volume of container 


= ^[7r(15) 2 + 47r(12) 2 + 7r(9) 2 ] 

6 

= 4(706.86 + 1809.56 + 254.47] 

, 11080 

= 11 080 cm 3 = -litres 

1000 

= 11 litres, correct to the nearest litre 


(Check: Volume of frustum of cone 

= ^jrh[R 2 + Rr + r 2 ] from Section 20.4 
= j7r(24)[(15) 2 + (15)(9) + (9) 2 ] 

= 11 080cm 3 (as shown above) 


A frustum of a sphere of radius 
13 cm is formed by two parallel planes on opposite 
sides of the centre, each at distance of 5 cm from 
the centre. Determine the volume of the frustum 
(a) by using the prismoidal rule, and (b) by using 
the formula for the volume of a frustum of a sphere 


The frustum of the sphere is shown by the section in 
Fig. 20.24. 



Figure 20.24 


Radius r\ — r 2 = PQ = V13 2 — 5 2 = 12 cm, by Pythago¬ 
ras’ theorem. 

(a) Using the prismoidal rule, volume of frustum, 

V = - [A i + 4 A 2 + A 3 ] 

6 

= ^[jr(12) 2 + 47r(13) 2 + 7r(12) 2 ] 

0 

= — [ 144 + 676 + 144] = 5047 cm 3 
6 

(b) Using the formula for the volume of a frustum of 
a sphere: 

Volume V = h 2 + 3 r\ + 3 rj) 

= ^[10 2 + 3(12) 2 + 3(12) 2 ] 

6 

107T 

= —(100 + 432 + 432) 

6 

= 5047 cm 3 


A hole is to be excavated in the form 
of a prismoid. The bottom is to be a rectangle 16 m 
long by 12 m wide; the top is also a rectangle, 26 m 
long by 20 m wide. Find the volume of earth to be 
removed, correct to 3 significant figures, if the 
depth of the hole is 6.0 m 


The prismoid is shown in Fig. 20.25. Let Ai 
represent the area of the top of the hole, i.e. 
A] =20 x 26 = 520m 2 . Let A 3 represent the area of 
the bottom of the hole, i.e. A 3 = 16 x 12= 192 m 2 . Let 
A 2 represent the rectangular area through the middle 
of the hole parallel to areas A\ and A 2 . The length 
of this rectangle is (26+ 16)/2 = 21 m and the width 
is (20+ 12)/2= 16 m, assuming the sloping edges are 
uniform. Thus area A 2 = 21 x 16 = 336 m 2 . 
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Using the prismoidal rule, 
x 

volume of hole = -[Ai + 4 A 2 + A 3 ] 

6 

= -[520 + 4(336)+ 192] 

6 

= 2056 m 3 = 2060 m 3 , 

correct to 3 significant figures. 

The roof of a building is in the form 
of a frustum of a pyramid with a square base of side 
5.0 m. The flat top is a square of side 1.0 m and all 
the sloping sides are pitched at the same angle. The 
vertical height of the flat top above the level of the 
eaves is 4.0 m. Calculate, using the prismoidal rule, 
the volume enclosed by the roof 

Let area of top of frustum be A] = (1.0 ) 2 = 1.0 nr 
Let area of bottom of frustum be A 3 = (5.0 ) 2 = 25.0 m 2 
Let area of section through the middle of the frustum 
parallel to A\ and A 3 be A 2 . The length of the side 
of the square forming A 2 is the average of the sides 
forming Aj andA 3 , i.e. (1.0 + 5.0)/2 = 3.0m. Hence 
A 2 = (3.0 ) 2 = 9.0 m 2 
Using the prismoidal rule, 


= —[1.0+ 4(9.0)+ 25.0] 

6 


3. A bucket is in the form of a frustum of a cone. 
The diameter of the base is 28.0 cm and the 
diameter of the top is 42.0 cm. If the height is 
32.0 cm, determine the capacity of the bucket 
(in litres) using the prismoidal rule (1 litre = 
1000 cm 3 ). 

[31.20 litres] 

4. Determine the capacity of a water reservoir, 

in litres, the top being a 30.0 m by 12.0 m 
rectangle, the bottom being a 20.0 m by 8.0 m 
rectangle and the depth being 5.0 m (1 litre = 
1000 cm 3 ). [1.267 x 10 6 litre] 


20.7 Volumes of similar shapes 


The volumes of similar bodies are proportional to 
the cubes of corresponding linear dimensions. 

For example, Fig. 20.26 shows two cubes, one of 
which has sides three times as long as those of the other. 



Hence, volume enclosed by roof = 41.3 m 3 


Now try the following exercise 

Exercise 79 Further problems on the 
prismoidal rule 

1. Use the prismoidal rule to find the volume of 

a frustum of a sphere contained between two 
parallel planes on opposite sides of the centre 
each of radius 7.0 cm and each 4.0 cm from the 
centre. [1500 cm 3 ] 

2. Determine the volume of a cone of perpendic¬ 

ular height 16.0 cm and base diameter 10.0 cm 
by using the prismoidal rule. [418.9 cm 3 ] 


Volume of Fig. 20.26(a) = (x)(x)(x) = v 3 

Volume of Fig. 20.26(b) = (3x)(3x)(3x) = 27x 3 

Hence Fig. 20.26(b) has a volume (3) 3 , i.e. 27 times the 
volume of Fig. 20.26(a). 

A car has a mass of 1000 kg. A 
model of the car is made to a scale of 1 to 50. 
Determine the mass of the model if the car and its 
model are made of the same material 

Volume of model / 1 \ 3 

\50/ 


Volume of car 
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since the volume of similar bodies are proportional to 
the cube of corresponding dimensions. 

Mass = density x volume, and since both car and 
model are made of the same material then: 

Mass of model / 1 \ 3 

Mass of car \50/ 

Hence mass of model = (mass of car) 

_ 1000 
° " 503 ” 

= 0.008 kg or 8 g 



Now try the following exercise 


Exercise 80 Further problems on volumes 
of similar shapes 

1. The diameter of two spherical bearings are 

in the ratio 2:5. What is the ratio of their 
volumes? [8:125] 

2. An engineering component has a mass of 
400 g. If each of its dimensions are reduced 
by 30% determine its new mass. [137.2 g] 


Section 2 









Chapter 21 


Irregular areas and volumes 

and mean values of 

waveforms 


21.1 Area of irregular figures 


Area of irregular plane surfaces may be approximately 
determined by using (a) a planimeter, (b) the trapezoidal 
rule, (c) the mid-ordinate rule, and (d) Simpson’s rule. 
Such methods may be used, for example, by engineers 
estimating areas of indicator diagrams of steam engines, 
surveyors estimating areas of plots of land or naval 
architects estimating areas of water planes or transverse 
sections of ships. 

(a) A planimeter is an instrument for directly mea¬ 
suring small areas bounded by an irregular curve. 

(b) Trapezoidal rule 

To determine the areas PQRS in Fig. 21.1: 
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ri 

ri 

ri 
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Figure 21.1 

(i) Divide base PS into any number of equal 
intervals, each of width d (the greater the 
number of intervals, the greater the accu¬ 
racy). 

(ii) Accurately measure ordinates y \, yi, yi, etc. 


(iii) Area PQRS 

, ~y\ + yi 

— d 


+ yi + yi + y4 + ys + V6 


In general, the trapezoidal rule states: 

/ width of\ 1 / first + last \ ( SUm . 

Afea = y interval J 2 I ordinate J + r “" g 


(c) Mid-ordinate rule 

To determine the axeaABCD of Fig. 21.2: 



C 

D 


Figure 21.2 

(i) Divide base AD into any number of equal 
intervals, each of width d (the greater 
the number of intervals, the greater the 
accuracy). 

(ii) Erect ordinates in the middle of each interval 
(shown by broken lines in Fig. 21.2). 

(iii) Accurately measure ordinates yi, yi, yi, etc. 

(iv) Area ABCD 

= d(y\ + y 2 + y3 + y\ + y5 + yf,). 
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In general, the mid-ordinate rule states: 


Area = 


width of 
interval 


sum of 

mid-ordinates 


(d) Simpson’s rule 

To determine the area PQRS of Fig. 21.1: 


(i) Divide base PS into an even number of inter¬ 
vals, each of width d (the greater the number 
of intervals, the greater the accuracy). 

(ii) Accurately measure ordinates y \, j 2 , yy, etc. 

(iii) Area PQRS 

d 

— - [Cvt + yi) + 4(y2 + V4 + ye) 

+ 2(b +.V5)] 

In general, Simpson’s rule states: 


Area 


_ 1 / width of \ / first-|- last \ 

— 3 l interval J l ordinate / 

) 


+ 4 


+ 2 


sum of even 
ordinates 


sum of remaining 
odd ordinates 


A car starts from rest and its speed is 
measured every second for 6 s: 

Time f(s) 0 1 2 3 4 5 6 

Speed v 

(m/s) 0 2.5 5.5 8.75 12.5 17.5 24.0 

Determine the distance travelled in 6 seconds (i.e. the 
are under the v/t graph), by (a) the trapezoidal rule, 
(b) the mid-ordinate rule, and (c) Simpson’s rule 

A graph of speed/time is shown in Fig. 21.3. 



(a) 


(b) 


(c) 


Trapezodial rule (see para, (b) above). 

The time base is divided into 6 strips each of width 
1 s, and the length of the ordinates measured. Thus 


area = (1) 


0 + 24.0 


■2.5 + 5.5 + 8.75 


12.5+17.5 


Mid-ordinate rule (see para, (c) above). 


= 58.75 m 


The time base is divided into 6 strips each of width 
1 second. Mid-ordinates are erected as shown in 
Fig. 21.3 by the broken lines. The length of each 
mid-ordinate is measured. Thus 

area = (1)[1.25 + 4.0 + 7.0 + 10.75 

+ 15.0 + 20.25] = 58.25 m 

Simpson’s rule (see para, (d) above). 

The time base is divided into 6 strips each of width 
1 s, and the length of the ordinates measured. Thus 

area = ^(1)[(0 + 24.0) + 4(2.5 + 8.75 

+ 17.5) + 2(5.5 + 12.5)] = 58.33 m 


A river is 15 m wide. Soundings of 
the depth are made at equal intervals of 3 m across 
the river and are as shown below. 

Depth (m) 0 2.2 3.3 4.5 4.2 2.4 0 

Calculate the cross-sectional area of the flow of 
water at this point using Simpson’s rule 


From para, (d) above. 

Area = ^(3)[(0 + 0) + 4(2.2 + 4.5 + 2.4) 

+ 2(3.3+ 4.2)] 

= (1)[0 + 36.4 + 15] = 51.4 m 2 


Now try the following exercise 


Exercise 81 Further problems on areas of 
irregular figures 

1. Plot a graph of y — 3x — x 2 by completing 
a table of values of y from x = 0 to jc = 3. 
Determine the area enclosed by the curve, the 


Figure 21.3 
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x-axis and ordinate x — 0 and x = 3 by (a) the 
trapezoidal rule, (b) the mid-ordinate rule and 
(c) by Simpson’s rule. [4.5 square units] 

2. Plot the graph of y = 2x 2 + 3 between x = 0 
and x — 4. Estimate the area enclosed by the 
curve, the ordinates x = 0 and x — 4, and the 
x-axis by an approximate method. 

[54.7 square units] 

3. The velocity of a car at one second intervals is 
given in the following table: 


time f(s) 

0 1 2 3 4 5 6 

velocity v 


(m/s) 

0 2.0 4.5 8.0 14.0 21.0 29.0 


Determine the distance travelled in 6 sec¬ 
onds (i.e. the area under the v/t graph) using 
Simpson’s rule. [63.33 m] 

4. The shape of a piece of land is shown in 
Fig. 21.4. To estimate the area of the land, 
a surveyor takes measurements at intervals 
of 50 m, perpendicular to the straight portion 
with the results shown (the dimensions being 
in metres). Estimate the area of the land in 
hectares (1 ha = 10 4 m 2 ). [4.70 ha] 



I'sotso’lwlwl'sotso 


Figure 21.4 


5. The deck of a ship is 35 m long. At equal inter¬ 
vals of 5 m the width is given by the following 
table: 


Width 

(m) 


0 2.8 5.2 6.5 5.8 4.1 3.0 2.3 


Estimate the area of the deck. [143 m 2 ] 


21.2 Volumes of irregular solids 


If the cross-sectional areas A i, A 2 , A 3 ,... of an irregular 
solid bounded by two parallel planes are known at equal 


intervals of width d (as shown in Fig. 21.5), then by 
Simpson’s rule: 

(Ai + A 7 ) + 4 (A 2 + A 4 + Ag) 

+ 2(A 3 +A 5 ) 


Volume, V = - 
3 



Figure 21.5 


A tree trunk is 12 m in length and has 
a varying cross-section. The cross-sectional areas at 
intervals of 2 m measured from one end are: 

0.52, 0.55, 0.59, 0.63, 0.72, 0.84, 0.97 m 2 
Estimate the volume of the tree trunk 


A sketch of the tree trunk is similar to that shown in 
Fig. 21.5, where d = 2 m, A\ — 0.52 m 2 , A 2 = 0.55 m 2 , 
and so on. 

Using Simpson’s rule for volumes gives: 

2 

Volume = -[(0.52 + 0.97) + 4(0.55 

+ 0.63 + 0.84) + 2(0.59 + 0.72)] 


2 

3 


[1.49 + 8.08 + 2.62] = 8.13 m 3 


The areas of seven horizontal 
cross-sections of a water reservoir at intervals of 
10 m are: 

210, 250, 320, 350, 290, 230, 170 m 2 

Calculate the capacity of the reservoir in litres 


Using Simpson’s rule for volumes gives: 

10 

Volume = — [(210 + 170) + 4(250 

+ 350 + 230) + 2(320 + 290)] 

10 

= y[380 +3320+ 1220] 

= 16400 m 3 

16400 m = 16 400 x 10 6 cm 3 
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Since 1 litre = 1000 cnr, capacity of reservoir 

16400 x 10 6 

= -litres 

1000 

= 16 400 000 = 1.64 X 10 7 litres 


Now try the following exercise 

Exercise 82 Further problems on volumes 
of irregular solids 

1. The areas of equidistantly spaced sections of 
the underwater form of a small boat are as 
follows: 

1.76, 2.78, 3.10, 3.12, 2.61, 1.24, 0.85 m 2 

Determine the underwater volume if the sec¬ 
tions are 3 m apart. [42.59 m 3 ]. 

2. To estimate the amount of earth to be removed 
when constructing a cutting the cross-sectional 
area at intervals of 8 m were estimated as 
follows: 

0, 2.8, 3.7, 4.5, 4.1, 2.6, 0 m 3 

Estimate the volume of earth to be excavated. 

[147 m 3 ] 

3. The circumference of a 12 m long log of 
timber of varying circular cross-section is 
measured at intervals of 2 m along its length 
and the results are: 


21.3 The mean or average value of a 
waveform 


The mean or average value, y, of the waveform shown 
in Fig. 21.6 is given by: 

area under curve 
V length of base, b 



If the mid-ordinate rule is used to find the area under 
the curve, then: 

sum of mid-ordinates 
^ number of mid-ordinates 

/_ y\ + yi + .V3 + 34 + B + J6 + 37 
V 7 

for Fig. 21.6^ 

For a sine wave, the mean or average value: 

(i) over one complete cycle is zero (see Fig. 21.7(a)), 


Distance from 
one end (m) 

Circumference 

(m) 

0 

2.80 

2 

3.25 

4 

3.94 

6 

4.32 

8 

5.16 

10 

5.82 

12 

6.36 


Estimate the volume of the timber in cubic 
metres. [20.42 m 3 ] 



Figure 21.7 

(ii) over half a cycle is 0.637 x maximum value, or 
Hit x maximum value, 

(iii) of a full-wave rectified waveform (see Fig. 21.7(b)) 

is 0.637 x maximum value, 
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(iv) 


of a half-wave rectified waveform (see Fig. 21.7(c)) 

is 0.318 x maximum value, or — x maximum 

it 


value. 



Determine the average values over 
half a cycle of the periodic waveforms shown in 
Fig. 21.8 





(c) 


Figure 21.8 


(a) Area under triangular waveform (a) for a half cycle 
is given by: 


1 

Area = -(base)(perpendicular height) 

1 


r 3 ) 

= 20 x IQ -3 Vs 


= ^ ( 2 x 10 )(20) 


(b) Area under waveform (b) for a half cycle 
= (1 x l) + (3 x 2) = 7 As 


Average value of waveform 


area under curve 
length of base 
7 As 


3 s 


= 2.33 A 


(c) A half cycle of the voltage waveform (c) is com¬ 
pleted in 4 ms. 

Area under curve 


= ^{(3 — 1 ) 10 _ 3 }( 10 ) 

= 10 x 10“ 3 Vs 


Average value of waveform 


area under curve 
length of base 
10 x 10“ 3 Vs _ 
4 x 10“ 3 s ~~ 


2.5 V 


Determine the mean value of current 
over one complete cycle of the periodic waveforms 
shown in Fig. 21.9 


< 

S 

c 

2 

3 

o 






6 8 1012 f(ms) 


Figure 21.9 


Average value of waveform 

area under curve 
length of base 
20 x 10“ 3 Vs 

= 10V 


(a) One cycle of the trapezoidal waveform (a) is com¬ 
pleted in 10 ms (i.e. the periodic time is 10 ms). 

Area under curve = area of trapezium 


1 

2 


(sum of parallel sides)(perpendicular 


2 x 10“ 3 s 


distance between parallel sides) 
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= ^{(4 + 8) x 10 -3 }(5 x 10“ 3 ) 
= 30 x 10 -6 As 


Mean value over one cycle 

area under curve 


length of base 
30 x 10 -6 As 


10 x 10“ 3 s 


= 3 mA 


(b) One cycle of the sawtooth waveform (b) is com¬ 
pleted in 5 ms. 

Area under curve 

= ^(3 x 10 _3 )(2) = 3 x 10“ 3 As 

Mean value over one cycle 


(a) The time base is divided into 6 equal intervals, each 
of width 1 hour. Mid-ordinates are erected (shown 
by broken lines in Fig. 21.10) and measured. The 
values are shown in Fig. 21.10. 

Area under curve 

= (width of interval)(sum of mid-ordinates) 

= (1)[7.0 + 21.5 + 42.0 + 49.5 + 37.0 + 10.0] 

= 167 kWh 

(i.e. a measure of electrical energy) 

(b) Average value of waveform 

area under curve 
length of base 


area under curve 


length of base 
3 x 10“ 3 As _ 
5 x 10“ 3 s 


0.6 A 


The power used in a manufacturing 
process during a 6 hour period is recorded at 
intervals of 1 hour as shown below 

0 1 2 3 4 5 6 

0 14 29 51 45 23 0 

Plot a graph of power against time and, by using the 
mid-ordinate rule, determine (a) the area under the 
curve and (b) the average value of the power 


Time (h) 
Power (kW) 


The graph of power/time is shown in Fig. 21.10. 



Figure 21.10 


167 kWh 
6h 


27.83 kW 


Alternatively, average value 


Sum of mid-ordinates 
number of mid-ordinate 


Figure 21.11 shows a sinusoidal 
output voltage of a full-wave rectifier. Determine, 
using the mid-ordinate rule with 6 intervals, the 
mean output voltage 



Figure 21.11 


One cycle of the output voltage is completed in jt radians 
or 180°. The base is divided into 6 intervals, each of 
width 30°. The mid-ordinate of each interval will lie at 
15°, 45°, 75°, etc. 

At 15° the height of the mid-ordinate is 10 sin 15° = 
2.588 V 

At 45° the height of the mid-ordinate is 10 sin 45° = 
7.071 V, and so on. 
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The results are tabulated below: 


Mid-ordinate 

Height of mid-ordinate 

15° 

10 sin 15° 

= 2.588V 

45° 

10 sin 45° 

= 7.071V 

75° 

10 sin 75° 

= 9.659 V 

105° 

10 sin 105° 

= 9.659 V 

135° 

10 sin 135° 

= 7.071V 

165° 

10 sin 165° 

= 2.588V 

Sum of mid-ordinates = 

= 38.636 V 


Mean or average value of output voltage 
sum of mid-ordinates 


number of mid-ordinate 
38.636 


= 6.439 V 

b 

(With a larger number of intervals a more accurate 
answer may be obtained.) 

For a sine wave the actual mean value is 0.637 x 
maximum value, which in this problem gives 6.37 V 

An indicator diagram for a steam 
engine is shown in Fig. 21.12. The base line has 
been divided into 6 equally spaced intervals and the 
lengths of the 7 ordinates measured with the results 
shown in centimetres. Determine (a) the area of the 
indicator diagram using Simpson’s rule, and (b) the 
mean pressure in the cylinder given that 1 cm 
represents lOOkPa 


1.6 


3.6 

4.0 

3.5 

2.9 

2.2 

T71 

---I 


Figure 21.12 


12.0 


(a) The width of each interval is -cm. Using 

6 

Simpson’s rule, 

area = ^(2.0)[(3.6 + 1.6) + 4(4.0 

+ 2.9+ 1.7)+ 2(3.5+ 2.2)] 


= -[5.2 + 34.4+ 11.4] 
= 34 cm 2 


(b) Mean height of ordinates 

area of diagram 34 

= -= — = 2.83 cm 

length of base 12 

Since 1 cm represents lOOkPa, the mean pressure 
in the cylinder 

= 2.83 cm x lOOkPa/cm = 283 kPa 


Now try the following exercise 

Exercise 83 Further problems on mean or 
average values of waveforms 

1. Determine the mean value of the periodic 
waveforms shown in Fig. 21.13 over a half 
cycle. [(a) 2 A (b) 50 V (c)2.5A] 


o 


o 

-2 


10 


20 f(ms) 


(a) 




Figure 21.13 

2. Find the average value of the periodic wave¬ 

form shown in Fig. 21.14 over one complete 
cycle. [(a) 2.5 V (b) 3 A] 

3. An alternating current has the following values 
at equal intervals of 5 ms. 


Time (ms) 

0 

5 

10 

15 

20 

25 

30 

Current (A) 

0 

0.9 

2.6 

4.9 

5.8 

3.5 

0 
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Plot a graph of current against time and esti¬ 
mate the area under the curve over the 30 ms 
period using the mid-ordinate rule and deter¬ 
mine its mean value. [0.093 As, 3.1 A] 


;> 

£ 

V 10 

CD 

03 

/ 

LA 

LA 


> 0 

2 4 6 8 10 f(ms) 



4. Determine, using an approximate method, the 
average value of a sine wave of maximum 
value 50 V for (a) a half cycle and (b) a 
complete cycle. 

[(a) 31.83 V (b) 0] 

5. An indicator diagram of a steam engine is 
12 cm long. Seven evenly spaced ordinates, 
including the end ordinates, are measured as 
follows: 

5.90, 5.52, 4.22, 3.63, 3.32, 3.24, 3.16cm 

Determine the area of the diagram and the 
mean pressure in the cylinder if 1 cm repre¬ 
sents 90kPa. [49.13 cm 2 , 368.5 kPa] 
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Revision Test 5 


This Revision test covers the material contained in Chapters 18 to 21. The marks for each question are shown in 
brackets at the end of each question. 


1. A swimming poolis55m long and 10 m wide. The 

perpendicular depth at the deep end is 5 m and at 
the shallow end is 1.5 m, the slope from one end 
to the other being uniform. The inside of the pool 
needs two coats of a protective paint before it is 
filled with water. Determine how many litres of 
paint will be needed if 1 litre covers 10m 2 . (7) 

2. A steel template is of the shape shown in Fig. R5.1, 

the circular area being removed. Determine the 
area of the template, in square centimetres, correct 
to 1 decimal place. (7) 


30 mm 



Figure R5.1 


6. Convert 

(a) 125°47' to radians 

(b) 1.724 radians to degrees and minutes (2) 

7. Calculate the length of metal strip needed to make 

the clip shown in Fig. R5.3. (6) 



Figure R5.3 

8. A lorry has wheels of radius 50 cm. Calculate the 

number of complete revolutions a wheel makes 
(correct to the nearest revolution) when travelling 
3 miles (assume 1 mile = 1.6 km). (5) 

9. The equation of a circle is: 

x 2 +y 2 + 12jc - 4y + 4 = 0. 

Determine (a) the diameter of the circle, and (b) 
the coordinates of the centre of the circle. (5) 


3. The area of a plot of land on a map is 400 mm 2 . 

If the scale of the map is 1 to 50000, deter¬ 
mine the true area of the land in hectares 
(1 hectare = 10 4 m 2 ). (3) 

4. Determine the shaded area in Fig. R5.2, correct to 

the nearest square centimetre. (3) 

5. Determine the diameter of a circle whose circum¬ 
ference is 178.4cm. (2) 



10. Determine the volume (in cubic metres) and the 

total surface area (in square metres) of a solid 
metal cone of base radius 0.5 m and perpendicular 
height 1.20 m. Give answers correct to 2 decimal 
places. (5) 

11. Calculate the total surface area of a 10 cm by 15 cm 

rectangular pyramid of height 20 cm. (5) 

12. A water container is of the form of a central cylin¬ 

drical part 3.0 m long and diameter 1.0 m, with 
a hemispherical section surmounted at each end 
as shown in Fig. R5.4. Determine the maximum 
capacity of the container, correct to the nearest 
litre. (1 litre = 1000cm 3 .) (5) 


; 3.0 m 




) 

1.0 m 


Figure R5.4 
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13. Find the total surface area of a bucket con¬ 

sisting of an inverted frustum of a cone, of 
slant height 35.0 cm and end diameters 60.0 cm 
and 40.0 cm. (4) 

14. A boat has a mass of 20000 kg. A model of the 

boat is made to a scale of 1 to 8. If the model is 
made of the same material as the boat, determine 
the mass of the model (in grams). (3) 

15. Plot a graph of y — 3x 2 + 5 from x = 1 to x — 4. 

Estimate, correct to 2 decimal places, using 6 
intervals, the area enclosed by the curve, the ordi¬ 
nates x = 1 and x = 4, and the x-axis by (a) the 
trapezoidal rule, (b) the mid-ordinate rule, and 
(c) Simpson’s rule. (12) 


16. A vehicle starts from rest and its velocity is 
measured every second for 6 seconds, with the 
following results: 

0 1 2 3 4 5 6 

0 1.2 2.4 3.7 5.2 6.0 9.2 

Using Simpson’s rule, calculate (a) the distance 
travelled in 6 s (i.e. the area under the v/t graph) 
and (b) the average speed over this period. (6) 


Time t (s) 
Velocity v (m/s) 
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Chapter 22 


Introduction to 
trigonometry 


22.1 Trigonometry 


Trigonometry is the branch of mathematics that deals 
with the measurement of sides and angles of trian¬ 
gles, and their relationship with each other. There are 
many applications in engineering where knowledge of 
trigonometry is needed. 


22.2 The theorem of Pythagoras 


With reference to Fig. 22.1, the side opposite the 
right angle (i.e. side b) is called the hypotenuse. The 
theorem of Pythagoras states: 

‘In any right-angle triangle, the square on the 
hypotenuse is equal to the sum of the squares on the 
other two sides.’ 

Hence b 2 = a 2 + c 2 


A 



Figure 22.1 


In Fig. 22.2, find the length of EF. 


0 

f = 5 cm 

0 = 13 cm 

E 

s -— f 


d 

Figure 22.2 



By Pythagoras’ theorem: e 2 = d 2 + f 2 

Hence 13 2 = r/ 2 + 5 2 

169 = d 2 + 25 
d 2 = 169 - 25 = 144 
Thus d = V144 = 12 cm 

i.e. EF = 12 cm 

Two aircraft leave an airfield at the 
same time. One travels due north at an average 
speed of 300 km/h and the other due west at an 
average speed of 220 km/h. Calculate their distance 
apart after 4 hours 


N 



Figure 22.3 

After 4 hours, the first aircraft has travelled 
4 x 300= 1,200 km, due north, and the second aircraft 
has travelled 4 x 220 = 880 km due west, as shown in 
Fig. 22.3. Distance apart after 4 hour = BC. 

From Pythagoras’ theorem: 

BC 2 = 1200 2 + 880 2 

= 1440000 + 774400 and 

BC — V2214400 

Hence distance apart after 4 hours = 1488 km 
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Now try the following exercise 

Exercise 84 Further problems on the 
theorem of Pythagoras 

1. In a triangle CDE , D — 90° , CD = 14.83 mm 

and CE = 28.31mm. Determine the length 
of DE. [24.11 mm] 

2. Triangle PQR is isosceles, Q being a right 
angle. If the hypotenuse is 38.47 cm find (a) 
the lengths of sides PQ and QR, and (b) the 
value of ZQPR. [(a) 27.20 cm each (b) 45°] 

3. A man cycles 24 km due south and then 20 km 

due east. Another man, starting at the same 
time as the first man, cycles 32 km due east 
and then 7 km due south. Find the distance 
between the two men. [20.81km] 

4. A ladder 3.5 m long is placed against a 

perpendicular wall with its foot 1.0 m from 
the wall. How far up the wall (to the nearest 
centimetre) does the ladder reach? If the foot 
of the ladder is now moved 30 cm further 
away from the wall, how far does the top of 
the ladder fall? [3.35 m, 10 cm] 

5. Two ships leave a port at the same time. One 
travels due west at 18.4 km/h and the other 
due south at 27.6 km/h. Calculate how far 
apart the two ships are after 4 hours. 

[132.7 km] 

6. Figure 22.4 shows a bolt rounded off at one 
end. Determine the dimension h. [2.94 mm] 

E 

E 



Figure 22.4 


7. Figure 22.5 shows a cross-section of a com¬ 
ponent that is to be made from a round bar. 
If the diameter of the bar is 74 mm, calculate 
the dimension x. [24 mm] 


x 

«-► 



Figure 22.5 


22.3 Trigonometric ratios of 
acute angles 


(a) With reference to the right-angled triangle shown 
in Fig. 22.6: 


opposite side 

(i) sin 6 = — - 

hypotenuse 


i.e. sin# = - 

c 

adjacent side 

(ii) cosine 9= - 

hypotenuse 

a 

i.e. cos# = - 

c 

opposite side 

(iii) tangent# = - 

adjacent side 


i.e. tail # = 

a 

hypotenuse 

(iv) secant 0 = - 

adjacent side 


i.e. sec#=- 
a 

hypotenuse 

(v) cosecant 6 = - 

opposite side 
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adjacent side 

(vi) cotangent 9 =- 

opposite side 



a 


Figure 22.6 

(b) From above, 


(i) 


(ii) 


(iii) 

(iv) 

(v) 


sin # ,, b 

- — — = tan #, 

cos# a 


i.e. tan # = 


c 

sin# 

cos# 

a 


cos 6 r a 

-= -j- = - = cot ( 

sin 9 b b 


i.e. cot# = 
sec# = 
cosec # = 


c 

cos# 

sin# 

1 

cos# 

1 

sin# 


(Note ‘s’ and ‘c’ go together) 


cot # = 


tan# 


Secants, cosecants and cotangents are called the recip¬ 
rocal ratios. 


If cos X = — determine the value of 
41 

the other five trigonometric ratios 


Figure 22.7 shows a right-angled triangle XYZ. 


9 

Since cos X = —. then XY = 9 units and 
41 

XZ =41 units. 

Using Pythagoras’ theorem: 41 2 = 9 2 + YZ 2 from 
which YZ = V41 2 — 9 2 = 40 unts. 

40 40 4 

Thus, sinA - = —, tanA" = — = 4-, 

41 9 9 

41 1 41 5 

cosecA - = ... = 1—, secX = — = 4- 

40 40 9 9 


and 


cot^T = 


40 


If sin 0 — 0.625 and cos 6 — 0.500 
determine the values of cosec 9, sec 9, tan 6 and cot 9 


1 


1 


cosec t 

sec 0 — 

tan 9 — 

cot 6 = 


sin# 

1 

cos# 
sin # 
cos# 
cos# 


0.625 

1 

0.500 

0.625 

0.500 

0.500 


sin# 0.625 


= 1.60 

= 2.00 

= 1.25 

= 0.80 



■«&- 


2 4 

(b) 


Figure 22.8 


Point A lies at co-ordinate (2, 3) and 
point B at (8, 7). Determine (a) the distance AB, 

(b) the gradient of the straight line AB , and (c) the 
angle AB makes with the horizontal 


z 


X 



Y 


Figure 22.7 


(a) Points A and B are shown in Fig. 22.8(a). 

In Fig. 22.8(b), the horizontal and vertical lines 
AC and BC are constructed. Since ABC is a 
right-angled triangle, and AC = (8 — 2) = 6 and 
BC = (7 — 3) = 4, then by Pythagoras’ theorem: 

AB 2 = AC 2 + BC 2 = 6 2 + 4 2 

and AB = s] & + 4 2 = V52 = 7.211, 

correct to 3 decimal places 
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(b) The gradient of AB is given by tan 9, 

BC 4 2 

i.e. gradient = tan 6 = — = - = - 
AC 6 3 

(c) The angle AB makes with the horizontal is 

r 2 

given by: tan 1 — = 33.69° 


Now try the following exercise 

Exercise 85 Further problems on 

trigonometric ratios of acute 
angles 

1. In triangle ABC shown in Fig. 22.9, find sin A, 
cos A, tan A, sin B, cos B and tan B. 



Figure 22.9 


sin A = 


3 

—,cos A 

4 


4 

tanA = 

5 

3 


sin B — —, cos B — -, tan B = 


3" 

4 

4 

3 _ 


2. For the right-angled triangle shown in Fig. 
22.10, find: 

(a) sin a (b) cos 9 (c) tan 9 



3. 


If cos A = — find sin A and tan A, in fraction 
13 

form. 


sin A = 


5 

13’ 


tanA = 


5 

12 


4. Point P lies at co-ordinate (—3, 1) and point 
Q at (5, —4). Determine (a) the distance PQ, 
(b) the gradient of the straight line PQ, and (c) 
the angle PQ makes with the horizontal. 


[(a) 9.434 (b) -0.625 (c) -32°] 


22.4 Fractional and surd forms of 
trigonometric ratios 


In Fig. 22.11, ABC is an equilateral triangle of side 2 
units. AD bisects angle A and bisects the side BC. Using 
Pythagoras’ theorem on triangle ABD gives: 

AD = V2 2 - l 2 = 73. 

Hence, 
and 

and 


„ „ BD 1 _ AD 73 

sin 30 = — = -, cos 30 = — = — 
AB 2 AB 2 

BD 1 

tan 30° = — = —— 

AD 73 

AD 73 BD 1 

sin 60 = — = —, cos 60 = — = 
AB 2 AB 2 

AD 

tan 60 = — = 73 
BD 


A 



B I D I C 


Figure 22.11 



Figure 22.12 

In Fig. 22.12, PQR is an isosceles triangle 
with PQ = QR = 1 unit. By Pythagoras’ theorem, 

PR = 7l 2 + l 2 = 72 

Hence, 

sin 45° = -4=, cos 45° = * and tan 45° = 1 

72 72 

A quantity that is not exactly expressible as a rational 
number is called a surd. For example, 72 and 73 are 
called surds because they cannot be expressed as a frac¬ 
tion and the decimal part may be continued indefinitely. 
For example, 

72 = 1.4142135 ..., and 73 = 1.7320508... 
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From above, 

sin 30° = cos 60°, sin45° = cos 45° and 
sin 60° = cos 30°. 

In general, 

sin 0 = cos(90° — 0) and cos 0 = sin(90° — 0) 

For example, it may be checked by calculator that 
sin 25° = cos 65° , sin 42° = cos 48° and 
cos 84° 10' = sin 5° 50', and so on. 


Using surd forms, evaluate: 
3 tan 60° — 2 cos 30° 
tan 30° 


4. (tan 45°)(4 cos 60° — 2 sin 60°) 

tan 60° — tan 30° 

1 + tan 30° tan 60° 


[2-V3] 
1 ' 
. 7 !. 


22.5 Solution of right-angled 
triangles 


To ‘solve a right-angled triangle’ means ‘to find the 
unknown sides and angles’. This is achieved by using 
(i) the theorem of Pythagoras, and/or (ii) trigonometric 
ratios. This is demonstrated in the following problems. 


r V5 

From above, tan 60° = V3, cos 30° = y and 

1 

tan 30° = ——, hence 

V5 


3 

3 tan 60° — 2 cos 30° 

tan 30° 1 

7 ! 


3V5- V5 

2V3 

1 

1 

75 

75 


^0 

II 

G 

II 



In triangle PQR shown in Fig. 22.13, 
find the lengths of PQ and PR. 



Figure 22.13 


tan 38° 


PQ 

QR 


— hence 
7.5 


PQ = 7.5 tan 38° = 7.5(0.7813) 


= 5.860 cm 


Now try the following exercise 


Exercise 86 Further problems on 

fractional and surd form of 
trigonometrical ratios 

Evaluate the following, without using calculators, 
leaving where necessary in surd form: 


cos 38° = 


PR = 


QR = 7.5 
PR ~ PR 
7.5 

cos 38° 


hence 

7.5 

0.7880 


9.518 cm 


[Check: Using Pythagoras’ theorem 
(7.5) 1 2 + (5.860) 2 * = 90.59 = (9.518) 2 ] 


1. 3 sin 30° - 2 cos 60° 

2. 5 tan 60° — 3 sin 60° 

tan 60° 

3. - 

3 tan 30° 



r 11 


Solve the triangle ABC shown in 


_2_ 

Fig. 22.14 



7 




35 mm 

2 V3 


4 

2 -^' S 





-— 37 mm 


[1] 

C 




Figure 22.14 
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To ‘solve triangle ABC ’ means ‘to find the length AC 
and angles B and C’. 

35 

sin C — — = 0.94595 hence 
37 

ZC = sin” 1 0.94595 = 71.08° or 71°5' 

ZB = 180° - 90° - 71.08° = 18.92° or 18°55' (since 
angles in a triangle add up to 180°) 

AC 

sin B = — hence 
37 

AC = 37 sin 18.92° = 37(0.3242) 

= 12.0 mm, 

or, using Pythagoras’ theorem, 37 2 = 35 2 + AC 2 , from 
which, AC = V37 2 — 35 2 = 12.0 mm 


Solve triangle XYZ given /LX — 90°, 
XY = 23° 17' and YZ = 20.0 mm. Determine also its 
area 


It is always advisable to make a reasonably accurate 
sketch so as to visualize the expected magnitudes of 
unknown sides and angles. Such as sketch is shown in 
Fig. 22.15 

ZZ = 180° - 90° - 23° 17' = 66°43' 

sin 23° 17' = — hence XZ = 20.0 sin 23° 17' 

20.0 

= 20.0(0.3953) 

= 7.906 mm 

cos 23° 17' = — hence XY = 20.0 cos 23° 17' 
20.0 

= 20.0(0.9186) 

= 18.37 mm 



Figure 22.15 

[Check: Using Pythagoras’ theorem 
(18.37) 2 + (7.906) 2 = 400.0 = (20.0) 2 ] 


Area of triangle XYZ 


1 

= -(base)(perpendicular height) 

= \xY)(XZ) = i(18.37)(7.906) 

= 72.62 mm 2 


Now try the following exercise 


Exercise 87 Further problems on the 
solution of right-angled 
triangles 


1. Solve triangle ABC in Fig. 22.16 (i). 



Figure 22.16 


[BC = 3.50 cm, AB = 6.10 cm, ZB = 55°] 


2. Solve triangle DEF in Fig. 22.16 (ii). 

[FE — 5cm, XE = 53.13°, ZC=36.87°] 


3. Solve triangle GHI in Fig. 22.16(iii). 

[GH — 9.841 mm, GI — 11.32 mm, 
Z/f = 49°] 


4. Solve the triangle JKL in Fig. 22.17 (i) and 
find its area. 



Figure 22.17 

KL = 5.43 cm, JL = 8.62 cm, 
XJ — 39°, area = 18.19 cm 2 

5. Solve the triangle MNO in Fig. 22.17(h) and 
find its area. 

~MN = 28.86mm, NO = 13.82mm.' 
XO = 64.42°, area = 199.4 mm 2 
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6. Solve the triangle PQR in Fig. 22.17(iii) and 
find its area. 

PR = 7.934m, ZQ = 65.06°, 

ZR = 24.94°, area = 14.64m 2 

7. A ladder rests against the top of the perpendic¬ 

ular wall of a building and makes an angle of 
73° with the ground. If the foot of the ladder is 
2 m from the wall, calculate the height of the 
building. [6.54 m] 

8. Determine the length x in Fig. 22.18. 

[9.40 mm] 



(Note, ZPRQ is also </> - alternate angles between 
parallel lines.) 

An electricity pylon stands on 
horizontal ground. At a point 80 m from the base of 
the pylon, the angle of elevation of the top of the 
pylon is 23°. Calculate the height of the pylon to 
the nearest metre 

Figure 22.21 shows the pylon AB and the angle of 
elevation of A from point C is 23° and 



Figure 22.21 


22.6 Angle of elevation and 
depression 


(a) If, in Fig. 22.19, BC represents horizontal ground 
and AB a vertical flagpole, then the angle of ele¬ 
vation of the top of the flagpole, A, from the point 
C is the angle that the imaginary straight line AC 
must be raised (or elevated) from the horizontal 
CB, i.e. angle 9. 



Figure 22.19 



Hence, height of pylon AB = 80 tan 23° 

= 80(0.4245) = 33.96 m 

= 34 m to the nearest metre. 


A surveyor measures the angle of 
elevation of the top of a perpendicular building as 
19°. He move 120 m nearer the building and finds 
the angle of elevation is now 47°. Determine the 
height of the building 


The building PQ and the angles of elevation are shown 
in Fig. 22.22 

n h 

In triangle PQS, tan 19 = - 

x + 120 

hence h = tan 19° (x + 120) 

i.e. h — 0.3443(.r +120) (1) 


Figure 22.20 

(b) If, in Fig. 22.20, PQ represents a vertical cliff and 
R a ship at sea, then the angle of depression of 
the ship from point P is the angle through which 
the imaginary straight line PR must be lowered 
(or depressed) from the horizontal to the ship, i.e. 
angle </>. 



Figure 22.22 
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h 

In triangle PQR , tan 47° = - 

x 

hence h = tan47°(x), i.e. h= 1,0724x (2) 


Equating equations (1) and (2) gives: 


0.3443(x+ 120)= 1.0724x 
0.3443x + (0.3443)(120) = 1.0724x 

(0.3443)(120) = (1.0724 - 0.3443)x 
41.316 = 0.728 lx 


_ 41.316 
X ~ 0.7281 


56.74 m 


From equation (2), height of building, 

h= 1.0724x= 1.0724(56.74) = 60.85 m 


Hence 

129.9+ x 
from which, 


75 

tan 20° 


75 

0.3640 


206.0 m 


x = 206.0- 129.9 = 76.1m 


Thus the ship sails 76.1 m in 1 minute, i.e. 60 s, hence, 
distance 76.1 

speed of ship =-= -m/s 

time 60 

76.1 x 60 x 60 

=-km/h 

60 x 1,000 

= 4.57 km/h 


The angle of depression of a ship 
viewed at a particular instant from the top of a 75 m 
vertical cliff is 30°. Find the distance of the ship 
from the base of the cliff at this instant. The ship is 
sailing away from the cliff at constant speed and 1 
minute later its angle of depression from the top of 
the cliff is 20°. Determine the speed of the ship in 
km/h 


30° 



Figure 22.23 


Figure 22.23 shows the cliff AB, the initial position of the 
ship at C and the final position at D. Since the angle of 
depression is initially 30° then ZACB = 30° (alternate 
angles between parallel lines). 


tan 30° 


AB 

BC 


75 

BC 


Now try the following exercise 


Exercise 88 Further problems on angles of 
elevation and depression 

1. If the angle of elevation of the top of a vertical 

30 m high aerial is 32°, how far is it to the 
aerial? [48 m] 

2. From the top of a vertical cliff 80.0 m high the 

angles of depression of two buoys lying due 
west of the cliff are 23° and 15°, respectively. 
How far are the buoys apart? [110.1m] 

3. From a point on horizontal ground a surveyor 

measures the angle of elevation of the top of 
a flagpole as 18°40'. He moves 50 m nearer 
to the flagpole and measures the angle of ele¬ 
vation as 26° 22'. Determine the height of the 
flagpole. [53.0 m] 

4. A flagpole stands on the edge of the top of 
a building. At a point 200 m from the build¬ 
ing the angles of elevation of the top and 
bottom of the pole are 32° and 30° respectively. 
Calculate the height of the flagpole. 

[9.50 m] 


hence BC = 


75 


75 


0.5774 


tan 30° 

= 129.9 m 

= initial position of ship from base of cliff 

In triangle ABD, 

n AB 75 75 

tan 20 = — = -= - 

BD BC + CD 129.9 + x 


5. From a ship at sea, the angle of elevation of the 
top and bottom of a vertical lighthouse stand¬ 
ing on the edge of a vertical cliff are 31° and 
26°, respectively. If the lighthouse is 25.0 m 
high, calculate the height of the cliff. 

[107.8 m] 

6. From a window 4.2 m above horizontal ground 
the angle of depression of the foot of a building 
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across the road is 24° and the angle of elevation 
of the top of the building is 34°. Determine, 
correct to the nearest centimetre, the width of 
the road and the height of the building. 

[9.43 m, 10.56 m] 

7. The elevation of a tower from two points, one 
due east of the tower and the other due west 
of it are 20° and 24°, respectively, and the two 
points of observation are 300 m apart. Find the 
height of the tower to the nearest metre. 

[60 m] 


22.7 Evaluating trigonometric ratios 
of any angles 


The easiest method of evaluating trigonometric func¬ 
tions of any angle is by using a calculator. The 
following values, correct to 4 decimal places, may be 
checked: 


sine 18° 
sine 172° 
sine 241.63° 
cosine 56° 
cosine 115° 
cosine 331.78° 
tangent 29° 
tangent 178° 
tangent 296.42° 


0.3090, 

0.1392 

-0.8799, 

0.5592 

-0.4226, 

0.8811 

0.5543, 

-0.0349 

-2.0127 


To evaluate, say, sine 42° 23' using a calculating means 
23° 

finding sine 42- since there are 60 minutes in 1 

6 60 
degree. 


— = 0.3833, thus 42°23 / = 42.3833° 

60 

Thus sine42°23 / = sine 42.3833° = 0.6741, correct to 
4 decimal places. 

, 38° 

Similarly, cosine 72°38 = cosine 72-=0.2985, 

J 60 
correct to 4 decimal places. 

Most calculators contain only sine, cosine and tan¬ 
gent functions. Thus to evaluate secants, cosecants and 
cotangents, reciprocals need to be used. 

The following values, correct to 4 decimal places, may 
be checked: 


1 

secant 32° =-= 1.1792 

cos 32° 

1 

cosecant 75° =-= 1.0353 

sin 75° 

1 

cotangent 41° =-= 1.1504 

tan 41° 

1 

secant 215.12°=-= -1.2226 

cos215.12° 

1 

cosecant 321.62° =-= —1.6106 

sin 321.62° 

1 

cotangent 263.59° =-= 0.1123 

6 tan 263.59° 


Evaluate correct to 4 decimal places: 

(a) sine 168° 14' (b) cosine 271.41° 

(c) tangent 98°4' 


(a) sine 168° 14' = sine 168— = 0.2039 

(b) cosine 271.41° =0.0246 

4° 

(c) tangent 98°4'= tan98—=—7.0558 


Evaluate, correct to 4 decimal 

places: 

(a) secant 161° (b) secant 302° 29' 

1 

(a) sec 161° = -= -1.0576 

cos 161° 


(b) sec 302°29' 


1 _ 1 

cos 302°29' ~~ 29° 

cos 302- 

60 

= 1.8620 


Evaluate, correct to 4 significant 

figures: 

(a) cosecant 279.16° (b) cosecant 49° 1' 


(a) 

(b) 


cosec 279.16° 

cosec 49°7' = 


1 

“ sin 279.16 
1 

sin 49°7' 


= -1.013 


1 


7° 

sin 49 — 
60 


= 1.323 
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Evaluate, correct to 4 decimal 

places: 

(a) cotangent 17.49° (b) cotangent 163°52' 


(a) cot 17.49° 


1 

tan 17.49° 


3.1735 


(b) cot 163°52' 


1 

tan 163°52' 


tan 163 - 


.52° 

60 


-3.4570 


Evaluate, correct to 4 significant 

figures: 

(a) sin 1.481 (b) cos (37t/5) (c) tan 2.93 


(b) cosec 1 1.1784= sin 1 (- ) 

\ 1.1784 / 

= sin -1 0.8486... 

= 58.06° or 58°4' or 1.013 radians 

(c) cof 1 2.1273 = tan“' (—-—^ 

\2.1273 / 

= tan _1 0.4700... 

= 25.18° or 25° 11' or 0.439 radians 


Evaluate the following expression, 
correct to 4 significant figures: 

4 sec 32° 10' — 2 cot 15° 19' 

3 cosec 63°8' tan 14°57' 


(a) sin 1.481 means the sine of 1.481 radians. Hence 
a calculator needs to be on the radian function. 

Hence sin 1.481 =0.9960 

(b) cos(37r/5) = cos 1.884955... = -0.3090 

(c) tan 2.93 = -0.2148 


Evaluate, correct to 4 decimal 

places: 

(a) secant 5.37 (b) cosecant n/4 

(c) cotangent 7r/24 


(a) Again, with no degrees sign, it is assumed that 5.37 
means 5.37 radians. 

Hence sec 5.37 = -= 1.6361 

cos 5.37 

1 1 

(b) cosec(:r/4) = -= - 

w sin (jr/4) sin 0.785398 ... 

= 1.4142 


(c) 


cot (5 tt/24) = 


1 

tan (5^/24) 


1 

tan 0.654498 ... 

1.3032 


Determine the acute angles: 
(a) sec“ 1 2.3164 (b) cosec" 1 1.1784 

(c) cot” 1 2.1273 


By calculator: 

sec 32° 10' = 1.1813, cot 15°19'= 3.6512 
cosec 63°8' = 1.1210, tan 14°57' = 0.2670 

Hence 

4 sec 32° 10' — 2 cot 15° 19' 

3 cosec 63° 8' tan 14°57' 

4(1.1813)-2(3.6512) 

“ 3(1.1210)(0.2670) 

_ 4.7252 - 7.3024 _ -2.5772 
~ 0.8979 ~~ 0.8979 

= -2.870, correct to 4 significant figures. 


Evaluate correct to 4 decimal places: 
(a) sec (-115°) (b) cosec (-95° 17') 


(a) Positive angles are considered by convention to be 
anticlockwise and negative angles as clockwise. 

Hence —115° is actually the same as 245° (i.e. 
360°- 115°). 

1 

Hence sec(— 115°) = sec 245° =- 

cos 245° 

= -2.3662 


(a) 


sec 


2.3164 = cos -1 
= cos -1 


f—' 

\2.3164, 

0.4317... 


= 64.42° or 64° 25' or 1.124 radians 


(b) cosec(—95°47') 


1 



-1.0051 
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Now try the following exercise 


Exercise 89 Further problems on 

evaluation trigonometric 
ratios 

In Problems 1 to 8, evaluate correct to 4 decimal 
places: 

1. (a) sine 27° (b) sine 172.41° (c) sine 302°52' 

[(a) 0.4540 (b) 0.1321 (c) -0.8399] 

2. (a) cosine 124° (b) cosine 21.46° 

(c) cosine 284° 10' 

[(a) -0.5592 (b) 0.9307 (c) 0.2447] 

3. (a) tangent 145° (b) tangent 310.59° 

(c) tangent 49° 16' 

[(a) -0.7002 (b) -1.1671 (c) 1.1612] 

4. (a) secant 73° (b) secant 286.45° 

(c) secant 155°41' 

[(a) 3.4203 (b) 3.5313 (c) -1.0974] 


In Problems 15 to 18, evaluate correct to 4 signifi¬ 
cant figures. 


15. 

16. 

17. 

18. 
19. 


4 cos 56° 19' — 3 sin 21°57' [1.097] 


11.5 tan 49° IP- sin 90° 
3 cos 45° 

5 sin 86°3' 

3 tan 14°29' — 2cos31°9 / 


[5.805] 

[-5.325] 


6.4 cosec 29°5' — sec 81° 

- [0.7199] 

2 cot 12° 

Determine the acute angle, in degrees and 
minutes, correct to the nearest minute, given 


by: sin 


-l 


4.32 sin 42° 16' 
7.86 


[21°42'] 


20. If tan x— 1.5276, determine sec x, cosec 
x, and cotx. (Assume x is an acute angle) 
[1.8258, 1.1952, 0.6546] 


In Problems 21 to 23 evaluate correct to 4 signifi¬ 
cant figures. 


5. (a) cosecant 213° (b) cosecant 15.62° 

(c) cosecant 311°50' 

[(a) -1.8361 (b) 3.7139 (c) -1.3421] 

6. (a) cotangent 71° (b) cotangent 151.62° 

(c) cotangent 321°23' 

[(a) 0.3443 (b) -1.8510 (c) -1.2519] 

2 JT 

7. (a) sine— (b) cos 1.681 (c) tan 3.672 

[(a) 0.8660 (b) -0.1010 (c) 0.5865] 

8. (a) sine — (b) cosec 2.961 (c) cot 2.612 

[(a) 1.0824 (b) 5.5675 (c) -1.7083] 

In Problems 9 to 14, determine the acute angle 
in degrees (correct to 2 decimal places), degrees 
and minutes, and in radians (correct to 3 decimal 
places). 


21. 

(sin 34°27')(cos 69°2') 

[0.07448] 

(2 tan 53° 39') 

22. 

3 cot 14° 15' sec 23°9' 

[12.85] 

23. 

cosec 27° 19' + sec45°29' 

[-1.710] 

1 — cosec 27° 19' sec 45°29' 

24. 

Evaluate correct to 4 decimal places: 


(a) sin(-125°) (b) tan(-241°) 

(c) cos(—49°15') 

[(a) -0.8192 (b) -1.8040 (c) 0.6528] 


25. Evaluate correct to 5 significant figures: 

(a) cosec (-143°) (b) cot(-252°) 

(c) sec(—67°22') 

[(a) -1.6616 (b) -0.32492 (c) 2.5985] 


9. 

sin- 1 0.2341 

[13.54°, 13°32\ 0.236 rad] 

10. 

cos -1 0.8271 

[34.20°, 34° 12', 0.597 rad] 

11. 

tan -1 0.8106 

[39.03°, 39°2', 0.681 rad] 

12. 

sec -1 1.6214 

[51.92°, 51°55', 0.906 rad] 

13. 

cosec -1 2.4891 

[23.69° , 23°41', 0.413 rad] 

14. 

cot -1 1.9614 

[27.01°, 27° 1', 0.471 rad] 


22.8 Trigonometric approximations 
for small angles 


If angle x is a small angle (i.e. less than about 5°) and is 
expressed in radians, then the following trigonometric 
approximations may be shown to be true: 

(i) sin x ft* x 

(ii) tan x ft* x 


Section 3 














Section 3 


198 Engineering Mathematics 


n 

For example, let x=l° , i.e. lx-=0.01745 

F 180 
radians, correct to 5 decimal places. By calculator, 

sin 1° = 0.01745 and tan 1° = 0.01746, showing that: 
sin x = x^ tan x when x = 0.01745 radians. Also, 
cos 1° = 0.99985; whenx = 1°, i.e. 0.001745 radians. 



0.01745 2 

2 


0.99985, 


correct to 5 decimal places, showing that 

x 2 

cos x =1-when x = 0.01745 radians. 

2 


Similarly, let x — 5° , i.e. 5 x 
correct to 5 decimal places. 


—— = 0.08727 radians, 
180 


By calculator, sin 5° = 0.08716, thus sin x ss x, 
tan 5° = 0.08749, thus tanx x, 
and cos 5° = 0.99619; 


since x = 0.08727 radians, 
x 2 0.08727 2 

1 —— = 1-—-= 0.99619 showing that: 


cosx =1-when x = 0.0827 radians. 

2 


sin x 

If sin x^x for small angles, then - w 1, and this 

x 

relationship can occur in engineering considerations. 









Chapter 23 


Trigonometric waveforms 


23.1 Graphs of trigonometric 
functions 


By drawing up tables of values from 0° to 360°, graphs 
of y = sin A, y = cos A and y = tan A may be plotted. 
Values obtained with a calculator (correct to 3 deci¬ 
mal places — which is more than sufficient for plotting 
graphs), using 30° intervals, are shown below, with the 
respective graphs shown in Fig. 23.1. 

(a) yr sinA 


A 

0 30° 

60° 

90° 

120 ° 

150° 

180° 

sin A 

0 0.500 

0.866 

1.000 

0.866 

0.500 

0 

A 

210 ° 

240° 

270° 

300° 

330° 

360° 

sin A 

-0.500 - 

0.866 - 

■ 1.000 

-0.866 

-0.500 

0 

y = cosA 






A 

0 30° 

60° 

90° 

120 ° 

150° 

180° 

cos A 

1.000 0.866 0.500 

0 

-0.500 - 

-0.866 - 

- 1.000 

A 

210 ° 

240° 

270° 

300° 

330° 

360° 

cos A 

-0.866 

-0.500 

0 

0.500 

0.866 

1.000 

y = tan A 






A 

0 30° 

60° 

90° 

120 ° 

150° 

180° 

tan A 

0 0.577 

1.732 

00 

-1.732 

-0.577 

0 

A 

210° 240° 270° 

300° 

330° 

360° 

tan A 

0.577 1.732 oo 

1.732 

-0.577 

0 


From Fig. 23.1 it is seen that: 

(i) Sine and cosine graphs oscillate between peak 
values of ± 1. 

(ii) The cosine curve is the same shape as the sine 
curve but displaced by 90°. 

(iii) The sine and cosine curves are continuous and 
they repeat at intervals of 360°; the tangent 
curve appears to be discontinuous and repeats at 
intervals of 180°. 



Figure 23.1 


23.2 Angles of any magnitude 


Figure 23.2 shows rectangular axes XX' and YY' inter¬ 
secting at origin 0. As with graphical work, measure¬ 
ments made to the right and above 0 are positive, while 
those to the left and downwards are negative. Let 0A be 
free to rotate about 0. By convention, when 0A moves 
anticlockwise angular measurement is considered pos¬ 
itive, and vice versa. Let 0A be rotated anticlockwise 
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180° 


Y 


Quadrant 2 

Quadrant 1 

+ 

V 


1 ♦ 

X' 0 

A X 


/ 

Quadrant 3 

Quadrant 4 

Y' 



0 ° 

360° 


270° 


Figure 23.2 



0 ° 

360° 


Figure 23.3 


Let 0/t be further rotated so that 64 is any angle in the 
fourth quadrant and let AE be constructed to form the 
right-angled triangle 0 AE. Then 


cos 04 = — = + 


sin 04 = — = — 
tan 04 = — = — 


The above results are summarized in Fig. 23.4. The 
letters underlined spell the word CAST when starting 
in the fourth quadrant and moving in an anticlockwise 
direction. 


90° 


Sine 


180° 


Tangent 


All positive 


0 ° 

"360° 


Cosine 


270° 


Figure 23.4 


so that 0i is any angle in the first quadrant and left per¬ 
pendicular AB be constructed to form the right-angled 
triangle 0 AB in Fig. 23.3. Since all three sides of the tri¬ 
angle are positive, the trigonometric ratios sine, cosine 
and tangent will all be positive in the first quadrant. 
(Note: 0A is always positive since it is the radius of a 
circle.) 

Let 0A be further rotated so that 02 is any angle in the 
second quadrant and let AC be constructed to form the 
right-angled triangle 0AC. Then 

sin 02 = i = + cos 02 = — = — 

tan 02 = — = — 

Let 0A be further rotated so that 03 is any angle in the 
third quadrant and let AD be constructed to form the 
right-angled triangle 0 AD. Then 

sin 03 = — = — cos 03 = — = — 

tan 03 = — = + 


In the first quadrant of Fig. 23.1 all of the curves have 
positive values; in the second only sine is positive; in the 
third only tangent is positive; in the fourth only cosine 
is positive — exactly as summarized in Fig. 23.4. A 
knowledge of angles of any magnitude is needed when 
finding, for example, all the angles between 0° and 360° 
whose sine is, say, 0.3261. If0.3261 is entered into a cal¬ 
culator and then the inverse sine key pressed (or sin” 1 
key) the answer 19.03° appears. However, there is a 
second angle between 0° and 360° which the calculator 
does not give. Sine is also positive in the second quad¬ 
rant [either from CAST or from Fig. 23.1(a)], The other 
angle is shown in Fig. 23.5 as angle 0 where 0= 180° 
-19.03° = 160.97° . Thus 19.03° and 160.97° are the 
angles between 0° and 360° whose sine is 0.3261 (check 
that sin 160.97° = 0.3261 on your calculator). 

Be careful! Your calculator only gives you one of 
these answers. The second answer needs to be deduced 
from a knowledge of angles of any magnitude, as shown 
in the following worked problems. 

Determine all the angles between 
0° and 360° whose sine is —0.4638 
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o° 

360 


o 


270° 


Figure 23.5 

The angles whose sine is —0.4638 occurs in the third and 
fourth quadrants since sine is negative in these quadrants 
— see Fig. 23.6. 



Figure 23.6 

From Fig. 23.7, 9 = sin' 1 0.4638 = 27.63°. Mea¬ 
sured from 0°, the two angles between 0° and 360° 
whose sine is —0.4638 are 180° + 27.63°, i.e. 207.63° 
and 360° - 27.63°, i.e. 332.37° 

(Note that a calculator only gives one answer, i.e. 
-27.632588°) 



0 ° 

360° 


Figure 23.7 


Determine all the angles between 0° 
and 360° whose tangent is 1.7629 


A tangent is positive in the first and third quadrants — 
see Fig. 23.8. 

From Fig. 23.9, 9= tan” 1 1.7629 = 60.44° Mea¬ 
sured from 0°, the two angles between 0° and 360° 


y = tan x 



Figure 23.8 



270° 


Figure 23.9 


whose tangent is 1.7629 are 60.44° and 180° + 60.44°, 
i.e. 240.44° 


Solve the equation 

cos -1 (—0.2348) = a for angles of a between 0° 
and 360° 


Cosine is positive in the first and fourth quadrants and 
thus negative in the second and third quadrants — from 
Fig. 23.5 or from Fig. 23.1(b). 

In Fig. 23.10, angle 9— cos -1 (0.2348) = 76.42° 


90° 



Figure 23.10 

Measured from 0° , the two angles whose cosine 
is -0.2348 are a = 180° - 76.42° i.e. 103.58° and 
a = 180° + 76.42°, i.e. 256.42° 
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Now try the following exercise 

Exercise 90 Further problems on angles 
of any magnitude 

1. Determine all of the angles between 0° and 
360° whose sine is: 

(a) 0.6792 (b)-0.1483 

'(a) 42.78° and 137.22° 

(b) 188.53° and 351.47° 

2. Solve the following equations for values of x 
between 0° and 360°: 

(a) x = cos -1 0.8739 

(b) x = cos” 1 (-0.5572) 

'(a) 29.08° and 330.92° 

(b) 123.86° and 236.14° 

3. Find the angles between 0° to 360° whose 
tangent is: 

(a) 0.9728 (b)-2.3418 

'(a) 44.21° and 224.21° 

(b) 113.12° and 293.12° 


23.3 The production of a sine and 
cosine wave 


In Fig. 23.11, let OR be a vector 1 unit long and free 
to rotate anticlockwise about O. In one revolution a cir¬ 
cle is produced and is shown with 15° sectors. Each 
radius arm has a vertical and a horizontal component. 
For example, at 30° , the vertical component is TS and 
the horizontal component is OS. 

From trigonometric ratios, 

n TS TS 

sin 30°= — = —, i.e. 73 = sin 30° 

TO 1 

„ OS OS 

and cos 30 = — = —, i.e. OS — cos 30 

TO 1 

The vertical component TS may be projected across 
to TS', which is the corresponding value of 30° on the 
graph of y against angle x°. If all such vertical compo¬ 
nents as TS are projected on to the graph, then a sine 
wave is produced as shown in Fig. 23.11. 


If all horizontal components such as OS are projected 
on to a graph of y against angle x° , then a cosine wave 
is produced. It is easier to visualize these projections by 
redrawing the circle with the radius arm OR initially in 
a vertical position as shown in Fig. 23.12. 

From Figs. 23.11 and 23.12 it is seen that a cosine 
curve is of the same form as the sine curve but is 
displaced by 90° (or n/2 radians). 


23.4 Sine and cosine curves 


Graphs of sine and cosine waveforms 

(i) A graph of y — sin A is shown by the broken line 
in Fig. 23.13 and is obtained by drawing up a 
table of values as in Section 23.1. A similar table 
may be produced for y = sin 2A. 


A° 

0 

30 

45 

60 

90 

120 

2A 

0 

60 

90 

120 

180 

240 

sin 2A 

0 

0.866 

1.0 

0.866 

0 

-0.866 


A° 

135 

150 

180 

210 

225 

240 

2A 

270 

300 

360 

420 

450 

480 

sin 2 A 

-1.0 

-0.866 

0 

0.866 

1.0 

0.866 


A° 

270 

300 

315 

330 

360 

2A 

540 

600 

630 

660 

720 

sin2A 

0 

-0.866 

-1.0 

-0.866 

0 


A graph of y — sin 2A is shown in Fig. 23.13. 

(ii) A graph of y = sin \A is shown in Fig. 23.14 using 
the following table of values. 


A° 

0 

30 

60 

90 

120 

150 

180 

-A 

2 A 

0 

15 

30 

45 

60 

75 

90 

sin 

0 

0.259 

0.500 

0.707 

0.866 

0.966 

1.00 


A° 

210 

240 

270 

300 

330 

360 

i a 

105 

120 

135 

150 

165 

180 

sin 

0.966 

0.866 

0.707 

0.500 

0.259 

0 


(iii) A graph of y = cos A is shown by the broken line 
in Fig. 23.15 and is obtained by drawing up a 
table of values. A similar table may be produced 
for y = cos 2A with the result as shown. 

(iv) A graph of v = cos|A is shown in Fig. 23.16 
which may be produced by drawing up a table 
of values, similar to above. 
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Figure 23.11 



Figure 23.12 



Periodic time and period 

(i) Each of the graphs shown in Figs. 23.13 to 23.16 
will repeat themselves as angle A increases and 
are thus called periodic functions. 

(ii) y = sin A and y = cos A repeat themselves every 
360° (or 2tt radians); thus 360° is called the 
period of these waveforms, y = sin 2 A and 



Figure 23.14 

v = cos 2,4 repeat themselves every 180° (or ji 
radians); thus 180° is the period of these wave¬ 
forms. 

(iii) In general, if y — sin pA or y = cos pA (where p 
is a constant) then the period of the waveform is 
360 °lp (or 2nlp rad). Hence if y = sin 3A then the 
period is 360/3, i.e. 120° , and if y = cos 4,4 then 
the period is 360/4, i.e. 90° 
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Figure 23.15 



Amplitude 

Amplitude is the name given to the maximum or peak 
value of a sine wave. Each of the graphs shown in 
Figs. 23.13 to 23.16 has an amplitude of +1 (i.e. they 
oscillate between +1 and —1). However, ify = 4 sin A, 
each of the values in the table is multiplied by 4 and 
the maximum value, and thus amplitude, is 4. Simi¬ 
larly, ify = 5 cos 2A, the amplitude is 5 and the period is 
36072,i.e. 180° 


Sketch y = sin 3A between A — 0° 

and A = 360° 



Figure 23.17 



Sketch y = 4 cos 2x form x = 0° to 

x= 360° 


Amplitude = 4 and period = 360°/2 = 180° . 

A sketch of y = 4cos2x is shown in Fig. 23.19. 



Amplitude = 1 and period = 360°/3 = 120° 

A sketch ofy = sin3A is shown inFig. 23.17. 


Sketch y = 3 sin 2A from A — 0 to 
A = 2jt radians 


Amplitude = 3 and period = 2 jt/2 = jt rads (or 180°) 
A sketch of y = 3 sin 2A is shown in Fig. 23.18. 


Figure 23.19 


Sketch y = 2 sin |A over one cycle 


360° 360° x 5 

Amplitude = 2; period = — j — = -= 600 

5 3 

A sketch of y = 2 sin |A is shown in Fig. 23.20. 
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Figure 23.20 

Lagging and leading angles 

(i) A sine or cosine curve may not always start at 0°. 
To show this a periodic function is represented 
by y = sin(A ± a) or y = cos(A ± a) where a is a 
phase displacement compared with y = sin A or 
y = cosA. 

(ii) By drawing up a table of values, a graph of 
y=sin(A —60°) may be plotted as shown in 
Fig. 23.21. If y= sinA is assumed to start at 0° 
then y — sin(A — 60°) starts 60° later (i.e. has a 
zero value 60° later). Thus y = sin(A —60°) is 
said to lag y — sin A by 60° 



Figure 23.21 

(iii) By drawing up a table of values, a graph of 
y = cos(A + 45°) may be plotted as shown in 
Fig. 23.22. If y = cosA is assumed to start 
at 0° then y = cos(A + 45°) starts 45° earlier 
(i.e. has a maximum value 45° earlier). Thus 
y = cos(A + 45°) is said to lead y = cos A by 45° 

(iv) Generally, a graph of y — sin(A — a) lags y = sin 
A by angle a, and a graph of y = sin(A + a) leads 
y = sin A by angle a. 

(v) A cosine curve is the same shape as a sine curve 
but starts 90° earlier, i.e. leads by 90°. Hence 

cos A = sin (A + 90°) 



Sketch y = 5 sin(A + 30°) from 
A = 0° to A = 360° 

Amplitude = 5 and period = 360°/l = 360°. 

5sin(A + 30°) leads 5 sin A by 30° (i.e. starts 30° 
earlier). 

A sketch of y = 5 sin(A + 30°) is shown in Fig. 23.23. 



Sketch y — 1 sin(2A — jr/3) in the 
range 0 < A < 360° 


Amplitude = 7 and period = 2tt! 2 — it radians. 

In general, y = sin(pt — a) lagsy = sin pt by alp , hence 
7 sin(2A — jt/3) lags 7 sin 2A by (n 13)12, i.e. jt/6 rad 
or 30° 

A sketch of y = 1 sin(2A — tt/3) is shown in Fig. 23.24. 

Sketch y — 2 cos(a>t — 3 tt/ 10) over 

one cycle 
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Figure 23.24 


Amplitude = 2 and period = IttIco rad. 

2 cos(®r — 37r/10) lags 2 cos cut by 37r/10cu seconds. 

A sketch of y = 2 cos(cot — 37T/10) is shown in 
Fig. 23.25. 


5. y=-sin— 

- 2 8 

6. y = 6sin(f — 45°) 

7. y = cos(20 + 30°) 


-, 960° 

2 

[6, 360°] 
[4, 180°] 


23.5 Sinusoidal form A sin (cot ± a) 


In Fig. 23.26, let OR represent a vector that is free to 
rotate anticlockwise about O at a velocity of co rad/s. 
A rotating vector is called a phasor. After a time t sec¬ 
ond OR will have turned through an angle cot radians 
(shown as angle TOR in Fig 23.26). If ST is constructed 
perpendicular to OR, then sin cut = ST/OT, i.e. ST = OT 
sin cot. 


3jt/10curads 



Now try the following exercise 

Exercise 91 Further problems on sine and 
cosine curves 

In Problems 1 to 7 state the amplitude and period 
of the waveform and sketch the curve between 0° 


and 

360° . 


1. 

y = cos 3A 

[1, 120°] 

2. 

o • 5x 
y = 2 sin — 

7 2 

[2, 144°] 

3. 

y = 3 sin At 

[3, 90°] 

4. 

~ o 

y = 3 cos - 
y 2 

[3, 720° ] 



Figure 23.26 


If all such vertical components are projected on to a 
graph of y against cot, a sine wave results of amplitude 
OR (as shown in Section 23.3). 

If phasor OR makes one revolution (i.e. 2n radians) in 
T seconds, then the angular velocity, cu = 2tt/T rad/s, 

from which, T = 2n/co seconds 

T is known as the periodic time. 

The number of complete cycles occurring per second is 
called the frequency,/ 

number of cycles 

Frequency = - 

second 


i.e. / = —Hz 

2 it 

Hence angular velocity, co = 2:if rad/s 
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Amplitude is the name given to the maximum or peak 
value of a sine wave, as explained in Section 23.4. The 
amplitude of the sine wave shown in Fig. 23.26 has an 
amplitude of 1. 

A sine or cosine wave may not always start at 0°. 
To show this a periodic function is represented by 
y = sinicuf ± a) or y — cos (cot ±a), where a is a phase 
displacement compared with y= sin A or y = cos A. 
A graph of y = sin(<yf — a) lags y = sin cot by angle 
a, and a graph of y — sin(&>f + a) leads y = sin cot by 
angle a. 

The angle cot is measured in radians 


i.e. 



(t s ) = cot radians 


hence angle a should also be in radians. 

The relationship between degrees and radians is: 


360° = 2n radians or 180° = it radians 


Frequency, f = — = -= 50 Hz 

T 0.02 

/ 180\° 

Phase angle, a — 0.27 rad = [ 0.27 x - j 

= 15.47° or 15°28 / leading 
i — 30 sin(lOOjrf) 


An oscillating mechanism has a 
maximum displacement of 2.5 m and a frequency of 
60 Hz. At time t — 0 the displacement is 90 cm. 
Express the displacement in the general form 
A sin ( cot ± a) 


Amplitude = maximum displacement = 2.5 m 


180 

Hence 1 rad = -= 57.30 and, for example, 

IT 


Angular velocity, co — 2itf — 2it(60 ) = 120ir rad/s 
Hence displacement = 2.5 sin(1 20nt + a) m 


71° = 71 x — = 1.239 rad 
180 

Summarising, given a general sinusoidal function 
y =Asin(&>t± a), then: 

(i) A = amplitude 

(ii) co = angular velocity = 2 irf rad/s 

2 it 

(iii) — = periodic time T seconds 

co 

co 

(iv) — = frequency, / hertz 

2 it 

(v) a — angle of lead or lag (compared with 
y — A sin cot ) 


An alternating current is given by 
i = 30 sin (1 OOrct + 0.27) amperes. Find the 
amplitude, periodic time, frequency and phase 
angle (in degrees and minutes) 


/ = 30sin(1007rr + 0.27)A, hence amplitude = 30A. 
Angular velocity co = 100 it, hence 


periodic time, T — 


2tt 

CO 


2it _ 1 
IOOtt “ 50 

0.02 s or 20 ms 


When t — 0, displacement = 90 cm = 0.90 m 
Hence, 0.90 = 2.5sin(0 + a) 

0.90 

i.e. sin a = -= 0.36 

2.5 

Hence a = sin _1 0.36 = 21.10° 

= 21°6' = 0.368 rad 


Thus, displacement = 2.5 sin (120 nt + 0.368) m 


The instantaneous value of voltage 
in an a.c. circuit at any time t seconds is given by 
v — 340 sin (50 tt 7 — 0.541) volts. Determine the: 

(a) amplitude, periodic time, frequency and phase 
angle (in degrees) 

(b) value of the voltage when 1 — 0 

(c) value of the voltage when 1 = 10 ms 

(d) time when the voltage first reaches 200 V, and 

(e) time when the voltage is a maximum 

Sketch one cycle of the waveform 
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(a) Amplitude = 340 Y 

Angular velocity, co = 50j r 

2tc 2:x 1 

Hence periodic time, T = — = -= — 

co 50 tv 25 

= 0.04 s or 40 ms 


Frequency f = — = —'— = 25 Hz 
r o.04 

/ 180 

Phase angle = 0.541 rad = I 0.541 x - 

V JT 


= 31° lagging v = 340 sin(507rf) 

(b) When f = 0, 

v = 340 sin(0- 0.541) 

= 340 sin(—31°) = -175.1 Y 

(c) When t— 10 ms, 

, 10 

then v = 340 sin ( 50 tt— T — 0.541 
10 3 


= 340 sin(l.0298) 

= 340 sin 59° = 291.4 volts 
(d) When v= 200 volts, 

then 200 = 340 sin(507rf - 0.541) 
200 

-= sin(507rr — 0.541) 

340 


A sketch of v— 340 sin(507rr — 0.541) volts is 
shown in Fig. 23.27. 


Voltage v 



Now try the following exercise 


Exercise 92 Further problems on the 

sinusoidal form A sin(«f ± a) 

In Problems 1 to 3 find the amplitude, periodic 
time, frequency and phase angle (stating whether 
it is leading or lagging sin oot) of the alternating 
quantities given. 

1. i = 40 sin(507rr + 0.29) mA 


Hence 


(50jrr-0.541) = sin -1 


200 

340 


40, 0.04 s, 25 Hz, 0.29 rad 
(or 16° 37') leading 40sin57rf 


= 36.03° or 0.6288 rad 
50 tt t = 0.6288 + 0.541 
= 1.1698 

Hence when v — 200 V, 

1.1698 

time, t — -= 7.447 ms 

50jt 

(e) When the voltage is a maximum, v = 340 V 
Hence 340 = 340 sin(50jrr - 0.541) 

1 = sin(507rf - 0.541) 

50?rr - 0.541 = sin -1 1 = 90° or 1.5708 rad 
50jrt = 1.5708 + 0.541 = 2.1118 
2.1118 

Hence time, t = - = 13.44 ms 

50jt 


2. y = 75 sin(40f — 0.54) cm 

'75 cm, 0.157 s, 6.37 Hz, 0.54 rad' 
(or 30°56') lagging 75 sin 40f 

3. v — 300 sin(200jrr - 0.412) V 

'300 V, 0.01s, 100 Hz, 0.412 rad 
(or 23°36') lagging 300 sin 2007rf 

4. A sinusoidal voltage has a maximum value of 
120 V and a frequency of 50 Hz. At time t = 0, 
the voltage is (a) zero, and (b) 50 V. 

Express the instantaneous voltage v in the form 
v = A sin(&V ± a). 

(a) v = 120 sin 100717 volts 

(b) v = 120 sin(1007rf + 0.43)volts 





















Trigonometric waveforms 209 


5. 


6 . 


An alternating current has a periodic time of 
25 ms and a maximum value of 20 A. When 
time t — 0, current i = —10 amperes. Express 
the current i in the form i — A sin(&>f ± a). 

= 20 sin (jSOnt — — ) amperesj 


An oscillating mechanism has a maximum dis¬ 
placement of 3.2 m and a frequency of 50 Hz. 
At time t = 0 the displacement is 150 cm. 
Express the displacement in the general form 
A sin(o>f ± a). 


[3.2 sin(1007rt + 0.488)m] 


7. The current in an a.c. circuit at any time t 
seconds is given by: 

i — 5 sin(100jrf — 0.432) amperes 

Determine (a) the amplitude, periodic time, 
frequency and phase angle (in degrees) (b) the 
value of current at t = 0, (c) the value of cur¬ 
rent at t — 8 ms, (d) the time when the current is 
first a maximum, (e) the time when the current 
first reaches 3A. 

Sketch one cycle of the waveform showing 
relevant points. 

"(a) 5 A, 20 ms, 50 Hz," 
24°45' lagging 

(b) -2.093 A 

(c) 4.363 A 

(d) 6.375 ms 

(e) 3.423 ms 


23.6 Waveform harmonics 


Let an instantaneous voltage v be represented by 
v = V m sin 2:xf t volts. This is a waveform which varies 
sinusoidally with time t, has a frequency /, and a 
maximum value V m . Alternating voltages are usually 
assumed to have wave-shapes which are sinusoidal 
where only one frequency is present. If the waveform is 
not sinusoidal it is called a complex wave, and, what¬ 
ever its shape, it may be split up mathematically into 
components called the fundamental and a number of 
harmonics. This process is called harmonic analysis. 
The fundamental (or first harmonic) is sinusoidal and 
has the supply frequency, /; the other harmonics are 
also sine waves having frequencies which are integer 


multiples off. Thus, if the supply frequency is 50 Hz, 
then the thid harmonic frequency is 150 Hz, the fifth 
250 Hz, and so on. 

A complex waveform comprising the sum of the 
fundamental and a third harmonic of about half the 
amplitude of the fundamental is shown in Fig. 23.28(a), 
both waveforms being initially in phase with each other. 
If further odd harmonic waveforms of the appropriate 
amplitudes are added, a good approximation to a square 
wave results. In Fig. 23.28(b), the third harmonic is 
shown having an initial phase displacement from the 
fundamental. The positive and negative half cycles of 
each of the complex waveforms shown in Figs. 23.28(a) 
and (b) are identical in shape, and this is a feature of 
waveforms containing the fundamental and only odd 
harmonics. 


J \ ( 

Complex 
'' waveform 

" Fundamental 
,-^-Third 

1 , ! harmonic 

\ 1 

\ / 

\ / \ Jt 0 


V/\7f 

v y v / 


.Complex 
waveform 
,'C - Fundamental 


7 A \ Vo A 
ft —» a\ t— i —V 

- / V/ \\ ^ 


Third 
harmonic 


(a) 

Complex 
" waveform 



\ harmonic 


(o) 

. Complex 
waveform 
— Fundamental 
\ ^ Second 

/ ''\. v harmonic 

\ \ L Y A \ 

' v » / n, a t 

Third 
harmonic 



Figure 23.28 


A complex waveform comprising the sum of the 
fundamental and a second harmonic of about half the 
amplitude of the fundamental is shown in Fig. 23.28(c), 
each waveform being initially in phase with each other. 
If further even harmonics of appropriate amplitudes are 
added a good approximation to a triangular wave results. 
In Fig. 23.28(c), the negative cycle, if reversed, appears 
as a mirror image of the positive cycle about point A. 
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In Fig. 23.28(d) the second harmonic is shown with an 
initial phase displacement from the fundamental and the 
positive and negative half cycles are dissimilar. 

A complex waveform comprising the sum of the fun¬ 
damental, a second harmonic and a third harmonic is 
shown in Fig. 23.28(e), each waveform being initially 
‘in-phase’. The negative half cycle, if reversed, appears 
as a mirror image of the positive cycle about point B. 
In Fig. 23.28(f), a complex waveform comprising the 


sum of the fundamental, a second harmonic and a third 
harmonic are shown with initial phase displacement. 
The positive and negative half cycles are seen to be 
dissimilar. 

The features mentioned relative to Figs. 23.28(a) to 
(f) make it possible to recognise the harmonics present 
in a complex waveform. 







Chapter 24 


Cartesian and polar 
co-ordinates 


24.1 Introduction 


There are two ways in which the position of a point in 
a plane can be represented. These are 

(a) by Cartesian co-ordinates, i.e. {x, y), and 

(b) by polar co-ordinates, i.e. (r, Q), where r is a 
‘radius’ from a fixed point and 9 is an angle from 
a fixed point. 


24.2 Changing from Cartesian into 
polar co-ordinates 


In Fig. 24.1, if lengths x and y are known, then the 
length of r can be obtained from Pythagoras’ theorem 
(see Chapter 22) since OPQ is a right-angled triangle. 

Hence r 2 = (x 2 + y 2 ) 

from, which r = y/: r 2 +y 2 



Figure 24.1 

From trigonometric ratios (see Chapter 22), 

tan 9 = - 
x 

from which 

x 


r = y/x 2 +y 2 and 9 = tan - are the two formulae we 

x 

need to change from Cartesian to polar co-ordinates. 
The angle 9, which may be expressed in degrees or 
radians, must always be measured from the positive 
x-axis, i.e. measured from the line OQ in Fig. 24.1. It is 
suggested that when changing from Cartesian to polar 
co-ordinates a diagram should always be sketched. 

Change the Cartesian co-ordinates 
(3, 4) into polar co-ordinates 

A diagram representing the point (3, 4) is shown in 
Fig. 24.2. 



Figure 24.2 

From Pythagoras’ theorem, r = y/3 2 +4 2 — 5 (note that 
—5 has no meaning in this context). By trigonometric 
ratios, 9— tan -1 | = 53.13° or 0.927 rad 
[note that 53.13° = 53.13 x (tt/ 180) rad = 0.927 rad.] 

Hence (3, 4) in Cartesian co-ordinates corresponds 
to (5, 53.13°) or (5, 0.927 rad) in polar co-ordinates. 

Express in polar co-ordinates the 
position (—4, 3) 
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A diagram representing the point using the Cartesian 
co-ordinates (—4, 3) is shown in Fig. 24.3. 

From Pythagoras’ theorem r = V4 2 + 3 2 — 5 

By trigonometric ratios, a — tan -1 ^ = 36.87° or 
0.644 rad. 

Hence 9 = 180° - 36.87° = 143.13° 
or 9 = 7T — 0.644 = 2.498 rad. 



Figure 24.3 

Hence the position of point P in polar co-ordinate 
form is (5,143.13°) or (5,2.498 rad). 


Express (2, —5) in polar co-ordinates. 

A sketch showing the position (2, —5) is shown in Fig. 
24.5. 

r = sjl 2 + 5 2 = x/29 = 5.385 

correct to 3 decimal places 

a = tan -1 - = 68.20° or 1.190 rad 
2 



Express (—5, —12) in polar 

co-ordinates 

A sketch showing the position (—5, —12) is shown in 
Fig. 24.4. 

r = 75 2 + 12 2 = 13 
, 12 

and a — tan — = 67.38 or 1.176 rad. 

5 

Hence 6 = 180° + 67.38° = 247.38° 
or 0 = 7T+ 1.176 = 4.318 rad. 



P 


Figure 24.4 

Thus (—5, —12) in Cartesian co-ordinates corre¬ 
sponds to (13, 247.38°) or (13, 4.318 rad) in polar 
co-ordinates. 


Figure 24.5 

Hence 9 = 360° - 68.20° = 291.80° 
or 0 = 2?r- 1.190 = 5.093 rad 

Thus (2, —5) in Cartesian co-ordinates corresponds 
to (5.385, 291.80°) or (5.385, 5.093 rad) in polar 
co-ordinates. 


Now try the following exercise 

Exercise 93 Further problems on changing 
form Cartesian into polar 
co-ordinates 

In Problems 1 to 8, express the given Cartesian 
co-ordinates as polar co-ordinates, correct to 2 
decimal places, in both degrees and in radians. 

1. (3,5) 

[(5.83, 59.04°) or (5.83, 1.03 rad)] 

2. (6.18,2.35) 

[(6.61, 20.82°) or (6.61, 0.36 rad)] 

3. (-2,4) 

[(4.47, 116.57°) or (4.47, 2.03 rad)] 

4. (-5.4,3.7) 

[(6.55, 145.58°) or (6.55, 2.54 rad)] 
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(- 

7, -3) 






[(7.62, 

203.20°) 

or (7.62, 

3.55 

rad)] 

(- 

2.4, -3.6) 






[(4.33, 

236.31°) 

or (4.33, 

4.12 

rad)] 

(5, 

-3) 






[(5.83, 

329.04°) 

or (5.83, 

5.74 

rad)] 


8. (9.6,-12.4) 

[(15.68, 307.75°) or (15.68, 5.37 rad)] 


24.3 Changing from polar into 
Cartesian co-ordinates 


From the right-angled triangle OPQ in Fig. 24.6. 

x y 

cos 9 = - and sin 9 = - 
r r 

from trigonometric ratios 

Hence x = r cos 0 and y = r sin 0 



Figure 24.6 

If length r and angle 9 are known then x—r cos 9 and 
y = r sin 9 are the two formulae we need to change from 
polar to Cartesian co-ordinates. 

Change (4, 32°) into Cartesian 

co-ordinates. 

A sketch showing the position (4, 32°) is shown in 
Fig. 24.7. 

Now x — r cos 9 = 4 cos 32° = 3.39 
and y = /-sin0 = 4 sin 32° = 2.12 



Express (6, 137°) in Cartesian 

co-ordinates 

A sketch showing the position (6, 137°) is shown in 
Fig. 24.8. 

x = rcos9 = 6 cos 137° = —4.388 
which corresponds to length OA in Fig. 24.8. 

y = r sin 9 = 6 sin 137° = 4.092 
which corresponds to length AB in Fig. 24.8. 



Figure 24.8 

Thus (6, 137°) in polar co-ordinates corresponds to 
(—4.388,4.092) in Cartesian co-ordinates. 

(Note that when changing from polar to Cartesian 
co-ordinates it is not quite so essential to draw a sketch. 
Use ofx = r cos 9 and y = r sin 9 automatically produces 
the correct signs.) 

Express (4.5, 5.16 rad) in Cartesian 

co-ordinates. 

A sketch showing the position (4.5, 5.16 rad) is shown 
in Fig. 24.9. 

x = rcos9 = 4.5 cos 5.16 = 1.948 


Hence (4, 32°) in polar co-ordinates corresponds to 
(3.39, 2.12) in Cartesian co-ordinates. 


which corresponds to length OA in Fig. 24.9. 

y — r sin 9 = 4.5 sin 5.16 = —4.057 
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Figure 24.9 

which corresponds to length AB in Fig. 24.9. 

Thus (1.948, —4.057) in Cartesian co-ordinates cor¬ 
responds to (4.5,5.16 rad) in polar co-ordinates. 


24.4 Use of R-* PandP^ R 
functions on calculators 


Another name for Cartesian co-ordinates is rectangu¬ 
lar co-ordinates. Many scientific notation calculators 
possess P and P —> R functions. The R is the first 
letter of the word rectangular and the P is the first let¬ 
ter of the word polar. Check the operation manual for 
your particular calculator to determine how to use these 
two functions. They make changing from Cartesian to 
polar co-ordinates, and vice-versa, so much quicker and 
easier. 


Now try the following exercise 


Exercise 94 Further problems on changing 
polar into Cartesian 
co-ordinates 

In Problems 1 to 8, express the given polar 
co-ordinates as Cartesian co-ordinates, correct to 
3 decimal places. 

1. (5,75°) [(1.294,4.830)] 

2. (4.4, 1.12 rad) [(1.917,3.960)] 


3. (7, 140°) 

4. (3.6, 2.5 rad) 

5. (10.8,210°) 

6. (4, 4 rad) 

7. (1.5,300°) 

8. (6, 5.5 rad) 


[(-5,362, 4.500)] 
[(-2.884,2.154)] 
[(-9.353, -5.400)] 
[(-2.615, -3.207)] 
[(0.750, -1.299)] 
[(4.252, -4.233)] 


9. Figure 24.10 shows 5 equally spaced holes 
on an 80 mm pitch circle diameter. Calculate 
their co-ordinates relative to axes Ox and Oy in 

(a) polar form, (b) Cartesian form. Calculate 
also the shortest distance between the centres 
of two adjacent holes. 



Figure 24.10 


[(a) (40, 18°), (40, 90°), (40, 162°), (40, 234°) 
and (40, 306°) 

(b) (38.04, 12.36), (0, 40), (-38.04, 12.36), 
(-23.51, -32.36), (23.51, -32.36) 

(c) 47.02 mm] 






















Revision Test 6 


This Revision test covers the material contained in Chapter 22 to 24. The marks for each question are shown in 
brackets at the end of each question. 


1. Fig. R6.1 shows a plan view of a kite design. 

Calculate the lengths of the dimensions shown 
as a and b. (4) 

2. In Fig. R6.1, evaluate (a) angle 0 (b) angle a (5) 

3. Determine the area of the plan view of a kite shown 

in Fig. R6.1. (4) 



Figure R6.1 


4. If the angle of elevation of the top of a 25 m per¬ 
pendicular building from point A is measured as 
21°, determine the distance to the building. Cal¬ 
culate also the angle of elevation at a point B , 20 m 
closer to the building than point A. (5) 


5. Evaluate, each correct to 4 significant figures: 

(a) sin 231.78° (b) cos 151°16' (c) tan — (3) 


6. Sketch the following curves labelling relevant 
points: (a) y — 4 cos(0 + 45°) 

(b) y = 5 sin (2t — 60°) (6) 

7. Solve the following equations in the 

range 0° to 360° (a) sin -1 (—0.4161) —x 
(b) cot _1 (2.4198) = 6 (6) 

8. The current in an alternating current cir¬ 
cuit at any time t seconds is given by: 
i — 120 sin(1007rr + 0.274) amperes. Determine 

(a) the amplitude, periodic time, frequency and 
phase angle (with reference to 120 sin 1007rf) 

(b) the value of current when t — 0 

(c) the value of current when t = 6ms 

(d) the time when the current first reaches 80 A 

Sketch one cycle of the oscillation. (17) 

9. Change the following Cartesian coordinates into 
polar co-ordinates, correct to 2 decimal places, in 
both degrees and in radians: (a) (—2.3, 5.4) 

(b) (7.6, -9.2) (6) 

10. Change the following polar co-ordinates into 
Cartesian co-ordinates, correct to 3 decimal 
places: (a) (6.5, 132°) (b) (3, 3 rad) (4) 
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Chapter 25 


Triangles and some 
practical applications 


25.1 Sine and cosine rules 


To ‘solve a triangle’ means ‘to find the values of 
unknown sides and angles’. If a triangle is right-angled, 
trigonometric ratios and the theorem of Pythagoras 
may be used for its solution, as shown in Chapter 22. 
However, for a non-right-angled triangle, trigono¬ 
metric ratios and Pythagoras’ theorem cannot be used. 
Instead, two rules, called the sine rule and cosine rule, 
are used. 

Sine rule 

With reference to triangle ABC of Fig. 25.1, the sine 
rule states: 

a b c 

sin A sin B sinC 


A 



Figure 25.1 

The rule may be used only when: 

(i) 1 side and any 2 angles are initially given, or 

(ii) 2 sides and an angle (not the included angle) are 
initially given. 


Cosine rule 

With reference to triangle ABC of Fig. 25.1, the cosine 
rule states: 

a 2 = b 2 +c 2 — 2 be cosA 
or b 1 — a 2 +c 2 — lac cos B 
or c 2 = a 2 +b 2 — lab cos C 

The rule may be used only when: 

(i) 2 sides and the included angle are initially given, or 

(ii) 3 sides are initially given. 


25.2 Area of any triangle 


The area of any triangle such as ABC of Fig. 25.1 is 
given by: 

(i) \ x base x perpendicular height, or 

(ii) \ab sin C or \ac sin B or \bc sinA, or 

(iii) V sis — a)(s — b)(s — c ) 

. a+b+c 

where s =- 


25.3 Worked problems on the 

solution of triangles and their 
areas 


In a triangle XYZ, Z.X = 51°, 

ZT = 67° and YZ — 15.2 cm. Solve the triangle and 
find its area 
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The triangle XYZ is shown in Fig. 25.2. Since 
the angles in a triangle add up to 180°, then 
z = 180° -51° -67° =62°. 


X 



Figure 25.2 


Applying the sine rule: 
15.2 


Using 


Using 


sin 51° 
15.2 
sin 51° 

y = 


y 

sin 67° 

y 

sin 67° 

15.2 sin 67° 


z 

sin 62° 


15.2 
sin 51° 


sin 51° 

z 


and transposing gives: 

= 18.00 cm = XZ 


sin 62° 

15.2 sin 62° 


z 


and transposing gives: 

= 17.27 cm = XY 


sin 51° 

Area of triangle XYZ — \xy sin Z 

= j(15.2)(18.00) sin 62° = 120.8 cm 2 
(or area = jXzsinT = ^(15.2)(17.27) sin 67° 

= 120.8 cm 2 ) 


It is always worth checking with triangle problems 
that the longest side is opposite the largest angle, and 
vice-versa. In this problem, Y is the largest angle and 
XZ is the longest of the three sides. 


Solve the triangle ABC given 
B = 78°5 V, AC = 22.31 mm and AB =17.92 mm. 
Find also its area 


Triangle ABC is shown in Fig. 25.3. 


A 



Figure 25.3 


Applying the sine rule: 

22.31 _ 17.92 

sin78°5F sinC 


17.92 sin78°51' 

from which, sin C = -= 0.7881 

22.31 

Hence C = sin -1 0.7881 = 52°0' or 128°0' (see Chap¬ 
ters 22 and 23). 


Since B = 78°51', C cannot be 128°0 / , since 
128°0' + 78°51' is greater than 180°. 

Thus only C = 52°0' is valid. 

Angle A = 180° - 78°51' - 52°0' = 49°9' 

Applying the sine rule: 

a _ 22.31 

sin49°9 / sin78°5F 

22.31 sin 49°9' 

from which, a = -= 17.20 mm 

sin78°5F 

Hence A = 49°9', C = 52°0' and BC = 17.20 mm. 

Area of triangle ABC —\ac sin B 

= ±(17.20)(17.92)sin78°51' = 151.2mm 2 

Solve the triangle PQR and find its 
area given that QR = 36.5 mm, PR = 26.6 mm and 
Z0 = 36° 


Triangle PQR is shown in Fig. 25.4. 

P 



Figure 25.4 

Applying the sine rule: 

29.6 _ 36.5 
sin 36° sin P 


from which, 


sinP = 


36.5 sin 36° 
2933 


0.7248 


Hence P = sin -1 0.7248 = 46°27' or 133°33' 
When P = 46°27 / and Q = 36° 
then R — 180° — 46 0 27' — 36° = 97°33 / 

When P = 133°33 / and Q = 36° 

then R = 180° - 133°33' - 36° = 10°27' 
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Thus, in this problem, there are two separate sets of 
results and both are feasible solutions. Such a situation 
is called the ambiguous case. 

Case 1. P = 46°27', Q = 36°, R = 97°33', p = 36.5 mm 
and q — 29.6 mm 

From the sine rule: 

r 29.6 


sin 97°33' 

from which, r — 


sin 36° 

29.6 sin 97°33' 


= 49.92 mm 


sin 36° 

Area = \pqsmR = ±(36.5)(29.6) sin97°33' 

= 535.5 mm 2 

Case2.P= 133°33',G = 36 0 ,P = 10 o 27',/? = 36.5mm 
and q — 29.6 mm 


From the sine rule: 

r 


sin 10° 27' 


from which, 


29.6 
sin 36° 

29.6 sin 10°2' 


= 9.134 mm 


sin 36° 

Area = \pqsmR= ±(36.5)(29.6) sin 10°27' 

= 97.98 mm 2 

Triangle PQR for case 2 is shown in Fig. 25.5. 



9.134 mm. 

Q \ 36.5 mm 

36° 10°27' 


In Problems 3 and 4, use the sine rule to solve the 
triangles DEF and find their areas. 

3. d — 17 cm,/ = 22 cm, F — 26° 

'D= 19°48',£ = 134° 12', 
e = 36.0 cm, area = 134 cm 2 

4. d — 32.6 mm, e = 25.4 mm, D = 104°22' 

E — 49°0 / ,F = 26°38', 

/ = 15.09 mm, area = 185.6 mm 2 

In Problems 5 and 6, use the sine rule to solve the 
triangles JKL and find their areas. 

5. j = 3.85 cm, k = 3.23 cm, K = 36° 

~J = 44°29',L = 99°31\/ = 5.420 cm," 
area = 6.133 cm 2 
OR J — 135°31',L = 8°29', 

/ = 0.811 cm, area = 0.917 cm 2 

6. k — 46 mm, l — 36 mm, L — 35° 

- ^ = 47°8',y = 97°52', 
j = 62.2 mm, area = 820.2 mm 2 
OR K= 132°52 / ,7 = 12°8', 

_ j — 13.19mm, area = 174.0mm 2 _ 


25.4 Further worked problems on 
the solution of triangles 
and their areas 


Figure 25.5 


Now try the following exercise 


Solve triangle DEF and find its area 
given that EF — 35.0 mm, DE — 25.0 mm and 
Z£ = 64° 


Exercise 95 Further problems on the 
solution of triangles and 
their areas 

In Problems 1 and 2, use the sine rule to solve the 
triangles ABC and find their areas. 

1. A — 29°, B = 68°, b — 21 mm. 

C = 83°, a — 14.4 mm, c = 28.9 mm, 
area =189 mm 2 

2. B — 1\°26', C = 56°32', b = 8.60 cm. 

"A = 52°2\ c = 7.568 cm, 
a = 7.152 cm, area = 25.65 cm 2 


Triangle DEF is shown in Fig. 25.6. 


D 



Figure 25.6 

Applying the cosine rule: 

e 2 = d 2 +f 2 — 2df cosE 

i.e. e 2 = (35.0) 2 + (25.0) 2 - [2(35.0)(25.0)cos64°] 
= 1225 + 625 - 767.1 = 1083 
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from which, e = V1083 = 32.91 mm 
Applying the sine rule: 

32.91 _ 25.0 
sin 64° sin F 

25.0 sin 64° 

from which, sinF = -= 0.6828 

32.91 

Thus ZF = sin -1 0.6828 

= 43°4' or 136°56' 

F — 136°56' is not possible in this case since 
136°56 / + 64° is greater than 180°. Thus only F = 43°4' 
is valid. 

ZD = 180° - 64° - 43°4 / = 72°56' 

Area of triangle DEF = \df sin E 

= j(35.0)(25.0) sin 64° = 393.2mm 2 

A triangle ABC has sides a — 9.0 cm, 
b — 7.5 cm and c = 6.5 cm. Determine its three 
angles and its area 

Triangle ABC is shown in Fig. 25.7. It is usual first 
to calculate the largest angle to determine whether the 
triangle is acute or obtuse. In this case the largest angle 
is A (i.e. opposite the longest side). 


A 



Figure 25.7 


negative, angle A would be obtuse, i.e. lie between 90° 
and 180°). 

Applying the sine rule: 

9.0 _ 7.5 

sin 79.66° sinZ? 

7.5 sin 79.66° 

from which, sin B = -= 0.8198 

9.0 

Hence B = sin -1 0.8198 = 55.06° 

and C = 180° - 79.66° - 55.06° = 45.28° 

Area = — a)(s — b)(s — c ), where 

a + b+c 9.0 + 7.5 + 6.5 

s = -= -= 11.5 cm 

2 2 

Hence 

area = Vl 1.5(11.5 - 9.0)(11.5 - 7.5)(11.5 - 6.5) 

= yil.5(2.5)(4.0)(5.0) = 23.98 cm 2 
Alternatively, 

area = \ab sin C — ^-(9.0)(7.5) sin 45.28° 

= 23.98 cm 2 

Solve triangle XYZ, shown in Fig. 

25.8, and find its area given that Y = 128°, 

XY = 7.2 cm and YZ — 4.5 cm 


X 



Figure 25.8 


Applying the cosine rule: 

a 2 = b 2 + c 2 — IbccosA 

from which, 

2bccosA — b 2 + c 2 — a 2 

b 2 +c 2 - a 2 

and cos A =- 

2 be 

7.5 2 + 6.5 2 — 9.0 2 
2(7.5)(6.5) 


0.1795 


Hence A= cos” 1 0.1795 = 79.66° (or 280.33°, which 
is obviously impossible). The triangle is thus acute 
angled since cos A is positive. (If cos A had been 


Applying the cosine rule: 

y 2 = x 2 + z 2 — 2 xz cos Y 

= 4.5 2 + 7.2 2 - [2(4.5)(7.2) cos 128°] 
= 20.25 + 51.84- [-39.89] 

= 20.25 + 51.84 + 39.89 = 112.0 
y = V 112.0 = 10.58 cm 


Applying the sine rule: 

10.58 7.2 


sin 128° sinZ 

7.2 sin 128° 

from which, sinZ = -= 0.5363 

10.58 
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Hence Z= sin~ 1 0.5363 = 32.43° (or 147.57° which, 
here, is impossible). 

X = 180° - 128° - 32.43° = 19.57° 

Area = jXzsinT = j(4.5)(7.2) sin 128° 

= 12.77 cm 2 


Now try the following exercise 

Exercise 96 Further problems on the 
solution of triangles and 
their areas 

In Problems 1 and 2, use the cosine and sine rules 
to solve the triangles PQR and find their areas. 

1. q— 12 cm, r— 16 cm, P — 54° 

p = 13.2cm, Q — 47.35°, 

R = 78.65°, area = 77.7 cm 2 

2. q — 3.25 m, r — 4.42 m, P = 105° 

p = 6.127 m,Q = 30.83°, 

R — 44.17°, area = 6.938 m 2 

In Problems 3 and 4, use the cosine and sine rules 
to solve the triangles XYZ and find their areas. 

3. x— 10.0 cm, y = 8.0 cm, z = 7.0 cm. 

X = 83.33°, Y = 52.62°, Z = 44.05°," 
area = 27.8cm 2 

4. x = 21 mm, y = 34 mm, z = 42 mm. 

"Z = 29.IT, Y = 53.50°,Z = 96.73°,' 
area = 355 mm 2 


25.5 Practical situations involving 
trigonometry 


There are a number of practical situations where the 
use of trigonometry is needed to find unknown sides 
and angles of triangles. This is demonstrated in the 
following worked problems. 


A room 8.0 m wide has a span roof 
which slopes at 33° on one side and 40° on the 
other. Find the length of the roof slopes, correct to 
the nearest centimetre 


A section of the roof is shown in Fig. 25.9. 



Figure 25.9 


Angle at ridge, B— 180° — 33° - 40° = 107° 
From the sine rule: 

8.0 a 

sin 107° sin 33° 

8.0 sin 33° 

from which, a — -= 4.556 m 

sin 107° 


Also from the sine rule: 

8.0 _ c 

sin 107° sin 40° 

8.0 sin 40° 

from which, c = -= 5.377 m 

sin 107° 

Hence the roof slopes are 4.56 m and 5.38 m, correct 
to the nearest centimetre. 


A man leaves a point walking at 
6.5 km/h in a direction E 20° N (i.e. a bearing of 
70°). A cyclist leaves the same point at the same 
time in a direction E 40° S (i.e. a bearing of 130°) 
travelling at a constant speed. Find the average 
speed of the cyclist if the walker and cyclist are 
80 km apart after 5 hours 


After 5 hours the walker has travelled 5x6.5 = 32.5 km 
(shown as AB in Fig. 25.10). If AC is the distance the 
cyclist travels in 5 hours then BC — 80 km. 

20 ° 



Figure 25.10 

Applying the sine rule: 

80 32.5 


sin 60° sin C 

32.5 sin 60° 

from which, sinC = -= 0.3518 

80 
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Hence C= sin -1 0.3518 = 20.60° (or 159.40°, which 
is impossible in this case). 

B = 180° - 60° - 20.60° = 99.40°. 

Applying the sine rule again: 

80 b 

sin 60° sin 99.40° 

80 sin 99.40° 

from which, b = -= 91.14 km 

sin 60° 

Since the cyclist travels 91.14km in 5 hours then 
distance 91.14 

average speed = -=-= 18.23 km/h 

time 5 

Two voltage phasors are shown in 
Fig. 25.11. If Vi = 40 V and V 2 = 100 V determine 
the value of their resultant (i.e. length OA ) and the 
angle the resultant makes with V) 

A 



Figure 25.11 


Angle OBA = 180° - 45° = 135° 

Applying the cosine rule: 

OA 2 = Vf + V\ - 2 Vi V 2 cos OBA 

= 40 2 + 100 2 - {2(40)(100)cos 135°} 

= 1600+ 10000- {-5657} 

= 1600 + 10 000 + 5657 = 17 257 

The resultant 

OA = V17 257 = 131.4 V 
Applying the sine rule: 

131.4 _ 100 

sin 135° sin AOB 

100 sin 135° 

from which, sin AOB = -= 0.5381 

131.4 

Hence angle AOB = sin" 1 0.5381 = 32.55° (or 147.45°, 
which is impossible in this case). 

Hence the resultant voltage is 131.4 volts at 
32.55° to Vi 


In Fig. 25.12, PR represents the 
inclined jib of a crane and is 10.0 m long. PQ is 
4.0 m long. Determine the inclination of the jib to 
the vertical and the length of tie QR 


R 



Figure 25. 


Applying the sine rule: 

PR 

sin 120° 

from which, sin R = 


Hence ZR = sin" 1 0.3464 = 20.27° (or 159.73°, which 
is impossible in this case). 

ZP = 180° - 120° - 20.27° = 39.73°, which is the 
inclination of the jib to the vertical. 

Applying the sine rule: 

10.0 QR 

sin 120° ~~ sin 39.73° 


PQ 

sin R 

PQ sin 120° 
PR 

(4.0) sin 120° 


= 0.3464 


from which, length of tie, QR 


10.0 sin 39.73° 
sin 120° 

7.38 m 


Now try the following exercise 


Exercise 97 Further problems on practical 
situations involving 
trigonometry 


1. A ship P sails at a steady speed of 45 km/h in 
a direction of W 32° N (i.e. a bearing of 302°) 
from a port. At the same time another ship Q 
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leaves the port at a steady speed of 35 km/h in 
a direction N 15° E (i.e. a bearing of 015°). 
Determine their distance apart after 4 hours. 

[193 km] 


6. A laboratory 9.0 m wide has a span roof that 
slopes at 36° on one side and 44° on the other. 
Determine the lengths of the roof slopes. 

[6.35 m, 5.37 m] 


2. Two sides of a triangular plot of land are 52.0 m 
and 34.0 m, respectively. If the area of the plot 
is 620 m 2 find (a) the length of fencing required 
to enclose the plot and (b) the angles of the 
triangular plot. 

[(a) 122.6m (b) 94.80°, 40.66°, 44.54°] 

3. A jib crane is shown in Fig. 25.13. If the tie 
rod PR is 8.0 long and PQ is 4.5 m long deter¬ 
mine (a) the length of jib RQ and (b) the angle 
between the jib and the tie rod. 

[(a) 11.4m (b) 17.55°] 


R 



Figure 25.13 

4. A building site is in the form of a quadrilateral 
as shown in Fig. 25.14, and its area is 1510 m 2 . 
Determine the length of the perimeter of the 
site. [163.4 m] 


28.5 m 



Figure 25.14 

5. Determine the length of members BF and EB 
in the roof truss shown in Fig. 25.15. 

\BF = 3.9 m, EB = 4.0 m] 


E 



A 5m B 5m C 


Figure 25.15 


7. PQ and QR are the phasors representing the 
alternating currents in two branches of a cir¬ 
cuit. Phasor PQ is 20.0A and is horizontal. 
Phasor QR (which is joined to the end of PQ 
to form triangle PQR) is 14.0 A and is at an 
angle of 35° to the horizontal. Determine the 
resultant phasor Pi? and the angle it makes with 
phasor PQ [32.48 A, 14.31°] 


25.6 Further practical situations 
involving trigonometry 


A vertical aerial stands on 
horizontal ground. A surveyor positioned due east 
of the aerial measures the elevation of the top as 
48°. He moves due south 30.0 m and measures the 
elevation as 44°. Determine the height of the aerial 


In Fig. 25.16, DC represents the aerial, A is the initial 
position of the surveyor and B his final position. 

DC 

From triangle ACD, tan 48°=-, from which 


AC = 


DC 
tan 48° 


D 



Figure 25.16 

DC 

Similarly, from triangle BCD , BC — - 

J 6 tan 44° 

For triangle ABC, using Pythagoras’ theorem: 


BC 2 = AB 2 + AC 2 


DC 
tan 44° 


= (30.o) 2 


DC 
tan 48° 
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DC 1 


1 


1 


tan 2 44° tan 2 48° 


= 30.0 


DC 2 (1.072323 - 0.810727) = 30.0 2 


DC 2 = 


30.0 2 
0.261596 


= 3440.4 


Hence, height of aerial, DC = V3340.4 

= 58.65 m. 


A crank mechanism of a petrol 
engine is shown in Fig. 25.17. Arm OA is 10.0 cm 
long and rotates clockwise about 0. The connecting 
rod AB is 30.0 cm long and end B is constrained to 
move horizontally 



Figure 25.17 

(a) For the position shown in Fig. 25.17 determine 
the angle between the connecting rod AB and 
the horizontal and the length of OB. 

(b) How far does B move when angle AOB 
changes from 50° to 120°? 


(a) Applying the sine rule: 


AB AO 


sin 50° sin B 

AO sin 50° 

from which, sin B — - 

AB 


10.0 sin 50° 


0.2553 


30.0 

Hence B= sin -1 0.2553= 14.78° (or 165.22°, 
which is impossible in this case). 


Hence the connecting rod AB makes an angle 
of 14.78° with the horizontal. 


Angle OAB = 180° - 50° - 14.78° = 115.22° 
Applying the sine rule: 

30.0 _ OB 
sin 50° sin 115.22° 


from which. 


OB = 


30.0 sin 115.22° 
sin 50° 


= 35.43 cm 


(b) Figure 25.18 shows the initial and final positions of 
the crank mechanism. In triangle OA'B ', applying 
the sine rule: 

30.0 10.0 

sin 120° ~~ sin A'B'O 



Figure 25.19 

Henc eA'B'O = sin” 1 0.2887 = 16.78° (or 163.22° 
which is impossible in this case). 

Angle OA'B' = 180° - 120° - 16.78° = 43.22° 

Applying the sine rule: 


30.0 _ OB' 

sin 120° sin 43.22° 


from which. 


OB' 


30.0 sin 43.22° 
sin 120° 
23.72 cm 


Since OB — 35.43 cm and OB' = 23.72 cm then 


BB! = 35.43 — 23.72 = 11.71cm 


Hence B moves 11.71cm when angle AOB 
changes from 50° to 120° 


The area of a field is in the form of a 
quadrilateral ABCD as shown in Fig. 25.19. 
Determine its area 

B 

42.5 m 

J\ 

39.8 m / | 

/ | 

~~ C 

56 °y 

/l14°! 

aQ 1 
\ l , 

21.4 m\l/ 
D 

Figure 25.19 

/ 52.3 m 
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A diagonal drawn from B to D divides the quadrilateral 
into two triangles. 

Area of quadrilateral ABCD 

= area of triangle ABD + area of triangle BCD 
= j(39.8)(21.4) sin 114° + j(42.5)(62.3) sin56° 

= 389.04 + 1097.5 = 1487 m 2 


Now try the following exercise 

Exercise 98 Further problems on practical 
situations involving 
trigonometry 

1. Three forces acting on a fixed point are repre¬ 

sented by the sides of a triangle of dimensions 
7.2 cm, 9.6 cm and 11.0 cm. Determine the 
angles between the lines of action and the three 
forces. [80.42°, 59.38°, 40.20°] 

2. A vertical aerial AB , 9.60 m high, stands on 

ground which is inclined 12° to the horizontal. 
A stay connects the top of the aerial A to a point 
C on the ground 10.0 m downhill from B, the 
foot of the aerial. Determine (a) the length of 
the stay, and (b) the angle the stay makes with 
the ground. [(a) 15.23 m (b) 38.07°] 

3. A reciprocating engine mechanism is shown 

in Fig. 25.20. The crank AB is 12.0 cm long 
and the connecting rod BC is 32.0 cm long. 
For the position shown determine the length 
of AC and the angle between the crank and the 
connecting rod. [40.25 cm, 126.05°] 

4. From Fig. 25.20, determine how far C moves, 

correct to the nearest millimetre when angle 
CAB changes from 40° to 160°, B moving in 
an anticlockwise direction. [19.8 cm] 



Figure 25.20 


5. A surveyor, standing W 25° S of a tower 
measures the angle of elevation of the top of 
the tower as 46°30'. From a position E 23°S 
from the tower the elevation of the top is 
37° 15'. Determine the height of the tower if the 
distance between the two observations is 75 m. 

[36.2 m] 

6. Calculate, correct to 3 significant figures, the 
co-ordinates x and y to locate the hole centre 
at P shown in Fig. 25.21. 

[x = 69.3 mm, y = 142 mm] 



Figure 25.21 

7. An idler gear, 30 mm in diameter, has to be 
fitted between a 70 mm diameter driving gear 
and a 90 mm diameter driven gear as shown 
in Fig. 25.22. Determine the value of angle 0 
between the centre lines. [130°] 



Figure 25.22 

8. 16 holes are equally spaced on a pitch circle 

of 70 mm diameter. Determine the length of 
the chord joining the centres of two adjacent 
holes. [13.66 mm] 


















Chapter 26 


Trigonometric identities and 

equations 


26.1 Trigonometric identities 


A trigonometric identity is a relationship that is true 
for all values of the unknown variable. 


tan # — 


cosec #= 


sin# 

cos# 

1 

sin# 


„ cos # 1 

cot # =- sec # =- 

sin # cos # 


and cot # = 


tan# 


are examples of trigonometric identities from Chapter 22. 
Applying Pythagoras’ theorem to the right-angled trian¬ 
gle shown in Fig. 26.1 gives: 


a 2 + b 2 = 


b 



a 


( 1 ) 


Figure 26.1 

Dividing each term of equation (1) by c 2 gives: 



(cos#) 2 + (sin#) 2 = 1 

Hence cos 2 # + sin 2 # = 1 (2) 

Dividing each term of equation (1) by a 2 gives: 




Hence 

1 + tan 2 # = sec 2 # 

(3) 

Dividing each term of equation (1) by b 2 gives: 
a 2 b 2 c 2 

(4) 


b~ b 2 b 2 

i.e. 

Q 2 --© 2 


Hence 

cot 2 # -i-1 = cosec 2 # 

(5) 


Equations (2), (3) and (4) are three further examples of 
trigonometric identities. 


26.2 Worked problems on 

trigonometric identities 


Prove the identity 
sin #cot#sec#= sin# 


With trigonometric identities it is necessary to start with 
the left-hand side (LHS) and attempt to make it equal 
to the right-hand side (RHS) or vice-versa. It is often 
useful to change all of the trigonometric ratios into sines 
and cosines where possible. Thus 

LHS = sin 2 0 cot # sec 0 

cos#\ / 1 

sin # / I cos # 



= sin # (by cancelling) = RHS 
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Prove that: 

tan a + sec a 

— i 

sec a j 

/ tanA\ 

1 + 

^ sec x ) 

i 


LHS = 


tan x + sec x 


sec x ( 1 


tan a 


sec a 


sin x 1 
-1- 


cos a 


COS A 


COS A 


sin a \ 

/ 


l _j_ COS X 


cosx 
sinx + 1 
cosx 


—) i + 

COS A / 

sin a + 1 
cos A 


sin a 


cos A 


^ COS A ^ 


1 

COS A 

sin a - 


[ 1 + sin a] 

1\ / cos A 


COS A 


1 + sin a 


= 1 (by cancelling) = RHS 


Problem. 


Prove that: 


1 + cot 0 
1 + tan 0 


LHS = 


COS^ 

sin0 


= cot 0 


sin 0 + cos i 


sin0 


1 + cot 0 

1 + tan 0 ~ i sin 9 ~ cos 0 + sin ( 


cos9 cos 0 

sin0 + cos0\ / cos 0 


sin0 


cos 6 + sin 6 


cos 0 


= cot 9 — RHS 


sin 9 
[ 4. Show that: 


cos 2 9 — sin 2 0=1 — 2 sin 2 ( 


From equation (2), cos 2 0 + sin 2 0=1, from which, 

cos 2 0=1— sin 2 0 

Hence, LHS = cos 2 0 — sin 2 0 

= (1 - sin 2 0) - sin 2 0 
= 1 - sin 2 0 - sin 2 0 
= 1-2 sin 2 0 = RHS 


m 5. Prove that: 


1 — sin a 


1 


= sec a — tan a 


sinx 


LHS = 


T- 

- sinx 

l - 

F sin a 

'd 

— sinA)(l 

(i 

+ sinA)(l 

'd 

— sin a ) 2 

(i 

— sin 2 a) 


Since cos 2 a + sin 2 x = 1 then 1 


sin 2 x= cos 2 a 


LHS = 


I (1 — sinx) 2 /(I — sinx) 2 
(1 — sin 2 a) V cos 2 a 


1 — sinx 1 sinx 

COS A COS A COS A 

= sec a — tan a = RHS 


Now try the following exercise 

Exercise 99 Further problems on 

trigonometric identities 

Prove the following trigonometric identities: 

1. sin a cot a = cos a 

1 

2. — = cosec 0 
v 2 1 — cos 2 0 

3. 2 cos 2 A — 1 = cos 2 A — sin 2 A 
cos a — cos 3 A 

4. -= sin a cos a 

sin a 

5. (1 + cot 0) 2 + (1 — cot0) 2 = 2 cosec 2 0 

sin 2 a( sec a + cosec a) 

6. - = 1 + tan a 

cos a tan a 


26.3 Trigonometric equations 


Equations which contain trigonometric ratios are called 
trigonometric equations. There are usually an infinite 
number of solutions to such equations; however, solu¬ 
tions are often restricted to those between 0° and 360°. 
A knowledge of angles of any magnitude is essential in 
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the solution of trigonometric equations and calculators 
cannot be relied upon to give all the solutions (as shown 
in Chapter 23). Figure 26.2 shows a summary for angles 
of any magnitude. 


90° 


Sine 

(and cosecant) 
positive 


All positive 


180° 


_ 0 ° 

360° 


Jangent 

(and cotangent) 

positive 


Cosine 
(and secant) 
positive 


270° 


Figure 26.2 

Equations of the type a sin 2 A + b sin A + c — 0 

c 

(i) b sin A + c — 0, hence sin A = — 

b 

and A = sin^ 1 

There are two values of A between 0° and 

360° that satisfy such an equation, provided 
c 

— 1 < - < 1 (see Problems 6 to 8). 

b 

(ii) a sin 2 A + c — 0, hence sin 2 A = —, 

a 

I c 

sin A= — and 

V a 

If either a or c is a negative number, then the value 
within the square root sign is positive. Since when 
a square root is taken there is a positive and nega¬ 
tive answer there are four values of A between 0° 

and 360° which satisfy such an equation, provided 
c 

— (see Problems 9 and 10). 
b 

(iii) When a, b and c are all non-zero: 

a sin 2 A + b sin A + c = 0 is a quadratic equation 
in which the unknown is sin A. The solution of 
a quadratic equation is obtained either by fac¬ 
torising (if possible) or by using the quadratic 
formula: 

. —b ± \!hr — 4ac 

sinA =- 

2 a 

(see Problems 11 and 12). 

(iv) Often the trigonometric identities 

cos 2 A + sin 2 A = 1, 1 + tan 2 A = sec 2 A and 

cot 2 A + 1 = cosec 2 A need to be used to reduce 
equations to one of the above forms (see Problems 
13 to 15). 




26.4 Worked problems (i) on 
trigonometric equations 


Solve the trigonometric equation: 
5 sin 0 + 3 = 0 for values of 6 from 0° to 360° 


5 sin 6 + 3 = 0, from which 
sin 0= -3/5 = -0.6000 



90° 



(b) 


Figure 26.3 

Hence 0 = sin -1 (—0.6000). Sine is negative in the third 
and fourth quadrants (see Fig. 26.3). The acute angle 
sin -1 (0.6000) = 36.87° (shown as a in Fig. 26.3(b)). 
Hence 6 = 180° + 36.87°, i.e. 216.87° or (9 = 360°- 
36.87°, i.e. 323.13° 


Solve: 1.5 tan.r — 1.8 = 0 for 

0° < x < 360° 


1.5 tanx — 1.8 = 0, from which 
1.8 

tanx= — = 1.2000 
Hence x= tan -1 1.2000 

Tangent is positive in the first and third quadrants (see 
Fig. 26.4). 

The acute angle tan -1 1.2000 = 50.19°. 

Hence, x = 50.19° or 180° + 50.19° = 230.19° 
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(b) 


Figure 26.4 


Solve: 4 sec t = 5 for values of t 
between 0° and 360° 


4 sec t — 5, from which sec t = | = 1.2500 
Hence t— sec -1 1.2500 


90° 



Figure 26.5 

Secant (= 1/cosine) is positive in the first and 
fourth quadrants (see Fig. 26.5). The acute angle 
sec -1 1.2500 = 36.87°. Hence 

t = 36.87° or 360° - 36.87° = 323.13° 


Now try the following exercise 


Exercise 100 Further problems on 

trigonometric equations 

Solve the following equations for angles between 
0° and 360° 

1. 4 — 7sin0 = 0 [0=34.85° or 145.15°] 


2. 3 cosec A ± 5.5 = 0 

[A = 213.06° or 326.94°] 

3. 4(2.32-5.4 cot t) = 0 

[t = 66.75° or246.75°] 


26.5 Worked problems (ii) on 
trigonometric equations 


Solve: 2 — 4 cos 2 A = 0 for values of 
A in the range 0° < A < 360° 


2 

2 — 4 cos 2 A = 0, from which cos 2 A = - = 0.5000 

4 

Hence cos A = V0.5000 = ±0.7071 and 
A = cos" 1 (±0.7071) 

Cosine is positive in quadrant one and four and negative 
in quadrants two and three. Thus in this case there are 
four solutions, one in each quadrant (see Fig. 26.6).The 
acute angle cos -1 0.7071 =45°. 

Hence A = 45°, 135°, 225° or 315° 



90° 



(b) 


Figure 26.6 


Solve: \ cot 2 y = 1.3 for 

0° < y < 360° 


jC0t 2 y= 1.3, from which, cot 2 y = 2(1.3) = 2.6 
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Hence cot y = V2.6 = ±1.6125, and 

y— cot -1 (±1.6125). There are four solutions, one in 

each quadrant. The acute angle cot -1 1.6125 = 31.81°. 

Hence y = 31.81°, 148.19°, 211.81° or 328.19° 


Now try the following exercise 

Exercise 101 Further problems on 

trigonometric equations 

Solve the following equations for angles between 
0° and 360° 

y = 50.77°, 129.23°," 
230.77° or 309.23° 

[D — 90° or 270°] 

[0 = 32.32°, 147.68°, 
212.32° or 327.68°] 


26.6 Worked problems (iii) on 
trigonometric equations 


Solve the equation: 

8 sin 2 0 ± 2 sin 0 — 1 = 0, for all values of 0 
between 0° and 360° 

Factorising 8sin 2 0±2sin0 — 1 = 0 gives 
(4 sin 0 — 1) (2 sin 0 ± 1) = 0 

Hence 4 sin 0 — 1 = 0, from which, 

sin 0 = -j = 0.2500, or 2 sin 0 ± 1 = 0, from which, 
sin 0 = — ^ = —0.5000 

(Instead of factorising, the quadratic formula can, of 
course, be used). 0= sin' 1 0.2500= 14.48° or 165.52°, 
since sine is positive in the first and second quadrants, 
or 0= sin' 1 (—0.5000) = 210° or 330°, since sine is 
negative in the third and fourth quadrants. Hence 

9 = 14.48°, 165.52°, 210° or 330° 

Solve: 

6 cos 2 0 + 5 cos 0 — 6 = 0 for values of 0 from 0° to 
360° 

Factorising 6 cos 2 0 ± 5 cos 0 — 6 = 0 gives 
(3 cos 0 — 2)(2 cos 0 ± 3) = 0. 


Hence 3 cos 0 — 2 = 0, from which, 

cos0= | = 0.6667, or 2cos0+ 3 = 0, from which, 
cos =-§ = -1.5000 

The minimum value of a cosine is — 1, hence the latter 
expression has no solution and is thus neglected. Hence 

0 = cos -1 0.6667 = 48.18° or 311.82° 

since cosine is positive in the first and fourth quadrants. 


Now try the following exercise 

Exercise 102 Further problems on 

trigonometric equations 

Solve the following equations for angles between 
0° and 360° 

1. 15sin 2 A± sinA —2 = 0 

"A =19.47°, 160.53°,' 
203.58° or 336.42° 

2. 8tan 2 0±2tan0= 15 

'0 = 51.34°, 123.69° ,' 
231.34° or 303.69° 

3. 2 cosec 2 f — 5 cosec t = 12 

[t= 14.48°, 165.52°, 221.81° or 318.19°] 


26.7 Worked problems (iv) on 
trigonometric equations 


Solve: 5 cos 2 t ± 3 sin t — 3 = 0 for 
values of t from 0° to 360° 

Since cos 2 t + sin 2 t = 1, cos 2 t = 1 — sin 2 t. 
Substituting for cos 2 t in 5 cos 2 f ± 3 sin f — 3 = 0 gives 

5(1 — sin 2 t) + 3 sinf — 3 = 0 

5 — 5 sin 2 r±3sint — 3 = 0 

—5 sin 2 t±3sinr±2 = 0 

5 sin 2 t — 3 sin t — 2 = 0 

Factorising gives (5 sin t + 2)(sin t — 1) = 0. Hence 
5 sin t + 2 — 0, from which, sin t — — | = —0.4000, or 
sin t — 1=0, from which, sin t — 1. 
t = sin -1 (—0.4000) = 203.58° or 336.42°, since sine 
is negative in the third and fourth quadrants, or 


1. 5 sin 2 y — 3 

2. 5 ± 3 cosec 2 /? = 8 

3. 2 cot 2 0 = 5 
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t = sin 1 1 = 90°. Hence 

t = 90°, 203.58° or 336.42° 
as shown in Fig. 26.7. 



Figure 26.7 


Solve: 18 sec 2 A — 3 tan A = 21 for 
values of A between 0° and 360° 


1 + tan 2 A = sec 2 A. Substituting for sec 2 A in 
18 sec 2 A — 3 tanA = 21 gives 

18(1 + tan 2 A) — 3 tanA = 21 

i.e. 18 + 18 tan 2 A — 3 tan A — 21 = 0 
18 tan 2 A — 3 tan A — 3 = 0 
Factorising gives (6 tanA — 3) (3 tanA + 1) = 0 

Hence 6 tanA — 3 = 0, from which, tanA = g = 0.5000 
or 3 tanA +1 = 0, from which, tanA = — j = —0.3333. 
Thus A = tan" 1 (0.5000) = 26.57° or 206.57°, since 
tangent is positive in the first and third quadrants, or 
A = tan -1 (-0.3333)= 161.57° or 341.57°, since tan¬ 
gent is negative in the second and fourth quadrants. 
Hence 


A = 26.57°, 161.57°, 206.57° or 341.57° 


Solve: 3 cosec 2 0 — 5 = 4 cot 0 in the 
range 0 < 0 < 360° 


cot 2 9+ 1 = cosec 2 9, Substituting for cosec 2 9 in 
3 cosec 2 0 — 5 = 4 cot 9 gives: 

3( cot 2 9 + 1) — 5 = 4 cot 9 

3 cot 2 0 + 3 — 5 = 4 cot 9 

3 cot 2 0 — 4 cot 0 — 2 = 0 


Since the left-hand side does not factorise the quadratic 
formula is used. 


Thus, 


cot0 = 


-(-4) ± V(-4) 2 - 4(3)(—2) 
2(3) 

4± x/16 + 24 _ 4± v/40 

6 ~~ 6 

10.3246 2.3246 

-or- 


Hence cot 0= 1.7208 or -0.3874 
9= cot -1 1.7208 = 30.17° or 210.17°, since cotangent 
is positive in the first and third quadrants, or 
0= cot” 1 (-0.3874)= 111.18° or 291.18°, since 
cotangent is negative in the second and fourth quadrants. 

Hence, 0 = 30.17°, 111.18°, 210.17° or 291.18° 


Now try the following exercise 

Exercise 103 Further problems on 

trigonometric equations 

Solve the following equations for angles between 
0° and 360° 

1. 12 sin 2 0 — 6= cos0 

'0 = 48.19°, 138.59°,' 
221.41° or 311.81° 

2. 16 sec .r — 2= 14 tan 2 x 

[* = 52.93° or 307.07°] 

3. 4 cot 2 A — 6 cosec A + 6 = 0 [A = 90°] 

4. 5 sec t + 2 tan 2 t = 3 

[t = 107.83° or 252.17°] 

5. 2.9 cos 2 a — 7 sin a + 1 = 0 

[a = 27.83° or 152.17°] 

6. 3 cosec 2 ft = 8 — 7 cot fi 

= 60.17°, 161.02°," 
240.17° or 341.02° 
























Chapter 27 


Compound angles 


27.1 Compound angle formulae 


An electric current i may be expressed as 
i = 5 sin(&>f — 0.33) amperes. Similarly, the displace¬ 
ment x of a body from a fixed point can be expressed 
as x = 10 sin(2f + 0.67) metres. The angles ( cot — 0.33) 
and (2 1 + 0.67) are called compound angles because 
they are the sum or difference of two angles. 

The compound angle formulae for sines and cosines 
of the sum and difference of two angles A and B are: 

sin(A + Bf— sin A cos B + cos A sin B 
sin(A — B)= sin A cos B — cos A sin B 
cos(A +B)= cos A cos B — sin/1 sin B 
cos(A — B)= cos A cos B + sin A sin B 

(Note, sin(A + B ) is not equal to (sin A + sin B), and 
so on.) 

The formulae stated above may be used to derive two 
further compound angle formulae: 


(a) sin (jt + a) — sin n cos a + cos jt sin a (from 

the formula for sin (A + B)) 
= (0)(cosa) + (— 1) sin a 

= —sin a 

(b) - cos (90° + P) 

— — [cos 90° cos p — sin 90° sin /3] 

= — [(0)( cos P) — (1) sin /!] = sin (I 

(c) sin (A — B ) — sin (A + B ) 

= [sinAcosB— cosAsinfi] 

— [sinAcosB+ cosAsinfi] 

= —2 cos A sin B 

Prove that: 

cos (y — n) + sin^y + — ^ = 0 
cos (y — n) = cos v cos tc + sin y sin it 


tan(A + B)= 


tan A + tan B 
1 — tan A tan B 


tan (A — B)= 


tan A — tan B 
1 + tan/1 tan B 


The compound-angle formulae are true for all values 
of A and B, and by substituting values of A and B into 
the formulae they may be shown to be true. 


= (cosyX—l) + (siny)(0) 

= — cosy 

/ 7T\ TT 1X 

sin^y + — J = smycos — + cosy sin — 

= (sin y)(0) + (cos y)( 1) = cos y 
Hence cos (y — jt) + sin (y + —^ 

= (—cosy) + (cosy) = 0 


Expand and simplify the following 

expressions: 

(a) sin(7r + a) (b) — cos(90° + P) 

(c) sin(A — B)— sin(A + Z?) 


Problem 3. 

Show that 



/ TC\ ( 

7T\ 

tan 

x H— tan(x — 

- = -1 


V 4/ V 

4/ 
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tan 


K)-i 


tan x + tan — 

4 


7r 

tan x tan — 
4 


(from the formula for tan(A + If)) 


tan x + 1 
1 — (tanx)(l) 


1 + tan x 
1 — tanx 


7r 


tan 


(-?)-: 


tanx 


it 

tan — 
4 


7r 

+ tan x tan — 
4 


since tan — = 1 
4 


tan x — 1 


1 + tan x 


Hence 


,tan(x+0tan(x-0 


1 + tan x \ / tan x — 1 


1 — tan x / V 1 + tan x 


tanx — 1 —(1 — tanx) 

1 — tan x 1 — tan x 


= -1 


(c) tan (P + 0) 


tan P + tan 0 _ (1.4025) + (2.0225) 
1 - tan P tan 0 ~ 1 - (1.4025)(2.0225) 


3.4250 

-1.8366 


-1.865 


Solve the equation: 

4 sin(x — 20°) = 5 cos x for values of x between 
0° and 90° 


4sin(x— 20°) = 4[sinxcos20° — cosxsin20°] 

from the formula for sin (A — B) 
= 4[sinx(0.9397) - cosx(0.3420)] 

= 3.7588 sinx— 1.3680cosx 

Since 4 sin(x — 20°) = 5 cos x then 
3.7588 sin x — 1.3680 cosx = 5 cosx 
Rearranging gives: 


If sin P — 0.8142 and 

cos 0 — 0.4432 evaluate, correct to 3 decimal 
places: (a) sinfP — 0), (b) cos(P+ 0) and (c) 
tan(P + 0, using the compound angle formulae and 


3.7588 sinx = 5 cosx + 1.3680 cosx 


= 6.3680 cosx 


sinx 

cosx 


6.3680 

3.7588 


1.6942 


Since sin P — 0.8142 then 
P= sin -1 0.8142 = 54.51° 

Thus cos P= cos 54.51° = 0.5806 and 
tan P= tan 54.51° = 1.4025 

Since cos 0 = 0.4432, g= cos~' 0.4432 = 63.69° 

Thus sin Q— sin 63.69° = 0.8964 and 
tan 0= tan 63.69° = 2.0225 

(a) sin (P - 0) 

= sin P cos 0— cos P sin 0 
= (0.8142)(0.4432) — (0.5806)(0.8964) 

= 0.3609-0.5204 =-0.160 

(b) cos (P + 0) 

= cos P cos 0 — sin P sin 0 
= (0.5806)(0.4432) — (0.8142)(0.8964) 

= 0.2573 - 0.7298 = -0.473 


i.e. tanx= 1.6942, and 
x = tan' 1 1.6942 = 59.449° or 59°27' 

[Check: LHS = 4 sin(59.449° - 20°) 

= 4 sin 39.449° = 2.542 
RHS = 5 cosx = 5 cos 59.449° = 2.542] 


Now try the following exercise 

Exercise 104 Further problems on 

compound angle formulae 

1. Reduce the following to the sine of one angle: 

(a) sin 37° cos 21° + cos 37° sin 21° 

(b) sin7fcos3r— cos7f sin3f 

[(a) sin 58° (b)sin4r] 

2. Reduce the following to the cosine of one 
angle: 

(a) cos 71° cos 33° — sin 71° sin 33° 
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(b) 


Tt Tt Tt Tt 

cos — cos —b sin — sin - 
3 4 3 4 


(a) cos 104° = —cos76° 

Tt 

(b) cos — 


3. 


Show that: 

^ . . / 


. ( 2tt\ 

(a) smlx + 

l) 

1 + sin lx + — 1 


\/3cosx 


(b) 



= cos <p 


4. Prove that: 
(a) sin 


tt\ 

■ L 

(6>-|—) 

- sin <9-31 

V 4/ 

V 4 ) 


cos (270° + 0) 

(b) -= tan f 

cos (360° -0) 


\/2(sin0+ cos (9) 


5. Given cos A = 0.42 and sin# = 0.73 evaluate 
(a) sin(A — B ), (b) cos(A — B), (c) tan(A + B), 
correct to 4 decimal places. 

[(a) 0.3136 (b) 0.9495 (c)-2.4687] 


In Problems 6 and 7, solve the equations for values 
of 0 between 0° and 360° 


6. 3 sin(0 + 30°) = 7 cos 0 

[64.72° or 244.72°] 

7. 4 sin(<9 — 40°) = 2 sin 0 

[67.52° or 247.52°] 


(iii) If a — R cos ot and b = R sin a, where a and b are 
constants, then 

R sin(&>f + a) = a sin cot + b cos cot, i.e. a sine 
and cosine function of the same frequency when 
added produce a sine wave of the same frequency 

(which is further demonstrated in Chapter 34). 

a 

(iv) Since a = R cos a, then cos a — — and since 

R 

b 

b — R sin a, then sin a — — 

R 

If the values of a and b are known then the values of 
R and a may be calculated. The relationship between 
constants a, b, R and a are shown in Fig. 27.1. 



Figure 27.1 

From Fig. 27.1, by Pythagoras’ theorem: 

R = V a 2 +b 2 

and from trigonometric ratios: 

_,Z> 

a = tan - 
a 


27.2 Conversion of a sin cot + b cos cot 
intoff sin(o>t + a) 


(i) R sin(o>f + a) represents a sine wave of maximum 
value R, periodic time 2 tzIoo, frequency coI2tc and 
leading R sin cot by angle a. (See Chapter 23). 

(ii) R sin(&>f + a) may be expanded using the 
compound-angle formula for sin (A + B), where 
A —cot and B = a. Hence 

R sin(&>f + a) 

= R[ sin cot cos a + cos cot sin a] 

= R sin cot cos a + R cos cot sin a 
= (R cos a) sin cot + (R sin a) cos cot 


Find an expression for 

3 sin cot + 4 cos cot in the form R sin(&>f + a) and 
sketch graphs of 3 sin cot, 4 cos cot and 
R sin(&)? + a) on the same axes 


Let 3 sin cot + 4 cos cot — R sin(&>r + a) 
then 3 sinwf + 4 cos cot 

— /Z[sin cot cos a + cos cot sin a] 

= (R cos a) sin cot + (R sin a) cos cot 
Equating coefficients of sin cot gives: 

3 

3 — R cos a, from which, cos a— — 

R 

Equating coefficients of cos cot gives: 

4 

4 = R sin a, from which, sin a = — 

R 
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There is only one quadrant where both sin a and cos a 
are positive, and this is the first, as shown in Fig. 27.2. 
From Fig. 27.2, by Pythagoras’ theorem: 


R = V3 2 + 4 2 = 5 



Figure 27.2 

From trigonometric ratios: 

4 

a = tan -1 - = 53.13° or 0.927 radians 
3 

Flence, 3 sin cot + 4 cos cot — 5 sin(«f + 0.927) 

A sketch of 3 sin cot, 4 cos cot and 5 sin(cot + 0.927) is 
shown in Fig. 27.3. 



Figure 27.3 


Let 4.6 sin cot — 7.3 cos cot — R sin(&>f + a) 
then 4.6 sin cot — 7.3 cos cot 

= 7?[sin cot cos a + cos cot sin a] 

= (R cos a) sin cot + (R sin a) cos cot 
Equating coefficients of sin cot gives: 

4.6 

4.6 = R cos a , from which, cos a = — 

R 

Equating coefficients of cos cot gives: 

-7.3 

—7.3 = R sin a, from which sin a = - 

R 

There is only one quadrant where cosine is positive and 
sine is negative, i.e. the fourth quadrant, as shown in 
Fig. 27.4. By Pythagoras’ theorem: 

R = V4.6 2 + (-7.3) 2 = 8.628 



Figure 27.4 

By trigonometric ratios: 

-l 

a — tan 1 - 

V 4.6 ) 

= -57.78° or -1.008 radians. 

Hence, 

4.6 sin cot —7.3 cos cot — 8.628 sin(«f — 1.008) 


Two periodic functions of the same frequency may be 
combined by 


Express: —2.7 sin cot — 4.1 cos cot in 
the form R sinfotf + a) 


(a) plotting the functions graphically and combining 
ordinates at intervals, or 

(b) by resolution of phasors by drawing or calculation. 

Problem 6, together with Problems 7 and 8 following, 
demonstrate a third method of combining waveforms. 


Express: 4.6 sin cot — 7.3 cos cot in 
the form R sinlrwf + a) 


Let —2.7 sin cot — 4.1 cos cot = R sin(&>? + a) 

= /?[sin cot cos a + cos cot sin a] 

= (R cos a) sin cot + (R sin a) cos cot 

Equating coefficients gives: 


—2.7 = R cos a, from which, cos a = 


-2.7 

R 


-4.1 

and —4.1 = R sin a, from which, sin a = - 

R 
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There is only one quadrant in which both cosine and 
sine are negative, i.e. the third quadrant, as shown in 
Fig. 27.5. 



270° 


Since both sin a and cos a are positive, R lies in the first 
quadrant, as shown in Fig. 27.6. 



Figure 27.6 

From Fig. 27.6, R = V3 2 + 5 2 = 5.831 and 
5 

a = tan '- = 59.03° 

3 


Figure 27.5 

From Fig. 27.5, 


R = y/ (—2.7) 2 + (—4.1) 2 = 4.909 
-i 4.1 

and 9 = tan — = 56.63 

2.7 

Hence a = 180°+ 56.63° = 236.63° or 4.130 radians. 
Thus, 

—2.7 sin cot — 4.1 cos cot = 4.909 sin(<wf — 4.130) 

An angle of 236.63° is the same as —123.37° or —2.153 
radians. 

Hence —2.7 sin cot — 4.1 cos cot may be expressed also 
as 4.909 sinM - 2.153), which is preferred since it is 
the principal value (i.e. — it <a<ir). 


Express: 3 sin 9 + 5 cos 9 in the 
form R sin(6> + a), and hence solve the equation 
3 sin 9 + 5 cos 9 = 4 , for values of 9 between 0° 
and 360° 


Let 3 sin 9 + 5 cos 9 = R sin(0 + a) 

= /?[sin 9 cos a + cos 9 sin a] 

= (R cos a ) sin 9+(R sin a) cos 9 

Equating coefficients gives: 

3 

3 = R cos a. from which, cos a = — 

R 

5 

and 5 = R sin a, from which, sin a = — 

R 


Hence 3 sin 9 + 5 cos 9 = 5.831 sin(0 + 59.03°) 

However 3 sin 9 + 5 cos 9 = 4 

Thus 5.831 sin {9 + 59.03°) = 4, 

from which (9 + 59.03°) = sin~* (- ) 

V 5.831 ) 

i.e. 9 + 59.03° = 43.32° or 136.68° 

Hence 9 = 43.32° - 59.03°= -15.71° or 
9 = 136.68°-59.03°= 77.65° 

Since —15.71° is the same as —15.71° + 360°, i.e. 
344.29°, then the solutions are 0 = 77.65° or 344.29°, 
which may be checked by substituting into the original 
equation. 


Solve the equation: 

3.5 cos A — 5.8 sin A = 6.5 for 0° < A < 360° 


Let 3.5 cos A — 5.8 sin A = R sin(A + a) 

= /?[sin A cos a + cos A sin a ] 

= (R cos a) sin A + (R sin a) cos A 

Equating coefficients gives: 

3.5 

3.5 = R sin a, from which, sin a = — 

R 


and —5.8 = /? cos a, from which, cosa=- 

R 

There is only one quadrant in which both sine is positive 
and cosine is negative, i.e. the second, as shown in 
Fig. 27.7. 
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90° 



Figure 27.7 


From Fig. 27.7, 7? = V3.5 2 + (-5.8) 2 = 6.774 and 
, 3.5 

9 = tan~ —=31.12° 

5.8 

Hence a = 180°-31.12° = 148.88° 

Thus 3.5 cos A — 5.8 sin A 

= 6.774 sin (A + 148.88°) = 6.5 

6.5 

Hence, sin(A + 148.88°) = - 

6.774 

o -i 6.5 

from which, (A + 148.88 ) = sin - 

6.774 

= 73.65° or 106.35° 

Thus, A = 73.65° - 148.88° = -75.23° 

= (-75.23° + 360°) = 284.77° 
or A = 106.35° - 148.88° = -42.53° 

= (-42.53° + 360°) = 317.47° 

The solutions are thus A = 284.77° or 317.47°, which 
may be checked in the original equation. 


2. 4 sin cot — 3 cos cot [5 sin(cur — 0.644)] 

3. —7 sin cot + 4 cos cot 

[8.062 sin(«r + 2.622)] 

4. —3 sin cot — 6 cos cot 

[6.708 sin(<ur - 2.034)] 


5. 


Solve the following equations for values of 9 
between 0° and 360°: 

(a) 2 sin 9 + 4 cos 9 — 3 

(b) 12 sin$ — 9cos# = 7 


(a) 74.44° or 338.70° 

(b) 64.69° or 189.05° 


6 . 


Solve the following equations for 
0° < A < 360°: 

(a) 3 cos A + 2 sin A = 2.8 

(b) 12 cos A — 4 sin A = 11 


(a) 72.73° or 354.63° 

(b) 11.15° or 311.98° 


7. The third harmonic of a wave motion is given 
by 4.3 cos 39 — 6.9 sin 39. 

Express this in the form R sin(37 ± a) 

[8.13 sin(3<9 + 2.584)] 

8. The displacement x metres of a mass from 
a fixed point about which it is oscillating is 
given by x = 2.4 sin cot + 3.2 cos cot, where t 
is the time in seconds. Express x in the form 
R sin (cot + a). 

[x — 4.0 sin(cuf + 0.927)m] 

9. Two voltages, v\ = 5cos cot and r >2 = —8sin cot 
are inputs to an analogue circuit. Determine 
an expression for the output voltage if this is 
given by (i’i + U 2 ). 

[9.434 sin(cyf + 2.583)] 


Now try the following exercise 

Exercise 105 Further problems on the 
conversion of 
a sin cot + b cos cot into 
Rs\n(cot + a) 

In Problems 1 to 4, change the functions into the 
form R sin(<wf ± a) 

1. 5 sin cot + 8 cos cot 

[9.434 sin(wr+ 1.012)] 


27.3 Double angles 


(i) If, in the compound-angle formula for sin (A + B), 
we let B — A then 

sin 2A = 2 sinAcos A 

Also, for example, sin 4A = 2 sin 2A cos 2A and 
sin 8A = 2 sin 4A cos 4A, and so on. 

(ii) If, in the compound-angle formula for cos(A + B), 
we let B — A then 

cos 2A = cos 2 A — sin 2 A 



















Since cos 2 A + sin 2 A = 1, then 
cos 2 A — 1 — sin 2 A, and sin 2 A — 1 — cos 2 A, 
and two further formula for cos 2A can be produced. 
Thus cos 2A = cos 2 A — sin 2 A 

= (1 — sin 2 A) — sin 2 A 
i.e. cos 2A = 1 — 2sin 2 A 
and cos 2A = cos 2 A — sin 2 A 

= cos 2 A — (1 — cos 2 A) 
i.e. cos 2A = 2 cos 2 A — 1 
Also, for example, 

cos 4A = cos 2 2A — sin 2 2A or 1 — 2 sin 2 2A or 
2 cos 2 2A — 1 and cos 6A = cos 2 3A — sin 2 3A or 
1 — 2 sin 2 3A or 2 cos 2 3A — 1 and so on. 

(iii) If, in the compound-angle formula for tan(A + B), 
we let B — A then 


tan 2A = 

Also, for example, tan 4A = 


2 tanA 
1 - tan 2 A 
2 tan 2A 


and tan 5A = 


2 tan ^A 
1 — tan 2 3 A 


1 — tan 2 2A 
and so on. 


It, sin 30 is the third harmonic of a 
waveform. Express the third harmonic in terms of 
the first harmonic sin 6 , when It, = 1 


When h = \. 

It, sin 36 = sin 39 = sin(20 + 9 ) 

= sin 26 cos 6 + cos 26 sin 6 

from the sin (A + B) formula 
= (2 sin 6 cos 9) cos 6 + (1 — 2 sin 2 6) sin 6, 
from the double angle expansions 
= 2 sin 9 cos 2 6 + sin 6 — 2 sin 3 9 
— 2 sin 0(1 — sin 2 9 ) + sin 0 — 2 sin 3 0, 

(since cos 2 0=1— sin 2 0) 

= 2 sin 0 — 2 sin 3 0 + sin 0 — 2 sin 3 0 
i.e. sin 30 = 3 sin 0 — 4 sin 3 6 


Problem 12. 


1 — cos 20 

Prove that: -= tan 0 

sin 20 


LHS = 


1 — cos 20 
sin 20 
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1 - (1 - 2 sin 2 0 ) 

2 sin 0 cos 0 


2 sin 2 0 
2 sin 0 cos 0 


sin 0 
cos 0 


= tan 0 = RHS 


Prove that: 

cot 2x + cosec 2x = cotx 

LHS = cot 2x + cosec 2x 

cos 2x 1 cos 2x + 1 
sin 2x sin 2 x sin 2 x 

( 2 cos 2 x— 1 ) + 1 2 cos 2 x 

sin 2 x sin 2 x 


2 cos 2 x 
2 sin x cos x 


cosx 

sinx 


= cotx = RHS 


Now try the following exercise 


Exercise 106 Further problems on double 
angles 

1. The power p in an electrical circuit is given by 

v 2 

p— —. Determine the power in terms of V , R 
and cos 2 1 when v = V cos t. 

V 2 

— ( 1 + cos 2 /) 


2. Prove the following identities: 

cos 2d> - 

(a) 1 -— = tan- 0 


(b) 

(c) 


COS 2 (f) 

1 + cos 2 1 
sin 2 t 


= 2 cot- t 


(tan 2 x)(l + tanx) 


tanx 1 — tanx 

(d) 2 cosec 20 cos 20 = cot 0 — tan 0 


3. If the third harmonic of a waveform is given 
by V 3 cos 30, express the third harmonic in 
terms of the first harmonic cos 0 , when V 3 = 1 . 

[cos 30 = 4 cos 3 0 — 3 cos 0] 
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27.4 Changing products of sines and 
cosines into sums or differences 


(i) sin (A + B) + sin(A — B) = 2 sin A cos B (from 
the formulae in Section 27.1), i.e. 

1 

sin A cos B = — [sm(A + B) + sin (A — B )] (1) 

Id 

(ii) sin (A + B) — sin(A — B) — 2 cos A sin B i.e. 

cos A sin B = -[sin (A + B) — sin(A — B)\ (2) 
2 

(iii) cos(A + 5) + cos(A — B) = 2 cos A cos B i.e. 

cos A cos B = ^[cos(A + B) + cos(A — B)] (3) 

(iv) cos(A + B) — cos(A — B) = — 2 sinA sinB i.e. 

1 

sin A sin B = —[cos(A + B) — cos(A — B)\ 

2 

(4) 


From equation (3), 


3 cos A1 cos t — 3 


1 

- [cos(4? + t) + cos(4 1 — r)] 


= -(cos 5 1 + cos3f) 

I 


Thus, if the integral /3 cos At cos t dt was required, 
then 


/ 


/ 


3 cos 4r cos t dt = / -(cos5r + cos3f)df 


3 T sin 5 1 sin 3f 


+ c 


In an alternating current circuit, 
voltage i> = 5 sin cot and current i= 10 sin(&>? — tt/6). 
Find an expression for the instantaneous power p at 
time t given that p = vi, expressing the answer as a 
sum or difference of sines and cosines 


Express: sin Ax cos 3x as a sum or 
difference of sines and cosines 


From equation (1), 

1 

sin Ax cos 3x = — [ sin(4.r + 3x) + sin(4x — 3x)] 


= ^(sin lx + sin x) 


Express: 2 cos 50 sin 29 as a 
sum or difference of sines or cosines 


From equation (2), 
2 cos 59 sin 29 


= 2 


1 


[sin(56> + 26) - sin(50 - 20)] 


= sin 10 — sin 30 

Express: 3 cos At cos t as a sum 
or difference of sines or cosines 


p = vi = (5 sin a>f)[10 sin ( cot — n/6)] 

— 50 sin cot sin ( cot — jt/6). 

From equation (4), 

50 sin cot sin(cuf — jt/6) 


= (50) 


--{cos(a>f + cot — jt/6) 


—cos[®f — (cot — jt/6)]} 
= — 25[cos(2<yr — tt/6) — cos 7r/6] 

i.e. instantaneous power, 
p = 25 [cos Jt/6 — cos(2wt — tt/6)] 


Now try the following exercise 


Exercise 107 Further problems on changing 
products of sines and cosines 
into sums or differences 

In Problems 1 to 5, express as sums or differences: 


1 . sin7fcos2f 


1 

-(sin9r+ sin5f) 
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2. cos 8x sin 2x 

3. 2 sin 7? sin 3? 

4. 4 cos 30 cos 0 


1 

-(sin lOx — sin6x) 


[cos 4? — cos 10?] 
[2(cos40 + cos 20)] 


7 r 

7 r 

'3 

( . n 

■ 71 \ 

— cos 

— 


sm — 

+ sin — 

3 

6 

2 

V 2 

6/ 


6. Determine f 2 sin 3? cos? dt 

cos 4? cos 2? 


7. Evaluate 4 cos 5x cos 2x dx 


+ c 

20 ' 

2A 


1. Solve the equation: 2 sin 2(p sin <p = cos <p in 
the range cf> — 0 to (p — 180° 

[30°, 90° or 150°] 


Express: sin 50 + sin 36 as a 

product 


From equation (5), 

/ 50 + 30 

sin 59 + sin 39—2 sin 


50-30 


= 2 sin 4 0 cos 0 


Express: sin lx — sinx as a 

product 


From equation (6), 

sin lx — sinx = 2 cos 

= 2 cos 4x sin 3x 


(^) 


sin 


lx — x\ 

2 ) 


27.5 Changing sums or differences 
of sines and cosines into 
products 


In the compound-angle formula let (A + B) = X and 
(A — B)=Y 

Solving the simultaneous equations gives 


X+Y X-Y 

A = -and B =- 


Thus sin(A + B) + sin(A — B) — 2 sin A cos B becomes 


sinZ + sin Y = 2 sin 


X + Y\ 
— jcos 




(5) 


Similarly, 


sin X — sin Y = 2 cos 


X+Y\ . 

- sin 

2 ) 




( 6 ) 


cosZ + cos Y = 2 cos 


X + Y\ 

2 J C ° S 




(7) 


cosZ — cos Y = —2 sin 


X+Y\ . 

2 ) Sm 




( 8 ) 


Express: cos 2 1 — cos 5 1 as a 

product 


From equation (8), 


'21 + 5?\ (2t — 5? 

cos 2? — cos 5 1 — —2 sin - ] sin 


„ . 1 .( 3 
= —2 sin -t sm —t 
2 \ 2 

„ . 7 . 3 
= 2 sin-? sin-? 

2 2 


3 \ 3 ' 

since sin| —? ) = —sin-r 
2 2 


cos6x+ cos2x 

Show that-= cot 4x 

sin6x+ sin2x 


From equation (7), cos 6x + cos 2x = 2 cos 4x cos 2x 
From equation (5), sin 6x + sin 2x =2 sin 4x cos 2x 


cos 6x + cos 2x 

Hence - 

sin 6x + sin 2x 


2 cos 4x cos 2x 


2 sin 4x cos 2x 
cos 4x 

-= cot 4x 

sin 4x 
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Now try the following exercise 


Exercise 108 Further problems on 
changing sums or 
differences of sines and 
cosines into products 

In Problems 1 to 5, express as products: 

1 . sin3x+sinx [2sin2xcosx] 

1 

2. - (sin 99 — sin 19) [cos 80 sin 6] 


3. 

4. 

5. 

6 . 


cos5t+cos3f [2 cos4f cost] 

1 

-(cos 5 1— cost) 

8 

1 / 7T TC\ 

- ( cos —b cos — ) 

2 V 3 4/ 

sin 4x — sin 2x 

Show that: (a) -= tanx 

cos4x+ cos2x 

1 

(b) - [ sin (5x — a) — sin (x + a)] 

= cos 3x sin (2x — a) 


— sin 3t sin 2 f 
4 


In n 

cos -— cos — 
24 24 












Revision Test 7 


This Revision test covers the material contained in Chapter 25 to 27. The marks for each question are shown in 
brackets at the end of each question. 


1. A triangular plot of land ABC is shown in Fig. R7.1. 
Solve the triangle and determine its area. (10) 

A 

15.0 m 7i°\ 


C 

Figure R7.1 

2. Figure R7.2 shows a roof truss PQR with rafter 
PQ — 3 m. Calculate the length of (a) the roof rise 
PP', (b) rafter PR, and (c) the roof span QR. 

Find also (d) the cross-sectional area of the roof 
truss. ( 11 ) 

P 



3. Prove the following identities: 


(a) y 

1 — cos 2 6 

= tan 0 


cos 2 0 


(b) cos 

(t+*) 

= sin</> 

( 6 ) 


Solve the following trigonometric equations in the 
range 0° <x < 360°: 

(a) 4cosx+l = 0 (b) 3.25 cosec x = 5.25 

(c) 5sin 2 x + 3sinx = 4 (13) 

5. Solve the equation 5 sin(0 — tt/6) = 8 cos 0 for val¬ 
ues 0<0<2tt (8) 

6 . Express 5.3 cos 1 — 7.2 sin t in the form R sin(f + a). 

Hence solve the equation 5.3 cos t — 7.2 sin t — 4.5 
in the range 0 < t < 2 tc ( 12 ) 



4. 


Figure R7.2 
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Multiple choice questions on Chapters 18-27 


All questions have only one correct answer (answers on page 570). 


1. In the right-angled triangle ABC shown in 
Figure M2.1, sine A is given by: 

(a) b/a (b) c/b (c) b/c (d) a/b 


A 



Figure M2.1 


2. In the right-angled triangle ABC shown in 
Figure M2.1, cosine C is given by: 

(a) a/b (b) c/b (c) a/c (d) b/a 

3. In the right-angled triangle shown in Figure M2.1, 
tangent A is given by: 

(a) b/c (b) a/c (c) a/b (d) c/a 


3j r 

4. — radians is equivalent to: 

(a) 135° (b) 270° (c) 45° (d) 67.5° 


7. Correct to 3 decimal places, sin(—2.6 rad) is: 

(a) 0.516 (b) -0.045 (c) -0.516 (d) 0.045 

8 . For the right-angled triangle PQR shown in 
Figure M2.3, angle R is equal to: 

(a) 41.41° (b) 48.59° (c) 36.87° (d) 53.13° 



Figure M2.3 

9. A hollow shaft has an outside diameter of 6.0 cm 
and an inside diameter of 4.0 cm. The cross- 
sectional area of the shaft is: 

(a) 6283 mm 2 (b) 1257 mm 2 

(c) 1571mm 2 (d) 628 mm 2 


5. In the triangular template ABC shown in Figure 
M2.2, the length AC is: 

(a) 6.17 cm (b) 11.17 cm 

(c) 9.22 cm (d) 12.40 cm 


12 

10. IfcosA=—. then sin A is equal to: 

13 


(a) 


5 

13 




(d) 


12 

y 


6 . (—4, 3) in polar co-ordinates is: 

(a) (5, 2.498 rad) (b) (7,36.87°) 

(c) (5,36.87°) (d) (5,323.13°) 



11. The area of triangle XYZ in Figure M2.4 is: 

(a) 24.22 cm 2 (b) 19.35 cm 2 

(c) 38.72 cm 2 (d) 32.16 cm 2 


X 



Figure M2.2 


8.30 cm 


Z 

Figure M2.4 


5.4 cm 
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12. The value, correct to 3 decimal places, of 
cos (—) is: 

v 4; 

(a) 0.999 (b) 0.707 (c) -0.999 (d) -0.707 

13. The speed of a car at 1 second intervals is given in 
the following table: 

Time f(s) 0 1 2 3 4 5 6 

Speed 

i>(m/s) 0 2.5 5.9 9.0 15.0 22.0 30.0 

The distance travelled in 6 s (i.e. the area under the 
v/t graph) using the trapezoidal rule is: 

(a) 83.5 m (b) 68 m (c) 68.5 m (d) 204 m 

14. A triangle has sides a = 9.0 cm, Z? = 8.0cm and 
c — 6.0 cm. Angle A is equal to: 

(a) 82.42° (b) 56.49° 

(c) 78.58° (d) 79.87° 

15. An arc of a circle of length 5.0 cm subtends an angle 
of 2 radians. The circumference of the circle is: 


19. The mean value of a sine wave over half a cycle is: 

(a) 0.318 x maximum value 

(b) 0.707 x maximum value 

(c) the peak value 

(d) 0.637 x maximum value 

20. Tan 60° is equivalent to: 

1 V3 1 

(a) — (b) — (c) - (d) \/3 

V3 2 2 

21. An alternating current is given by: 

i — 15 sin(1007rf — 0.25) amperes. When time 
t — 5 ms, the current i has a value of: 

(a) 0.35 A (b) 14.53 A 

(c) 15 A (d) 0.41 A 

22. The area of the path shown shaded in 
Figure M2 .6 is: 

(a) 300 m 2 (b) 234 m 2 (c) 124 m 2 (d) 66 m 2 


(a) 2.5 cm (b) 10.0 cm 

(c) 5.0 cm (d) 15.7 cm 


16. In the right-angled triangle ABC shown in 
Figure M2.5, secant C is given by: 


(a) 


a 

b 





a 


A 



Figure M2.5 


17. In the right-angled triangle ABC shown in 
Figure M2.5, cotangent C is given by: 

a b c a 

(a) - (b) - (c) - (d) - 

b c b c 

18. In the right-angled triangle ABC shown in 
Figure M2.5, cosecant A is given by: 


(a) 


c 




(d) 


b 


20 m 



15 m 


Figure M2.6 


23. Correct to 4 significant figures, the value of 
sec 161° is: 

(a) -1.058 (b) 0.3256 

(c) 3.072 (d) -0.9455 


24. Which of the following trigonometrical identities 
if true? 


(a) cosec 9 = 


1 


cos 6 


sin$ 

(c) -= tan 0 


(b) cot 6— — 
(d) sec 9 = 


1 


sin 6 
1 


a 


a 


c 


cos 6 


sin 0 
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25. The displacement x metres of a mass from a fixed 
point about which it is oscillating is given by 
x = 3 cos cot — 4 sin cot, where t is the time in 
seconds, x may be expressed as: 

(a) 5 sin(&>f + 2.50) metres 

(b) 7 sin(tt)? — 36.87°) metres 

(c) 5 sin cot metres 

(d) — sin(a>f — 2.50) metres 

26. The solutions of the equation 2 tan x —7 = 0 for 
0° <x < 360° are: 


33. If tan A = 1.4276, sec A is equal to: 

(a) 0.8190 (b) 0.5737 (c) 0.7005 (d) 1.743 

34. An indicator diagram for a steam engine is as shown 
in Figure M2.7. The base has been divided into 

6 equally spaced intervals and the lengths of the 

7 ordinates measured, with the results shown in 
centimetres. Using Simpson’s rule the area of the 
indicator diagram is: 

(a) 32 cm 2 (b) 17.9 cm 2 

(c) 16 cm 2 (d) 96 cm 2 


(a) 105.95° and 254.05° 

(b) 74.05° and 254.05° 

(c) 74.05° and 285.95° 

(d) 254.05° and 285.95° 

27. A sinusoidal current is given by: i — R sin(&>f + a). 
Which of the following statements is incorrect? 

(a) R is the average value of the current 

co 

(b) frequency = — Hz 

In 

(c) co = angular velocity 

2tt 

(d) periodic time = — s 

co 

28. If the circumference of a circle is 100 mm its area is: 

(a) 314.2 cm 2 (b) 7.96 cm 2 

(c) 31.83 mm 2 (d) 78.54 cm 2 

29. The trigonometric expression cos 2 9— sin 2 0 is 
equivalent to; 

(a) 2sin 2 <9-1 (b) 1 + 2 sin 2 <9 

(c) 2 sin 2 0 + 1 (d) 1 -2 sin 2 0 



P<-► 

12.0 cm 


Figure M2.7 

35. The acute angle cot~*2.562 is equal to: 

(a) 67.03° (b) 21.32° 

(c) 22.97° (d) 68 . 68 ° 

36. Correct to 4 significant figures, the value of 
cosec(—125°) is: 

(a) -1.221 (b) -1.743 

(c) -0.8192 (d) -0.5736 

37. The equation of a circle is 

x 2 + y 2 — 2x + 4y — 4 = 0. Which of the following 
statements is correct? 


30. A vehicle has a mass of 2000 kg. A model of the 
vehicle is made to a scale of 1 to 100. If the vehicle 
and model are made of the same material, the mass 
of the model is: 

(a) 2 g (b) 20 kg (c) 200 g (d) 20 g 

31. A vertical tower stands on level ground. At a point 
100 m from the foot of the tower the angle of ele¬ 
vation of the top is 20° . The height of the tower is: 

(a) 274.7 m (b) 36.4 m 

(c) 34.3 m (d) 94.0 m 

32. (7, 141°) in Cartesian co-ordinates is: 

(a) (5.44,-4.41) (b) (-5.44,-4.41) 

(c) (5.44,4.41) (d) (-5.44,4.41) 


(a) The circle has centre (1, —2) and radius 4 

(b) The circle has centre (—1,2) and radius 2 

(c) The circle has centre (—1, —2) and radius 4 

(d) The circle has centre (1, —2) and radius 3 

38. Cos 30° is equivalent to: 

1 2 V3 1 

w i <b) 71 (c) ^ ,d) 7! 

39. The angles between 0° and 360° whose tangent is 
-1.7624 are: 

(a) 60.43° and 240.43° 

(b) 119.57° and 299.57° 

(c) 119.57° and 240.43° 

(d) 150.43° and 299.57° 
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40. The surface are of a sphere of diameter 40 mm is: 

(a) 201.06 cm 2 (b) 33.51cm 2 

(c) 268.08 cm 2 (d) 50.27 cm 2 

41. In the triangular template DEF show in Figure 
M2.8, angle F is equal to: 

(a) 43.5° (b) 28.6° (c) 116.4° (d) 101.5° 



Figure M2.8 


42. The area of the triangular template DEF shown in 
Figure M2.8 is: 

(a) 529.2 mm 2 (b) 258.5 mm 2 

(c) 483.7 mm 2 (d) 371.7 mm 2 

43. A water tank is in the shape of a rectangular prism 
having length 1.5 m, breadth 60 cm and height 
300 mm. If 1 litre = 1000 cm 3 , the capacity of the 
tank is: 

(a) 27 litre (b) 2.7 litre 

(c) 2700 litre (d) 270 litre 

44. A pendulum of length 1.2 m swings through an 
angle of 12° in a single swing. The length of arc 
traced by the pendulum bob is: 

(a) 14.40cm (b) 25.13cm 

(d) 10.00 cm (d) 45.24 cm 

45. In the range 0° < 0 < 360° the solutions of the 
trigonometrical equation 

9 tan 2 0 — 12 tan 0 + 4 = 0 are: 

(a) 33.69°, 146.31°, 213.69° and 326.31° 

(b) 33.69°, and 213.69° 

(c) 146.31° and 213.69° 

(d) 146.69° and 326.31° 


46. A wheel on a car has a diameter of 800 mm. If the 
car travels 5 miles, the number of complete revo¬ 
lutions the wheel makes (given 1 km= | mile) is: 

(a) 1989 (b) 1591 (c) 3183 (d) 10000 

47. A rectangular building is shown on a building plan 
having dimensions 20 mm by 10 mm. If the plan is 
drawn to a scale of 1 to 300, the true area of the 
building in m 2 is: 

(a) 60000 m 2 (b) 18 m 2 

(c) 0.06 m 2 (d) 1800 m 2 

48. An alternating voltage v is given by 

v = 100 sin ^ 1007 xt + — j volts. When v = 50 volts, 
the time t is equal to: 

(a) 0.093 s (b) —0.908 ms 

(c) -0.833 ms (d) -0.162 s 


49. Using the theorem of Pappus, the position of the 
centroid of a semicircle of radius r lies on the axis 
of symmetry at a distance from the diameter of: 


(a) 


3tt 

4 7 




(d) 


47T 

Jr 


50. The acute angle cosec 1 1.429 is equal to: 


(a) 55.02° (b) 45.59° 

(c) 44.41° (d) 34.98° 


51. The area of triangle PQR is given by: 

1 

(a) -pr cos Q 

(b) y/(s — p)(s — q)(s — r) where s = 

1 1 

(c) — rq sin P (d) -pqsmQ 

52. The values of 0 that are true for the equation 
5 sin 0 + 2 = 0 in the range 0 = 0° to 0 = 360° are: 

(a) 23.58° and 336.42° 

(b) 23.58° and 203.58° 

(c) 156.42° and 336.42° 

(d) 203.58° and 336.42° 


53. (—3,—7) in polar co-ordinates is: 

(a) (-7.62,-113.20°) (b) (7.62,246.80°) 
(c) (7.62,23.20°) (d) (7.62,203.20°) 
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54. In triangle ABC in Figure M2.9, length AC is: 

(a) 14.90cm (b) 18.15 cm 

(c) 13.16 cm (d) 14.04 cm 


A 



Figure M2.9 


55. The total surface area of a cylinder of length 20 cm 
and diameter 6 cm is: 

(a) 56.55 cm 2 (b) 433.54 cm 2 

(c) 980.18 cm 2 (d) 226.19 cm 2 

56. The acute angle sec _1 2.4178 is equal to: 

(a) 24.43° (b) 22.47° 

(c) 0.426rad (d) 65.57° 

57. The solution of the equation 3 — 5 cos 2 A = 0 for 
values of A in the range 0° < A < 360° are: 

(a) 39.23° and 320.77° 

(b) 39.23°, 140.77°, 219.23° and 320.77° 

(c) 140.77° and 219.23° 

(d) 53.13°, 126.87°, 233.13° and 306.87° 


58. An alternating current i has the following values at 
equal intervals of 2 ms: 


Time t (ms) 

0 

2.0 

4.0 

6.0 

Current I (A) 

0 

4.6 

7.4 

10.8 

Time t (ms) 

8.0 

10.0 

12.0 


Current I (A) 

8.5 

3.7 

0 



Charge q (in millicoulombs) is given by 
q= /q 1- 0 idt. Using the trapezoidal rule, the 
approximate charge in the 12 ms period is: 

(a) 70 mC (b) 72.1 mC 

(c) 35 mC (d) 216.4 mC 

59. In triangle ABC in Figure M2.10, the length AC is: 

(a) 18.79 cm (b) 70.89 cm 

(c) 22.89 cm (d) 16.10 cm 

A 



Figure M2.10 


60. The total surface area of a solid hemisphere of 
diameter 6.0 cm is: 

(a) 56.55 cm 2 (b) 339.3 cm 2 

(c) 226.2 cm 2 (d) 84.82 cm 2 
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Chapter 28 


Straight line graphs 


28.1 Introduction to graphs 


28.2 The straight line graph 


A graph is a pictorial representation of information 
showing how one quantity varies with another related 
quantity. 

The most common method of showing a relation¬ 
ship between two sets of data is to use Cartesian or 
rectangular axes as shown in Fig. 28.1. 


Abscissa 2 ) 
Ordinate 



C(-3, -2) 


Figure 28.1 


The points on a graph are called co-ordinates. Point 
A in Fig. 28.1 has the co-ordinates (3,2), i.e. 3 
units in the x direction and 2 units in the y direc¬ 
tion. Similarly, point B has co-ordinates (—4,3) and C 
has co-ordinates (-3,-2). The origin has co-ordinates 
(0, 0). 

The horizontal distance of a point from the vertical 
axis is called the abscissa and the vertical distance from 
the horizontal axis is called the ordinate. 


Let a relationship between two variables x and y be 
y — 3x + 2 

When x = 0, y = 3(0) + 2 = 2. 

When x — 1, y = 3(1) + 2 = 5. 

When x = 2, y— 3(2) + 2 = 8, and so on. 

Thus co-ordinates (0, 2), (1, 5) and (2, 8) have been 
produced from the equation by selecting arbitrary values 
ofx, and are shown plotted in Fig. 28.2. When the points 
are joined together, a straight line graph results. 



The gradient or slope of a straight line is the ratio of 
the change in the value of y to the change in the value of 
x between any two points on the line. If, as x increases, 
(—>•), y also increases (f), then the gradient is positive. 
In Fig. 28.3(a), 


the gradient of AC = 


change in y CB 
change in x BA 
7 — 3 _ 4 _ 

3- 1 ~~ 2 ~~ “ 


If as x increases (- 
is negative. 


-), y decreases (j.), then the gradient 
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y — 2x + 1 



(c) 


Figure 28.3 


In Fig. 28.3(b), 

the gradient of DF = 


change in y 
change in x 


FE 

~ED 


11 -2 _ 9 
-3-0 ~ ^3 


Figure 28.3(c) shows a straight line graph y = 3. Since 
the straight line is horizontal the gradient is zero. 

The value of y when x — 0 is called the y-axis inter¬ 
cept. In Fig. 28.3(a) the y-axis intercept is 1 and in 
Fig. 28.3(b) is 2. 

If the equation of a graph is of the form y = mx + c, 
where m and c are constants, the graph will always be 
a straight line, m representing the gradient and c the 
y-axis intercept. 

Thus y = 5x + 2 represents a straight line of gradi¬ 
ent 5 and y-axis intercept 2. Similarly, y = — 3x — 4 
represents a straight line of gradient —3 and y-axis 
intercept —4. 

Summary of general rules to be applied when draw¬ 
ing graphs 


(iv) The scales need not start at zero, particularly 
when starting at zero produces an accumulation 
of points within a small area of the graph paper. 

(v) The co-ordinates, or points, should be clearly 
marked. This may be done either by a cross, or a 
dot and circle, or just by a dot (see Fig. 28.1). 

(vi) A statement should be made next to each axis 
explaining the numbers represented with their 
appropriate units. 

(vii) Sufficient numbers should be written next to each 
axis without cramping. 


Plot the graph y = 4x + 3 in the range 
x = — 3 to x = +4. From the graph, find (a) the 
value of y when x = 2 . 2 , and (b) the value of x 
when y = — 3 


Whenever an equation is given and a graph is required, 
a table giving corresponding values of the variable is 
necessary. The table is achieved as follows: 

When x = —3, y = 4x + 3 = 4(—3) + 3 

= -12 + 3 = -9 

When x = -2, y = 4(—2) + 3 

= —8 + 3 = —5, and so on. 

Such a table is shown below: 


x -3 -2 -1 0 1 2 3 4 

y -9 -5 -1 3 7 11 15 19 

The co-ordinates (—3, —9), (—2, —5), (—1, —1), and 
so on, are plotted and joined together to produce the 
straight line shown in Fig. 28.4. (Note that the scales 
used on the x and y axes do not have to be the same.) 
From the graph: 


(i) Give the graph a title clearly explaining what is 
being illustrated. 

(ii) Choose scales such that the graph occupies as 
much space as possible on the graph paper 
being used. 

(iii) Choose scales so that interpolation is made as 
easy as possible. Usually scales such as lcm = 
1 unit, or 1 cm = 2 units, or 1 cm =10 units are 
used. Awkward scales such as 1 cm = 3 units or 
1 cm = 7 units should not be used. 


(a) when x = 2.2, y = 11.8, and 

(b) when y = — 3, x = —1.5 

Plot the following graphs on the same 
axes between the range x = —4 to x = +4, and 
determine the gradient of each. 

(a) y = x (b) y = x + 2 

(c) y = x + 5 (d) y = x — 3 
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y 



Figure 28.4 

A table of co-ordinates is produced for each graph. 

(a) y = x 

x -4 -3 -2 -1 0 1 2 3 4 

y - 4-3-2-101234 

(b) y — x + 2 

x -4 -3 -2 -1 0 1 2 3 4 

y - 2-1 0 123456 

(c) y — x + 5 

x -4 -3 -2 -1 0 1 2 3 4 

y 1 2 3 456789 

(d) y = x-3 

x -4 -3 -2 -1 0 1 2 3 4 

y -7 -6 -5 -4 -3 -2-10 1 

The co-ordinates are plotted and joined for each graph. 
The results are shown in Fig. 28.5. Each of the straight 
lines produced are parallel to each other, i.e. the slope 
or gradient is the same for each. 

To find the gradient of any straight line, say, 
y = x — 3 a horizontal and vertical component needs to 
be constructed. In Fig. 28.5, AB is constructed vertically 
at x = 4 and BC constructed horizontally at y = — 3. 

AB 1 - (-3) 

The gradient of AC = — =- 

6 BC 4-0 

_ 4 _ 

“ 4 “ 

i.e. the gradient of the straight line y — x — 3 is 1. The 
actual positioning of AB and BC is unimportant for the 



gradient is also given by, for example, 

DE (-2) _ 1 _ i 

EF ~ 2- 1 - I ~ 

The slope or gradient of each of the straight lines in 
Fig. 28.5 is thus 1 since they are all parallel to each 
other. 


Plot the following graphs on the same 
axes between the values x = — 3 to x = +3 and 
determine the gradient and y-axis intercept of each, 
(a) y = 3x (b) y = 3x + 7 

(c) y = —4x + 4 (d) y = —4x — 5 


A table of co-ordinates is drawn up for each equation, 
(a) y = 3x 


x —3 

-2 

-1 

0 1 

2 

3 

y -9 

-6 

-3 

0 3 

6 

9 

(b) y = 3x + 7 

x —3 

-2 

-1 

0 1 

2 

3 

y -2 

1 

4 

7 10 

13 

16 
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(c) y = —Ax + 4 


X 

-3 

-2 

-1 

0 

1 2 

3 

y 

16 

12 

8 

4 

1 

o 

-8 

(d) y = 

i n 

1 

■4 

i 






X 

-3 -2 

-1 

0 

1 

2 

3 

y 

7 3 

-1 

-5 

-9 

-13 

-17 


Each of the graphs is plotted as shown in Fig. 28.6, 
and each is a straight line, y = 3x and y= 3x + 7 are 
parallel to each other and thus have the same gradient. 
The gradient of AC is given by: 

CB _ 16 — 7 _ 9 _ Q 
BA ~ 3-0 ~ 3 ~~ 



Figure 28.6 

Hence the gradient of bothy = 3x and y = 3x + 7 is 3. 

y = —4x + A and y = —Ax — 5 are parallel to each other 
and thus have the same gradient. The gradient of DF is 
given by: 

FE _ -5- (-17) 12 _ 

ED ~ 0-3 “ ^3 “ ~~ 

Hence the gradient of bothy = —Ax + 4 and 
y = — 4x — 5 is —4. 

The y-axis intercept means the value of y where the 
straight line cuts the y-axis. From Fig. 28.6, 

y = 3x cuts the y-axis at y = 0 
y = 3x + 7 cuts the y-axis at y = +7 
y = —Ax + A cuts the y-axis at y = +4 
and y = —Ax — 5 cuts the y-axis at y = —5 


Some general conclusions can be drawn from the graphs 
shown in Figs. 28.4, 28.5 and 28.6. 

When an equation is of the form y = mx + c, where m 
and c are constants, then 

(i) a graph of y against x produces a straight line, 

(ii) m represents the slope or gradient of the line, and 

(iii) c represents the y-axis intercept. 

Thus, given an equation such as y = 3x + 7, it may be 
deduced ‘on sight’ that its gradient is +3 and its y-axis 
intercept is +7, as shown in Fig. 28.6. Similarly, if 
y = —Ax — 5, then the gradient is —4 and the y-axis 
intercept is —5, as shown in Fig. 28.6. 

When plotting a graph of the form y — mx + c, 
only two co-ordinates need be determined. When the 
co-ordinates are plotted a straight line is drawn between 
the two points. Normally, three co-ordinates are deter¬ 
mined, the third one acting as a check. 


The following equations represent 
straight lines. Determine, without plotting graphs, 
the gradient and y-axis intercept for each. 

(a) y = 3 (b) y = 2x 

(c) y = 5x— 1 (d)2x + 3y=3 


(a) y = 3 (which is of the form y = Ox + 3) represents 
a horizontal straight line intercepting the y-axis at 
3. Since the line is horizontal its gradient is zero. 

(b) y = 2x is of the form y = mx + c, where c is zero. 
Hence gradient = 2 and y-axis intercept = 0 (i.e. 
the origin). 

(c) y = 5x — 1 is of the form y = mx + c. Hence gra¬ 
dient = 5 and y-axis intercept = — 1. 

(d) 2x+3y=3 is not in the form y = mx + c as it 
stands. Transposing to make y the subject gives 
3y = 3 — 2x, i.e. 

3 — 2x 3 2x 
' _ 3 _ 3 ~ T 


which is of the form y = mx + c 

2 

Hence gradient = — - and y-axis intercept = +1 

















Straight line graphs 253 


Without plotting graphs, determine 
the gradient and y-axis intercept values of the 
following equations: 

(a) y = 7x — 3 

(b) 3y = — 6 x + 2 

(c) y - 2 = 4x + 9 

y x 1 

(d) - =- 

3 3 5 

(e) 2x + 9y + 1 = 0 



(a) y = lx — 3 is of the form y — mx + c, hence gradi¬ 
ent, m— 1 and y-axis intercept, c = — 3 

(b) Rearranging 3 y = —6x + 2 gives 



2 

i.e. y = — 2 x H— 
3 


which is of the form y = mx + c. Hence 

2 

gradient m — —2 and y-axis intercept, c = - 


(c) Rearranging y — 2 = 4x + 9 gives y = 4x+ 11, 
hence gradient = 4 and y-axis intercept = 11 

y x 1 

(d) Rearranging - = - - - gives 



Figure 28.7 


(a) A straight line passes through (—2, 5) and (3, 4), 
hence x\ = —2, y\ = 5, Xi = 3 and V 2 = 4, hence 
gradient 

_ V 2 - y i _ 4-5 _1 

X 2 — x\ 3 — (—2) 5 

(b) A straight line passes through (-2,-3) and 
(— 1 , 3), hence x\ = — 2, yi = — 3, X 2 = — 1 and 
V 2 = 3, hence gradient, 

F 2 -yi 3 - (-3) 

m = -=- 

X 2 -X\ — 1 — (— 2 ) 

3 + 3 6 „ 


' V 3 \2 5J 2 X 5 

3 3 

Hence gradient = - and y-axis intercept = — - 

(e) Rearranging 2x + 9y + 1 = 0 gives 

1 


i.e. 


9 y = —2x 
2 

y = 


2 1 
Hence gradient = — - and y-axis intercept = — - 


Determine the gradient of the straight 
line graph passing through the co-ordinates 
(a) (-2, 5) and (3, 4) (b) (-2, -3) and (-1, 3) 


A straight line graph passing through co-ordinates 
(x ], yi) and (x 2 , y 2 ) has a gradient given by: 

m — ——— (see Fig. 28.7) 

X2 ~ 'Yl 


Plot the graph 3x + y + 1 = 0 and 
2y — 5 = x on the same axes and find their point of 
intersection 


Rearranging 3x + y + 1 = 0 gives: y = — 3x — 1 
Rearranging 2y — 5 = x gives: 2y = x + 5 and 

y= 3-Y + 24 

Since both equations are of the form y = mx + c both 
are straight lines. Knowing an equation is a straight 
line means that only two co-ordinates need to be plot¬ 
ted and a straight line drawn through them. A third 
co-ordinate is usually determined to act as a check. 
A table of values is produced for each equation as shown 
below. 


X 

1 

0 

-1 

1 

X 

cn 

1 

-4 

-1 

2 

X 

2 

0 

-3 

\x + 2.\ 

3- 

J 2 

2 - 

Z 2 

1 
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Figure 28.8 

The graphs are plotted as shown in Fig. 28.8. 

The two straight lines are seen to intersect at 

(- 1 , 2 ) 


Now try the following exercise 


Exercise 109 Further problems on straight 
line graphs 

1. Corresponding values obtained experimen¬ 
tally for two quantities are: 


X 

- 2.0 

- 0.5 

0 

1.0 

2.5 

3.0 

5.0 

y 

- 13.0 

- 5.5 

- 3.0 

2.0 

9.5 

12.0 

22.0 


Use a horizontal scale for x of 1 cm = \ unit 
and a vertical scale for y of 1 cm = 2 units 
and draw a graph of x against y. Label the 
graph and each of its axes. By interpolation, 
find from the graph the value of y when x 
is 3.5 [14.5] 

2. The equation of a line is 4 y — 2x + 5. A table 
of corresponding values is produced and is 
shown below. Complete the table and plot a 
graph of y against x. Find the gradient of the 
graph. 


X 

-4 -3 

-2 -1 0 

12 3 4 

y 

- 0.25 

1.25 

3.25 


m 


3. Determine the gradient and intercept on the 
y-axis for each of the following equations: 


(a) y = 4x — 2 (b) y = —x 

(c)y= —3x — 4 (d) y = 4 

(a) 4,-2 (b) —1,0 

(c) —3, —4 (d) 0,4 


4. Find the gradient and intercept on the v-axis 
for each of the following equations: 

(a) 2y — 1 = 4x (b) 6x — 2y = 5 


(c) 3(2y-\ )= X - 


(a) 2, 


1 

2 


(b) 3,-2- 
2 


(c) 


i r 

24' 2 


5. Determine the gradient and v-axis intercept 
for each of the following equations and sketch 
the graphs: 

(a) y = 6x — 3 (b) y = 3x (c) y = 7 

(d) 2x + 3y + 5 = 0 


(a) 6,-3 (b) 3,0 
_(c) 0,7 (d) —1|_ 

6 . Determine the gradient of the straight line 
graphs passing through the co-ordinates: 

(a) (2, 7) and (-3, 4) 

(b) (-4,-l)and (-5,3) 



(a)| (b) —4 (c) -11 

5 6_ 

7. State which of the following equations will 
produce graphs which are parallel to one 
another: 

(a) y — 4 = 2x (b) 4x= —(y+1) 

1 1 3 

(c)x=-(y + 5) (d) 1 + -y = -x 

(e) 2x= ^(7 — y) 

[(a) and (c), (b) and (e)] 






















Straight line graphs 255 


8 . Draw a graph of y — 3x + 5 = 0 over a range 

of x — — 3 to x = 4. Hence determine (a) the 
value of y when x = 1.3 and (b) the value of x 
when y = -9.2 [(a) -1.1 (b) -1.4] 

9. Draw on the same axes the graphs of 
y — 3x—5 and 3y + 2x = 7. Find the 
co-ordinates of the point of intersection. 
Check the result obtained by solving the two 
simultaneous equations algebraically. 

[(2, D] 

10. Plot the graphs y — 2x + 3 and 2y= 15 — 2x 
on the same axes and determine their point of 
intersection. [(1.5,6)] 


28.3 Practical problems involving 
straight line graphs 


When a set of co-ordinate values are given or are 
obtained experimentally and it is believed that they fol¬ 
low a law of the form y = mx + c, then if a straight line 
can be drawn reasonably close to most of the co-ordinate 
values when plotted, this verifies that a law of the form 
y = nix + c exists. From the graph, constants m (i.e. gra¬ 
dient) and c (i.e. y-axis intercept) can be determined. 
This technique is called determination of law (see also 
Chapter 29). 

The temperature in degrees Celsius 
and the corresponding values in degrees Fahrenheit 
are shown in the table below. Construct rectangular 
axes, choose a suitable scale and plot a graph of 
degrees Celsius (on the horizontal axis) against 
degrees Fahrenheit (on the vertical scale). 

°C 10 20 40 60 80 100 

°F 50 68 104 140 176 212 

From the graph find (a) the temperature in degrees 
Fahrenheit at 55°C, (b) the temperature in degrees 
Celsius at 167°F, (c) the Fahrenheit temperature at 
0°C, and (d) the Celsius temperature at 230°F 

The co-ordinates (10, 50), (20, 68), (40, 104), and 
so on are plotted as shown in Fig. 28.9. When the 
co-ordinates are joined, a straight line is produced. 
Since a straight line results there is a linear relationship 
between degrees Celsius and degrees Fahrenheit. 



Figure 28.9 

(a) To find the Fahrenheit temperature at 55°C a verti¬ 
cal line AB is constructed from the horizontal axis 
to meet the straight line at B. The point where the 
horizontal line BD meets the vertical axis indicates 
the equivalent Fahrenheit temperature. 

Hence 55°C is equivalent to 131°F 

This process of finding an equivalent value in 
between the given information in the above table 
is called interpolation. 

(b) To find the Celsius temperature at 167°F, a horizon¬ 
tal line EF is constructed as shown in Fig. 28.9. The 
point where the vertical line FG cuts the horizontal 
axis indicates the equivalent Celsius temperature. 

Hence 167°F is equivalent to 75°C 

(c) If the graph is assumed to be linear even outside 
of the given data, then the graph may be extended 
at both ends (shown by broken line in Fig. 28.9). 

From Fig. 28.9, 0°C corresponds to 32°F 

(d) 230°F is seen to correspond to 110°C. 

The process of finding equivalent values outside of 
the given range is called extrapolation. 

In an experiment on Charles’s law, 
the value of the volume of gas, V m 3 , was measured 
for various temperatures T °C. Results are shown 
below. 

Vm 3 25.0 25.8 26.6 27.4 28.2 29.0 

T °C 60 65 70 75 80 85 
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Plot a graph of volume (vertical) against 
temperature (horizontal) and from it find (a) the 
temperature when the volume is 28.6 m 3 , and (b) 
the volume when the temperature is 67° C 


(a) when the volume is 28.6 m 3 , the equivalent tem¬ 
perature is 82.5° C, and 

(b) when the temperature is 67°C, the equivalent 
volume is 26.1 m 3 


c 

o 


If a graph is plotted with both the scales starting at 
zero then the result is as shown in Fig. 28.10. All of 
the points lie in the top right-hand corner of the graph, 
making interpolation difficult. A more accurate graph is 
obtained if the temperature axis starts at 55°C and the 
volume axis starts at 24.5 m 3 . The axes corresponding to 
these values is shown by the broken lines in Fig. 28.10 
and are called false axes, since the origin is not now 
at zero. A magnified version of this relevant part of the 
graph is shown in Fig. 28.11. From the graph: 




Figure 28.10 



Figure 28.11 


In an experiment demonstrating 
Hooke’s law, the strain in an aluminium wire was 
measured for various stresses. The results were: 

Stress N/mm 2 4.9 8.7 15.0 

Strain 0.00007 0.00013 0.00021 

Stress N/mm 2 18.4 24.2 27.3 

Strain 0.00027 0.00034 0.00039 

Plot a graph of stress (vertically) against strain 
(horizontally). Find: 

(a) Young’s Modulus of Elasticity for aluminium 
which is given by the gradient of the graph, 

(b) the value of the strain at a stress of 20 N/mm 2 , 
and 

(c) the value of the stress when the strain is 
0.00020 


The co-ordinates (0.00007, 4.9), (0.00013, 8.7), and so 
on, are plotted as shown in Fig. 28.12. The graph pro¬ 
duced is the best straight line which can be drawn corre¬ 
sponding to these points. (With experimental results it 
is unlikely that all the points will lie exactly on a straight 
line.) The graph, and each of its axes, are labelled. Since 
the straight line passes through the origin, then stress 
is directly proportional to strain for the given range of 
values. 

(a) The gradient of the straight line AC is given by 

AB _ 28-7 _ 21 

BC ~ 0.00040 - 0.00010 ~ 0.00030 
21 _ 7 

~ 3 x 10 -4 ~~ io=* 

= 7 x 10 4 = 70 000 N/mm 2 

Thus Young’s Modulus of Elasticity for alu¬ 
minium is 70 000 N/mm 2 . 

Since 1 m 2 = 10 6 mm 2 , 70 000N/mm 2 is equiva¬ 
lent to 70 000 x 10 6 N/m 2 , i.e. 70 x 10 9 N/m 2 (or 
Pascals). 
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Figure 28.12 


From Fig. 28.12: 

(b) the value of the strain at a stress of 20 N/mm 2 is 

0.000285, and 

(c) the value of the stress when the strain is 0.00020 
is 14 N/mm 2 . 


The following values of resistance R 
ohms and corresponding voltage V volts are 
obtained from a test on a filament lamp. 

R ohms 30 48.5 73 107 128 

V volts 16 29 52 76 94 

Choose suitable scales and plot a graph with R 
representing the vertical axis and V the horizontal 
axis. Determine (a) the gradient of the graph, (b) 
the R axis intercept value, (c) the equation of the 
graph, (d) the value of resistance when the voltage 
is 60 V, and (e) the value of the voltage when the 
resistance is 40 ohms, (f) If the graph were to 
continue in the same manner, what value of 
resistance would be obtained at 110 V? 


The co-ordinates (16, 30), (29, 48.5), and so on, are 
shown plotted in Fig. 28.13 where the best straight line 
is drawn through the points. 

(a) The slope or gradient of the straight line AC is 
given by: 

AB 135 - 10 125 

— = -= -= 1.25 

BC 100 - 0 100 



Figure 28.13 


(Note that the vertical line AB and the horizon¬ 
tal line BC may be constructed anywhere along 
the length of the straight line. However, calcula¬ 
tions are made easier if the horizontal line BC is 
carefully chosen, in this case, 100.) 

(b) The R- axis intercept i s at R = 10 ohms (by extrap¬ 
olation). 

(c) The equation of a straight line is y = mx + c, when 
y is plotted on the vertical axis and a- on the hor¬ 
izontal axis, m represents the gradient and c the 
v-axis intercept. In this case, R corresponds to y, V 
corresponds to x, m — 1.25 and c = 10. Hence the 
equation of the graph is R — (1.25V + 10) ft 

From Fig. 28.13, 

(d) when the voltage is 60 V, the resistance is 85 ft 

(e) when the resistance is 40 ohms, the voltage is 24 V, 
and 

(f) by extrapolation, when the voltage is 110 V, the 
resistance is 147 ft. 


Experimental tests to determine the 
breaking stress a of rolled copper at various 
temperatures t gave the following results. 

Stress <r N/cm 2 8.46 8.04 7.78 

Temperature t° C 70 200 280 
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Stress a N/cm 2 7.37 7.08 6.63 

Temperature t °C 410 500 640 

Show that the values obey the law a — at + b, 
where a and b are constants and determine 
approximate values for a and b. Use the law to 
determine the stress at 250° C and the temperature 
when the stress is 7.54 N/cm 2 


The co-ordinates (70. 8.46), (200, 8.04), and so on, 
are plotted as shown in Fig. 28.14. Since the graph is 
a straight line then the values obey the law a — at + b, 
and the gradient of the straight line is: 


AB _ 8.36 - 6.76 
BC ~ 100 - 600 


1.60 

-500 


-0.0032 



Vertical axis intercept, b — 8.68 
Hence the law of the graph is: a = 0.0032 1 + 8.68 
When the temperature is 250°C, stress a is given by: 
or — —0.0032(250) T 8.68 

= 7.88 N/cm 2 

Rearranging or = —0.0032f + 8.68 gives: 

0.0032 1 = 8.68 - or, 

8.68 - a 

i.e. t = - 

0.0032 


Hence when the stress a = 7.54 N/cm 2 , temperature 


t 


8.68-7.54 

0.0032 


356.3° C 


Now try the following exercise 


Exercise 110 Further practical problems 

involving straight line graphs 

1. The resistance R ohms of a copper winding 
is measured at various temperatures t °C and 
the results are as follows: 


Rohms 

112 

120 

126 

131 

134 

O 

n 

20 

36 

48 

58 

64 


Plot a graph of R (vertically) against t (hori¬ 
zontally) and find from it (a) the temperature 
when the resistance is 122 ^2 and (b) the 
resistance when the temperature is 52°C 

[(a) 40°C (b) 128 £2] 

2. The speed of a motor varies with armature 
voltage as shown by the following experimen¬ 
tal results: 


n 







(rev/min) 

285 

517 

615 

750 

917 

1050 

V volts 

60 

95 

110 

130 

155 

175 


Plot a graph of speed (horizontally) against 
voltage (vertically) and draw the best straight 
line through the points. Find from the graph: 
(a) the speed at a voltage of 145 V, and (b) the 
voltage at a speed of 400 rev/min. 

[(a) 850rev/min (b) 77.5 V] 

3. The following table gives the force F 
newtons which, when applied to a lifting 
machine, overcomes a corresponding load of 
L newtons. 


Force F 
newtons 

25 

47 

64 

120 

149 

187 

Load L 

newtons 

50 

140 

210 

430 

550 

700 
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Choose suitable scales and plot a graph of 
F (vertically) against L (horizontally). Draw 
the best straight line through the points. 
Determine from the graph 

(a) the gradient, (b) the F-axis intercept, 
(c) the equation of the graph, (d) the force 
applied when the load is 3ION, and (e) the 
load that a force of 160N will overcome, 
(f) If the graph were to continue in the same 
manner, what value of force will be needed 
to overcome a 800 N load? 

(a) 0.25 (b) 12 

(c) F — 0.25L + 12 (d) 89.5 N 

_(e) 592N (f) 212 N 

4. The following table gives the results of tests 
carried out to determine the breaking stress 
a of rolled copper at various temperature, t: 


Stress 




a (N/cm 2 ) 

8.51 

8.07 

7.80 

Temperature 




t(° C) 

75 

220 

310 


Stress 




a (N/cm 2 ) 

7.47 

7.23 

6.78 

Temperature 




f(°C) 

420 

500 

650 


Plot a graph of stress (vertically) against 
temperature (horizontally). Draw the best 
straight line through the plotted co-ordinates. 
Determine the slope of the graph and the 
vertical axis intercept. 

[-0.003, 8.73] 

5. The velocity v of a body after varying time 
intervals t was measured as follows: 


t (seconds) 2 5 8 11 15 18 

v (m/s) 16.9 19.0 21.1 23.2 26.0 28.1 


Plot v vertically and t horizontally and draw 
a graph of velocity against time. Determine 
from the graph (a) the velocity after 10 s, 

(b) the time at 20 m/s and (c) the equation of 
the graph. 


(a) 22.5 m/s (b) 6.5 s 

(c) v = 0.7t+ 15.5 

6 . The mass m of a steel joint varies with length 
L as follows: 


mass, m (kg) 

80 

100 

120 

140 

160 

length, L (m) 

3.00 

3.74 

4.48 

5.23 

5.97 


Plot a graph of mass (vertically) against 
length (horizontally). Determine the equation 
of the graph. 

[m = 26.9L - 0.63] 

7. The crushing strength of mortar varies 
with the percentage of water used in its 
preparation, as shown below. 


Crushing 

strength, 

F (tonnes) 

1.64 1.36 1.07 0.78 0.50 0.22 

% of water 


used, w% 

6 9 12 15 18 21 


Plot a graph of F (vertically) against w 
(horizontally). 

(a) Interpolate and determine the crushing 
strength when 10% of water is used. 

(b) Assuming the graph continues in the same 
manner extrapolate and determine the per¬ 
centage of water used when the crushing 
strength is 0.15 tonnes. 

(c) What is the equation of the graph? 

(a) 1.25/ (b) 21.65% 

(c) F = -0.095w + 2.25 

8 . In an experiment demonstrating Hooke’s 
law, the strain in a copper wire was measured 
for various stresses. The results were: 


Stress 

(Pascals) 

10.6 x 10 6 18.2 x 10 6 24.0 x 10 6 

Strain 

0.00011 0.00019 0.00025 
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Stress 

(Pascals) 

30.7 x 10 6 

39.4 x 10 6 

Strain 

0.00032 

0.00041 


Plot a graph of stress (vertically) against 
strain (horizontally). Determine (a) Young’s 
Modulus of Elasticity for copper, which is 
given by the gradient of the graph, (b) the 
value of strain at a stress of 21 x 10 6 Pa, (c) 
the value of stress when the strain is 0.00030 
(a) 96 x 10 9 Pa (b) 0.00022 

(c) 29 x 10 6 Pa 

9. An experiment with a set of pulley blocks 
gave the following results: 


Effort, E 







(newtons) 

9.0 

11.0 

13.6 

17.4 

20.8 

23.6 

Load, L 







(newtons) 

15 

25 

38 

57 

74 

88 


10. The variation of pressure p in a vessel with 
temperature T is believed to follow a law of 
the form p — aT + b, where a and b are con¬ 
stants. Verify this law for the results given 
below and determine the approximate values 
of a and b. Hence determine the pressures at 
temperatures of 285 K and 310 K and the tem¬ 
perature at a pressure of 250 kPa. 


Pressure, 


p kPa 

244 247 252 258 262 267 

Temperature, 


T K 

273 277 282 289 294 300 




a = 0.85, b = 12, 254.3 kPa, 

275.5 kPa, 280 K 


Plot a graph of effort (vertically) against load 
(horizontally) and determine (a) the gradient, 
(b) the vertical axis intercept, (c) the law 
of the graph, (d) the effort when the load is 
30 N and (e) the load when the effort is 19 N. 

(a) 0.2 (b) 6 (c) E — 0.2 L + 6 

(d) 12 N (e) 65 N 


















Chapter 29 


Reduction of non-linear 
laws to linear form 


29.1 Determination of law 


Frequently, the relationship between two variables, say 
x and y, is not a linear one, i.e. when x is plotted against 
y a curve results. In such cases the non-linear equation 
may be modified to the linear form, y = mx + c, so that 
the constants, and thus the law relating the variables can 
be determined. This technique is called ‘determination 
of law’. 

Some examples of the reduction of equations to linear 
form include: 

(i) y = ax 2 + b compares with Y — mX + c, where 
m — a, c — b and X—x 2 . 

Hence y is plotted vertically against x 2 horizon¬ 
tally to produce a straight line graph of gradient 
‘a’ and y-axis intercept ‘b’ 

(ii) v = - + b 

x 

1 

v is plotted vertically against - horizontally to 

x 

produce a straight line graph of gradient ‘a’ and 
y-axis intercept ‘b’ 

(iii) y — ax 2 + bx 

y 

Dividing both sides by x gives - = ax + b. 

x 

y 

Comparing with Y = mX + c shows that - is plot- 

x 

ted vertically against x horizontally to produce 

v 

a straight line graph of gradient ‘a’ and - axis 

x 

intercept ‘b’ 

Experimental values of x and y, 
shown below, are believed to be related by the law 


y = ax 2 + b. By plotting a suitable graph verify this 
law and determine approximate values of a and b 

x 1 2 3 4 5 

y 9.8 15.2 24.2 36.5 53.0 

If y is plotted against x a curve results and it is not possi¬ 
ble to determine the values of constants a and b from the 
curve. Comparing y = ax 2 + b with Y = mX + c shows 
that y is to be plotted vertically against x 2 horizontally. 
A table of values is drawn up as shown below. 


X 

l 

2 

3 

4 

5 

x 2 

l 

4 

9 

16 

25 

y 

9.8 

15.2 

24.2 

36.5 

53.0 


A graph of y against x 2 is shown in Fig. 29.1, with 
the best straight line drawn through the points. Since a 
straight line graph results, the law is verified. 

From the graph, gradient 

AB 53 - 17 36 

a = — = -= — = 1.8 

BC 25 - 5 20 

and the y-axis intercept, 

b = 8.0 

Hence the law of the graph is: 

y = 1.8x 2 + 8.0 
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Figure 29.1 

Values of load L newtons and 
distance d metres obtained experimentally are 
shown in the following table 


Load, L N 

32.3 

29.6 

27.0 

23.2 

distance, d m 

0.75 

0.37 

0.24 

0.17 

Load, L N 

18.3 

12.8 

10.0 

6.4 

distance, d m 

0.12 

0.09 

0.08 

0.07 


Verify that load and distance are related by a law of 
a 

the form L= —\-b and determine approximate 
d 

values of a and b. Hence calculate the load when 
the distance is 0.20 m and the distance when the 
load is 20 N. 


Comparing L — —\-b i.e. L = a I — I + b with 
d \d) 

Y — mX + c shows that L is to be plotted vertically 
1 

against — horizontally. Another table of values is drawn 
d 

up as shown below. 


L 

32.3 

29.6 

27.0 

23.2 

18.3 

12.8 

10.0 

6.4 

d 

0.75 

0.37 

0.24 

0.17 

0.12 

0.09 

0.08 

0.07 

1 

d 

1.33 

2.70 

4.17 

5.88 

8.33 

11.11 

12.50 

14.29 


A graph of L against — is shown in Fig. 29.2. A straight 
d 

line can be drawn through the points, which verifies 

that load and distance are related by a law of the form 
a 

L= — + b 
d 



d 


Figure 29.2 


Gradient of straight line, 

_AB_ 31 - 11 _ 20 
U ~ BC~ 2-12 ~~ ^10 

L-axis intercept, 

b = 35 


Hence the law of the graph is 

2 

L=--+35 

d 

When the distance d = 0.20 m, load 

i= o^ + 35 = 25 - ON 

2 

Rearranging L = -b 35 gives: 

d 

2 2 

— = 35 — L and d — - 

d 35 -L 


Hence when the load L — 20 N, distance 


d = 


2 

35 - 20 


2 

— = 0.13 m 

15 


The solubility s of potassium chlorate 
is shown by the following table: 

t°C 10 20 30 40 50 60 80 100 

^ 4.9 7.6 11.1 15.4 20.4 26.4 40.6 58.0 

The relationship between s and t is thought to be of 
the form s — 3 + at + bt 2 . Plot a graph to test the 
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supposition and use the graph to find approximate 
values of a and b. Hence calculate the solubility of 
potassium chlorate at 70°C 


The solubility of potassium chlorate at 70°C is given by 

s = 3 +0.15(70)+ 0.004(70) 2 
= 3+ 10.5+19.6 = 33.1 


Rearranging s — 3 + at + bt 2 gives s — 3 = at + bt~ and 
s — 3 s —3 

-= a + bt or - — bt + a which is of the form 


t 


Y — mX + c, showing that 


is to be plotted verti¬ 


cally and t horizontally. Another table of values is drawn 
up as shown below. 


10 

20 

30 

40 

50 

60 

80 

100 

4.9 

7.6 

11.1 

15.4 

20.4 

26.4 

40.6 

58.0 

0.19 

0.23 

0.27 

0.31 

0.35 

0.39 

0.47 

0.55 


t 


5 — 3 

A graph of-against t is shown plotted in Fig. 29.3. 

A straight line fits the points, which shows that s and t 
are related by 

s = 3 + at + bt 2 



Figure 29.3 


Gradient of straight line, 


AB 0.39-0.19 
BC ~ 60- 10 


0.20 

"SO - 


= 0.004 


Vertical axis intercept. 


Now try the following exercise 


Exercise 111 Further problems on reducing 
non-linear laws to linear form 

In Problems 1 to 5, x and y are two related vari¬ 
ables and all other letters denote constants. For the 
stated laws to be verified it is necessary to plot 
graphs of the variables in a modified form. State 
for each (a) what should be plotted on the vertical 
axis, (b) what should be plotted on the horizon¬ 
tal axis, (c) the gradient and (d) the vertical axis 
intercept. 


y = d + cx 2 

[(a)y (b) x 2 

(c )c 

(d) d] 

y — a — by/x 

[(a) y (b) V5 

(c) b 

(d) a] 

f 

y-e=- 

X 

^(a) y (b) ] - 

(c)/ 

(d) *]] 

y — cx — bx 2 

[(a)- (b) x 

L x 

(c) b 

(d) c] 

a 

y= —f bx 

X 

[(a)- (b)i 

L x X A 

(c) a 

(d) 


6. In an experiment the resistance of wire is mea¬ 
sured for wires of different diameters with the 
following results: 


R ohms 

1.64 

1.14 

0.89 

0.76 

0.63 

d mm 

1.10 

1.42 

1.75 

2.04 

2.56 


It is thought that R is related to d by the law 
R = ( a/d 2 ) + b, where a and b are constants. 
Verify this and find the approximate values for 
a and b. Determine the cross-sectional area 
needed for a resistance reading of 0.50 ohms. 

[a— 1.5, f> = 0.4, 11.78mm 2 ] 

7. Corresponding experimental values of two 
quantities x and y are given below. 


a = 0.15 

X 

1.5 

3.0 

4.5 

6.0 

7.5 

9.0 

Hence the law of the graph is: 

y 

11.5 

25.0 

47.5 

79.0 

119.5 

169.0 


s = 3 + 0.15* + 0.004* 2 
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By plotting a suitable graph verify that y and x 
are connected by a law of the form y = kx 2 + c, 
where k and c are constants. Determine the law 
of the graph and hence find the value of x when 
y is 60.0 [y = 2x 2 + 7, 5.15] 

8. Experimental results of the safe load L kN, 
applied to girders of varying spans, d m, are 
show below: 


Span, d m 

2.0 

2.8 

3.6 

4.2 

4.8 

Load, L kN 

475 

339 

264 

226 

198 


It is believed that the relationship between load 
and span is L — c/d, where c is a constant. 
Determine (a) the value of constant c and (b) 
the safe load for a span of 3.0 m. 

[(a) 950 (b) 317 kN] 

9. The following results give corresponding val¬ 
ues of two quantities x and y which are believed 
to be related by a law of the form y = ax 2 + bx 
where a and b are constants. 


X 

33.86 

55.54 

72.80 

84.10 

111.4 

168.1 

y 

3.4 

5.2 

6.5 

7.3 

9.1 

12.4 


Verify the law and determine approximate 
values of a and b. 


Hence determine (i) the value of y when x is 
8.0 and (ii) the value of x when y is 146.5 

[a = 0.4, b = 8.6 (i) 94.4 (ii) 11.2] 


29.2 Determination of law involving 
logarithms 


Examples of reduction of equations to linear form 
involving logarithms include: 

(i) y = ax n 

Taking logarithms to a base of 10 of both sides 
gives: 

lgy = lg(ax”) = lga + lgx' ! 
i.e. Igy = nlgx + lga 

by the laws of logarithms which compares with 

Y — mX + c 


and shows that Igy is plotted vertically against 
lgx horizontally to produce a straight line graph 
of gradient n and lg y-axis intercept lg a 

(ii) y = ab x 

Taking logarithms to a base of 10 of the both sides 
gives: 

lg y = lg (ab x ) 

i.e. Igy =\ga+ \gb x 

i.e. Igy = xlgb + lga 

by the laws of logarithms 

or Igy = (lg b)x +\ga 

which compares with 

Y — mX + c 

and shows that Ig y is plotted vertically against x 
horizontally to produce a straight line graph of 
gradient lg b and lg y-axis intercept lg a 

(iii) y = ae bx 

Taking logarithms to abase of e of both sides gives: 

lny = In (ae bx ) 
i.e. In y = In a + In e bx 
i.e. In y = In a + bx In e 
i.e. In y = bx + In a 

(since In e = 1), which compares with 
Y = mX + c 

and shows that ln y is plotted vertically against x 
horizontally to produce a straight line graph of 
gradient b and In y-axis intercept In a 

The current flowing in, and the 
power dissipated by, a resistor are measured 
experimentally for various values and the results 
are as shown below. 

Current,/ 2.2 3.6 4.1 5.6 6.8 

amperes 

Power, P 116 311 403 753 1110 

watts 
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Show that the law relating current and power is of 
the form P — RI n , where R and n are constants, and 
determine the law 

Taking logarithms to a base of 10 of both sides of 
P = RI n gives: 

lg P = lg (RI n ) = lg R + lg I n = lg R + n lg I 
by the laws of logarithms 
i.e. lgP = n\gI + lgR 

which is of the form 

Y — mX + c 

showing that lg P is to be plotted vertically against lg I 
horizontally. 

A table of values for lg I and lg P is drawn up as shown 
below: 


I 

2.2 

3.6 

4.1 

5.6 

6.8 

lg/ 

0.342 

0.556 

0.613 

0.748 

0.833 

p 

116 

311 

403 

753 

1110 

lg p 

2.064 

2.493 

2.605 

2.877 

3.045 


A graph of lgP against lg / is shown in Fig. 29.4 and 
since a straight line results the law P — RI n is verified. 



Figure 29.4 

Gradient of straight line, 

AB 2.98-2.18 
U ~BC~ 0.8-0.4 


It is not possible to determine the vertical axis intercept 
on sight since the horizontal axis scale does not start 
at zero. Selecting any point from the graph, say point 
D, where lg 1 = 0.70 and lg P = 2.78, and substituting 
values into 

\gP = n\gI + lgP 
gives: 2.78 = (2)(0.70) + lgP 

from which lgP = 2.78 — 1.40 = 1.38 
Hence R = antilog 1.38 (=10 1 38 ) 

= 24.0 

Hence the law of the graph is P = 24.0 1 2 

The periodic time, T, of oscillation of 
a pendulum is believed to be related to it length, /, 
by a law of the form T = kl n , where k and n are 
constants. Values of T were measured for various 
lengths of the pendulum and the results are as 
shown below. 

Periodic time, 1.0 1.3 1.5 1.8 2.0 2.3 

T s 

Length,/m 0.25 0.42 0.56 0.81 1.0 1.32 

Show that the law is true and determine the 
approximate values of k and n. Hence find the 
periodic time when the length of the pendulum is 
0.75 m 

From para (i), if T = kl n then 

lg T = n\gl + \gk 
and comparing with 

Y = mX + c 

shows that lg T is plotted vertically against lg / horizon¬ 
tally. A table of values for lg T and lg / is drawn up as 
shown below. 


r 

1.0 

1.3 

1.5 

1.8 

2.0 

2.3 

lg T 

0 

0.114 

0.176 

0.255 

0.301 

0.362 

/ 

0.25 

0.42 

0.56 

0.81 

1.0 

1.32 

lg / 

- 0.602 

- 0.377 

- 0.252 

- 0.092 

0 

0.121 


A graph of lg T against lg / is shown in Fig. 29.5 and the 
law T — kl" is true since a straight line results. 


0.80 

0.4 
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0.40 



Figure 29.5 

From the graph, gradient of straight line, 

_AB_ 0.25 - 0.05 _ 0.20 _ 1 

BC~ -0.10- (-0.50) ~~ 040 “ 2 

Vertical axis intercept, Ig k = 0.30. Hence 
k = antilog 0.30 (=10°- 30 ) = 2.0 

Hence the law of the graph is: 

T = 2.0 l l/2 or T = 2.0 V/ 

When length / = 0.75 m then 

T = 2.0VO75 = 1.73 s 

Quantities x and y are believed to be 
related by a law of the form y = ab x , where a and b 
are constants. Values of x and corresponding values 
of y are: 


x 0 

0.6 

1.2 

1.8 

2.4 

3.0 

y 5.0 

9.67 

18.7 

36.1 

69.8 

135.0 


Verify the law and determine the approximate 
values of a and b. Hence determine (a) the value of 
y when x is 2.1 and (b) the value of x when y is 100 

From para (ii), if y = ab x then 

Igy = (lg b)x + Ig o 
and comparing with 

Y = mX + c 


shows that lgy is plotted vertically and jr horizontally. 
Another table is drawn up as shown below. 


X 

0 

0.6 

1.2 

1.8 

2.4 

3.0 

y 

5.0 

9.67 

18.7 

36.1 

69.8 

135.0 

igy 

0.70 

0.99 

1.27 

1.56 

1.84 

2.13 


A graph of lgy against x is shown in Fig. 29.6 and since 
a straight line results, the law y = ab x is verified. 



Figure 29.6 

Gradient of straight line, 

AB 2.13-1.17 0.96 

lg* = — = -= -= 0.48 

BC 3.0-1.0 2.0 

Hence b — antilog 0.48 (=10 048 ) = 3.0, correct to 2 
significant figures. 

Vertical axis intercept, 

IgA = 0.70, from which 

a = antilog 0.70 (=10°' 7 °) 

= 5.0, correct to 2 significant figures. 

Hence the law of the graph is y = 5.0(3.0) x 

(a) When x = 2.1, y = 5.0(3.0) 21 =50.2 

(b) When y = 100, 100 = 5.0(3.0)x 

from which 100/5.0 = (3.0)* 
i.e. 20 = (3.0)* 
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Taking logarithms of both sides gives 


Ig20 = lg(3.0)*=xlg3.0 


Hence 


lg 20 1.3010 

lg3.0 “ 0.4771 


= 2.73 


The current / mA flowing in a 
capacitor which is being discharged varies with 
time t ms as shown below: 

/ mA 203 61.14 22.49 6.13 2.49 0.615 

t ms 100 160 210 275 320 390 

Show that these results are related by a law of the 
form i — Ie ,,r \ where I and T are constants. 
Determine the approximate values of I and T 


Taking Napierian logarithms of both sides of i = Ie^ T 
gives 



Figure 29.7 

Selecting any point on the graph, say point D, where 
t = 200 and In / = 3.31, and substituting into 

In/ = f^Jf + ln/ 


In i = \n(Ie'/ T ) — In / + In e^ T — In / + — In e 
t 

i.e. In / = ln/ + — (since In e =1) 
or In / = (— 1 1 + In/ 

\Tj 

which compares with y — mx + c, showing that In / is 
plotted vertically against t horizontally. (For methods 
of evaluating Napierian logarithms see Chapter 14.) 
Another table of values is drawn up as shown below 


gives: 


3.31 


1 

50 


(200) + In/ 


from which, In/ = 3.31 + 4.0 = 7.31 

and / = antilog 7.31(=e 731 ) = 1495 

or 1500 correct to 3 significant figures. 

Hence the law of the graph is, i = 1500 e~ t/so 


Now try the following exercise 


t 

100 

160 

210 

275 

320 

390 

i 

203 

61.14 

22.49 

6.13 

2.49 

0.615 

In / 

5.31 

4.11 

3.11 

1.81 

0.91 

-0.49 


A graph of In / againt t is shown in Fig. 29.7 and since 
a straight line results the law / = le^ T is verified. 

Gradient of straight line. 


Exercise 112 Further problems on reducing 
non-linear laws to linear form 

In Problem 1 to 3, x and y are two related vari¬ 
ables and all other letters denote constants. For 
the stated laws to be verified it is necessary to plot 
graphs of the variables in a modified form. State for 
each (a) what should be plotted on the vertical axis, 

(b) what should be plotted on the horizontal axis, 

(c) the gradient and (d) the vertical axis intercept. 


1 

AB 

5.30- 1.30 

4.0 

— n m 

1 . 

y = ba x 

[(a) lgy 

(b) x (c)lg a 

(d) lg b] 

T ~ 

BC ~ 

100- 300 

— \j ,\j t— 

-200 

2 . 

y = kx 1 

[(a)lgv 

(b) lg x (c) / 

(d) lg*] 

Hence T = 

1 

- 50 


3. 

L = e nx 
m 

[(a) lny 

(b )x (c )n 

(d) In m] 


- 0.02 
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4. The luminosity / of a lamp varies with the 7. The activity of a mixture of radioactive iso- 

applied voltage V and the relationship between tope is believed to vary according to the law 

I and Vis thought to be I = kV n . Experimental R — Rot~ c , where Rq and c are constants, 

results obtained are: Experimental results are shown below. 


I candelas 

1.92 

4.32 

9.72 

R 

9.72 

2.65 

1.15 

0.47 

0.32 

0.23 

V volts 

40 

60 

90 

t 

2 

5 

9 

17 

22 

28 


I candelas 

15.87 

23.52 

30.72 

V volts 

115 

140 

160 


Verify that the law is true and determine the law 
of the graph. Determine also the luminosity 
when 75 V is applied cross the lamp. 

[/ = 0.0012 V 2 , 6.75 candelas] 

5. The head of pressure h and the flow velocity 
v are measured and are believed to be con¬ 
nected by the law v = ah b , where a and b are 
constants. The results are as shown below: 


h 

10.6 

13.4 

17.2 

24.6 

29.3 

V 

9.77 

11.0 

12.44 

14.88 

16.24 


Verify that the law is true and determine values 
of a and b. [a — 3.0, b — 0.5] 

6 . Experimental values of x and y are measured 
as follows: 


X 

0.4 

0.9 

1.2 

2.3 

3.8 

y 

8.35 

13.47 

17.94 

51.32 

215.20 


The law relating x and y is believed to be of 
the form y = ab x , where a and b are constants. 
Determine the approximate values of a and b. 
Hence find the value of y when x is 2.0 and the 
value of x when y is 100. 

[a = 5.6, 6 = 2.6, 37.86,3.0] 


Verify that the law is true and determine 
approximate values of Rq and c. 

[R 0 = 25.1, c= 1.42] 

8 . Determine the law of the form y = ae fa which 
relates the following values. 


y 

0.0306 

0.285 

0.841 

5.21 

173.2 

1181 

X 

-4.0 

5.3 

9.8 

17.4 

32.0 

40.0 


[ y = 0.08e°' 24v ] 


9. The tension T in a belt passing round a pulley 
wheel and in contact with the pulley over an 
angle of 9 radius is given by T — Toe 1 * 6 , where 
To and // are constants. Experimental results 
obtained are: 


T newtons 

47.9 52.8 

60.3 

70.1 

80.9 

9 radians 

1.12 1.48 

1.97 

2.53 

3.06 


Determine approximate values of To and \i. 
Hence find the tension when 9 is 2.25 radians 
and the value of 9 when the tension is 50.0 
newtons. 

To = 35.3 N, /X = 0.27, 
64.8 N, 1.29 radians 






















Chapter 30 


Graphs with 
logarithmic scales 


30.1 Logarithmic scales 


Graph paper is available where the scale markings along 
the horizontal and vertical axes are proportional to the 
logarithms of the numbers. Such graph paper is called 

log-log graph paper. 


1 2 3 456789 10 

Figure 30.1 

A logarithmic scale is shown in Fig. 30. 1 where dis¬ 
tance between, say 1 and 2, is proportional to lg 2-lg 1, 
i.e. 0.3010 of the total distance from 1 to 10. Similarly, 
the distance between 7 and 8 is proportional to lg 8- 
lg 7, i.e. 0.05799 of the total distance from 1 to 10. Thus 
the distance between markings progressively decreases 
as the numbers increase from 1 to 10. 

With log-log graph paper the scale markings are from 
1 to 9, and this pattern can be repeated several times. 
The number of times the pattern of markings is repeated 
on an axis signifies the number of cycles. When the 
vertical axis has, say, 3 sets of values from 1 to 9, and 
the horizontal axis has, say, 2 sets of values from 1 to 9, 
then this log-log graph paper is called ‘log 3 cycle x 2 
cycle’ (see Fig. 30.2). Many different arrangements, are 
available ranging from ‘log 1 cycle x 1 cycle’ through 
to Tog 5 cycle x 5 cycle’. 

To depict a set of values, say, from 0.4 to 161, on an 
axis of log-log graph paper, 4 cycles are required, from 
0.1 to 1, 1 to 10, 10 to 100 and 100 to 1000. 



0.1 1.0 10 


X 

Figure 30.2 


30.2 Graphs of the form y = ax n 


Taking logarithms to a base of 10 of both sides of 
y = ax n gives: 


lg y = lg (ax n ) 

= lg a + lg x' 
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i.e. 

which compares with Y = mX + c 

Thus, by plotting lg y vertically against lg x horizontally, 
a straight line results, i.e. the equationy = ax n is reduced 
to linear form. With log-log graph paper available x 
and y may be plotted directly, without having first to 
determine their logarithms, as shown in Chapter 29. 


i.e. two simultaneous equations are produced and may 
be solved for a and b. 

Dividing equation (1) by equation (2) to eliminate a 
gives: 

17.25 _ ( 2) b _ / 2 \ b 
0.7 ~~ (0.5)* ~~ \(k5 / 

i.e. 24.643 = (4)* 


Experimental values of two related Taking logarithms of both sides gives 

quantities x and y are shown below: , _ . ... , , , 

1 • lg 24.643 = big 4 


0.41 

0.63 

0.92 

1.36 

2.17 

3.95 

and 

b = 

0.45 

1.21 

2.89 

7.10 

20.79 

82.46 




lg 24.643 

lg4 

= 2.3, correct to 2 significant figures. 


The law relating x and y is believed to be y = ax b , 
where a and b are constants. Verify that this law is 
true and determine the approximate values of a and b 

If y = ax b then lg y = b lg x + lg a, from above, which 
is of the form Y = mX + c, showing that to produce a 
straight line graph lg y is plotted vertically against lg x 
horizontally, x and y may be plotted directly on to log- 
log graph paper as shown in Fig 30.2. The values of y 
range from 0.45 to 82.46 and 3 cycles are needed (i.e. 
0.1 to 1, 1 to 10 and 10 to 100). The values of x range 
from 0.41 to 3.95 and 2 cycles are needed (i.e. 0.1 to 1 
and 1 to 10). Hence iog 3 cycle x 2 cycle' is used as 
shown in Fig. 30.2 where the axes are marked and the 
points plotted. Since the points lie on a straight line the 
law y = ax b is verified. 


To evaluate constants a and b: 


Method 1. Any two points on the straight line, say 
points A and C, are selected, and AB and BC are measure 
(say in centimetres). 


Then, gradient, b = 


AB 

BC 


11.5 units 
5 units 


Substituting b — 2.3 in equation (1) gives: 
17.25 = a( 2) 23 


and 


17.25 _ 17.25 
(2) 2 - 3 ~~ 4.925 


= 3.5, correct to 2 significant figures. 

Hence the law of the graph is: y — 3.5jc 2 3 


The power dissipated by a resistor 
was measured for varying values of current flowing 
in the resistor and the results are as shown: 

Current, I 

amperes 1.4 4.7 6.8 9.1 11.2 13.1 

Power, P 

watts 49 552 1156 2070 3136 4290 

Prove that the law relating current and power is of 
the form P = RI", where R and n are constants, and 
determine the law. Hence calculate the power when 
the current is 12 amperes and the current when the 
power is 1000 watts 


Since lg y = b lg x + lg a, when x = 1, lg x — 0 and 
lgy = lga. 

The straight line crosses the ordinate x= 1.0 at y — 3.5. 
Hence lg a = lg 3.5, i.e. a — 3.5 

Method 2. Any two points on the straight line, say 
points A and C, are selected. A has coordinates (2,17.25) 
and C has coordinates (0.5, 0.7). 

Since y = ax b then 17.25 = a{2) b (1) 

and 0.7 = a(0.5)* (2) 


Since P — RI" then lg P — n lg / + lg R, which is of the 
form Y — mX + c, showing that to produce a straight 
line graph lg P is plotted vertically against lg I hori¬ 
zontally. Power values range from 49 to 4290, hence 3 
cycles oflog-log graph paper are needed(10to 100, 100 
to 1000 and 1000 to 10 000). Current values range from 
1.4 to 11.2, hence 2 cycles of log-log graph paper are 
needed (1 to 10 and 10 to 100). Thus ‘log 3 cycles x 2 
cycles’ is used as shown in Fig. 30.3 (or, if not avail¬ 
able, graph paper having a larger number of cycles per 
axis can be used). The co-ordinates are plotted and a 
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straight line results which proves that the law relating 
current and power is of the form P — RI". Gradient of 
straight line, 

AB 14 units 

n = - = - = 2 

BC 7 units 



1.0 10 100 
Current, / amperes 

Figure 30.3 

At point C, 1 = 2 and P= 100. Substituting these 
values into P — RP ' gives: 100 = R(2) 2 . Hence 
R — 100/(2) 2 = 25 which may have been found from 
the intercept on the I — 1.0 axis in Fig. 30.3. 

Hence the law of the graph is P = 251 2 
When current 7=12, power 7 > = 25(12) 2 = 
3600 watts (which may be read from the graph). 

When power P = 1000, 1000 = 257 2 . 

, 1000 

Hence I 2 = -= 40, 

25 

from which, I = -s/40 = 6.32 A 

The pressure p and volume i> of a gas 
are believed to be related by a law of the form 
p = cv'\ where c and n are constants. Experimental 


values of p and corresponding values of v obtained 
in a laboratory are: 

p pascals 2.28 x 10 5 8.04 x 10 5 20.3 x 10 6 

urn 3 3.2 xlO” 2 1.3 xlO -2 6.7 x 10“ 3 

p pascals 5.05 x 10 6 1.82 x 10 7 

v m 3 3.5 x 10 -3 1.4 x 10“ 3 

Verify that the law is true and determine 
approximate values of c and n 

Since p = cv'\ then lg p = n lg v + lg c, which is of the 
form Y = mX + c, showing that to produce a straight 
line graph lg p is plotted vertically against lg v horizon¬ 
tally. The co-ordinates are plotted on Tog 3 cycle x 2 
cycle’ graph paper as shown in Fig. 30.4. With the 
data expressed in standard form, the axes are marked 
in standard form also. Since a straight line results the 
law p — cv n is verified. 



Volume, vm 3 

Figure 30.4 
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The straight line has a negative gradient and the value 
of the gradient is given by: 

AB 14 units 

— = -= 1.4, 

BC 10 units 

hence n — —1.4 

Selecting any point on the straight line, say point 
C, having co-ordinates (2.63 x 10“ 2 , 3 x 10 5 ), and 
substituting these values in p — cv" gives: 

3 x 10 5 = c(2.63 x lO -2 ) -1 ' 4 

3 x 10 5 3 x 10 5 

Hence c = -=—rr = - rr 

(2.63 x lO- 2 )- 1 - 4 (0.0263)“ 14 

3 x 10 5 
“ 1.63 x 10 2 

= 1840, correct to 3 significant figures. 

Hence the law of the graph is: 

p = 1840iT L4 or p v 1A = 1840 


Now try the following exercise 

Exercise 113 Further problems on graphs 
of the form y = ax n 

1. Quantities x and y are believed to be related 
by a law of the form y = ax n , where a and n 
are constants. Experimental values of x and 
corresponding values of y are: 


X 

0.8 

2.3 

5.4 

11.5 

21.6 

42.9 

y 

8 

54 

250 

974 

3028 

10410 


Show that the law is true and determine the 
values of a and n. Hence determine the value 
of y when x is 7.5 and the value of x when y is 
5000. [a = 12, n = 1.8, 451, 28.5] 

2. Show from the following results of voltage V 
and admittance Y of an electrical circuit that 
the law connecting the quantities is of the form 
V — kY n , and determine the values of k and n. 


Voltage, 

V volts 

2.88 

2.05 

1.60 

1.22 

0.96 

Admittance, 
Y siemens 

0.52 

0.73 

0.94 

1.23 

1.57 




[k = 

1.5, n 

= -l] 


3. Quantities x and y are believed to be related by 
a law of the form y = mx n . The values of x and 
corresponding values of y are: 


X 

0.5 

1.0 

1.5 

2.0 

2.5 

3.0 

y 

0.53 

3.0 

8.27 

16.97 

29.65 

46.77 


Verify the law and find the values of m and n. 

[m = 3, n — 2.5] 


30.3 Graphs of the form y = ab x 


Taking logarithms to a base of 10 of both sides of y = ab x 
gives: 

lg y = lg (ab x ) = lg a + lg b x = \ga + x\gb 

i.e. 

which compares with Y — mX + c 

Thus, by plotting lg y vertically against x horizontally 
a straight line results, i.e. the graph y = ab x is reduced 
to linear form. In this case, graph paper having a linear 
horizontal scale and a logarithmic vertical scale may 
be used. This type of graph paper is called log-linear 
graph paper, and is specified by the number of cycles 
of the logarithmic scale. For example, graph paper hav¬ 
ing 3 cycles on the logarithmic scale is called ‘log 3 
cycle x linear’ graph paper. 

Experimental values of quantities x 
and y are believed to be related by a law of the form 
y = ab x , where a and b are constants. The values of 
x and corresponding values of y are: 

x 0.7 1.4 2.1 2.9 3.7 4.3 

y 18.4 45.1 111 308 858 1850 

Verify the law and determine the approximate 
values of a and b. Hence evaluate (i) the value of y 
when x is 2.5, and (ii) the value of x when y is 1200 

Since y = ab x then lg y = (lg b)x + lg a (from above), 
which is of the form Y = mX + c, showing that to pro¬ 
duce a straight line graph lg v is plotted vertically against 
x horizontally. Using log-linear graph paper, values of 
x are marked on the horizontal scale to cover the range 
0.7 to 4.3. Values of y range from 18.4 to 1850 and 3 
cycles are needed (i.e. 10 to 100, 100 to 1000 and 1000 
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to lOOOO). Thus ‘log 3 cycles x linear’ graph paper is 
used as shown in Fig. 30.5. A straight line is drawn 
through the co-ordinates, hence the law y = atr x is 
verified. 



Figure 30.5 


Gradient of straight line, lg b=AB/BC. Direct mea¬ 
surement (say in centimeters) is not made with log- 
linear graph paper since the vertical scale is logarithmic 
and the horizontal scale is scale is linear. Hence 

AB lg 1000 - lg 100 3-2 

BC ~ 3.82 - 2.02 ~~ 1.80 

= — = 0.5556 
1.80 

Hence b = antilog 0.5556(=10 0 5556 ) = 3.6, correct to 
2 significant figures. 

Point A has coordinates (3.82, 1000). 

Substituting these values into y = ab x gives: 

1000 = a(3.6 ) 3 ' 82 
1000 

l.e. a = - 5 - 3 ^ 

(3.6 ) 3 - 82 

= 7.5, correct to 2 significant figures. 

Hence the law of the graph is: y — 7.5(3.6/ 


(i) When ,r = 2.5, y = 7.5(3.6 ) 2 5 = 184 

(ii) When y = 1200, 1200 = 7.5(3.6> v , hence 


Taking logarithms gives: x lg 3.6 = lg 160 

_ lg 160 _ 2.2041 
1C ' * ~~ lg 3.6 ~~ 0.5563 

= 3.96 


Now try the following exercise 

Exercise 114 Further problem on graphs 
of the form y = ab* 

1. Experimental values of p and corresponding 
values of q are shown below. 


p 

-13.2 

-27.9 

-62.2 

-383.2 -1581 

-2931 

q 

0.30 

0.75 

1.23 

2.32 3.17 

3.54 


Show that the law relating p and q is p — ab q , 
where a and b are constants. Determine 
(i) values of a and b, and state the law, (ii) 
the value of p when q is 2 . 0 , and (iii) the value 
of q when p is — 2000 . 

(i) a — —8,b — 5.3,p — —8(5.3 ) 9 

(ii) -224.7 (iii) 3.31 


30.4 Graphs of the form y = ae kx 


Taking logarithms to a base of e of both sides of v = ae kx 
gives: 

In y = In (ae fa ) = In a + In = In a + kx In e 

i.e. In y = kx + In a (since In e = 1) which compares 
with Y — mX + c 

Thus, by plotting In y vertically against x horizontally, a 
straight line results, i.e. the equation y — ae kx is reduced 
to linear form. In this case, graph paper having a linear 
horizontal scale and a logarithmic vertical scale may be 
used. 

The data given below is believed to 
be related by a law of the form y = ae kx , where a 
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and b are constants. Verify that the law is true and 
determine approximate values of a and b. Also 
determine the value of y when x is 3.8 and the value 
of x when y is 85. 


-1.2 

0.38 

1.2 

2.5 

3.4 

4.2 

5.3 

9.3 

22.2 

34.8 

71.2 

117 

181 

332 


Since y = ae kx then In y = kx + In a (from above), which 
is of the form Y = mX + c, showing that to produce a 
straight line graph In y is plotted vertically against x hor¬ 
izontally. The value of y range from 9.3 to 332 hence 
‘log 3 cycle x linear’ graph paper is used. The plot¬ 
ted co-ordinates are shown in Fig. 30.6 and since a 
straight line passes through the points the law y = ae kx 
is verified. 



Figure 30.6 

Gradient of straight line, 

; _AB _ In 100 - In 10 _ 2.3026 
~ BC~ 3.12-(-1.08) ~~ 4.20 

= 0.55, correct to 2 significant figures. 

Since In y = kx + In a, when.r = 0, In y = In a, i.e. y — a. 


The vertical axis intercept value at x = 0 is 18, hence 

a — 18. 

The law of the graph is thus: y = 18e 0SSx 

When x is 3.8, 

y = i8e°-55(3.8) = 18e 2.09 = 18(8.0849) = 146 

When y is 85, 85 = 18e°' 55r 
85 

Hence, e°- 55x = — = 4.7222 
18 

and 0.55x = In 4.7222 = 1.5523 
1.5523 

Hence x — -= 2.82 

0.55 

The voltage, v volts, across an 
inductor is believed to be related to time, t ms, by 
the law v = Ve' / r , where V and T are constants. 
Experimental results obtained are: 


v volts 

883 

347 

90 

55.5 

18.6 

5.2 

t ms 

10.4 

21.6 

37.8 

43.6 

56.7 

72.0 


Show that the law relating voltage and time is as 
stated and determine the approximate values of V 
and T. Find also the value of voltage after 25 ms 
and the time when the voltage is 30.0 V 

Since v — Ve^ T then In v — — t + In V 

T 

which is of the form Y = mX + c. 

Using ‘log 3 cycle x linear’ graph paper, the points are 
plotted as shown in Fig. 30.7. 

Since the points are joined by a straight line the law 
v = W 7 is verified. 

Gradient of straight line, 

1 _ AB _ In 100 - In 10 _ 2.3026 
T ~ BC~ 36.5 - 64.2 “ -27.7 
-27.7 

Hence T — - = —12.0, correct to 3 significant 

2.3026 

figures. 

Since the straight line does not cross the vertical 
axis at t — 0 in Fig. 30.7, the value of V is deter¬ 
mined by selecting any point, say A, having coordinates 
(36.5, 100) and substituting these values into v = Ve' /r . 
Thus 

100 = Ve 36 - 5/ “ 120 

100 

i.e. V = —= 2090 volts, 

^ jo.5/12.0 

correct to 3 significant figures. 

Hence the law of the graph is: v = 2090c _t/12 0 
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Figure 30.7 


When time t = 25 ms, voltage v = 2090e 25 / 12 0 

= 260 V. 

When the voltage is 30.0 volts, 30.0 = 2090e _f / 120 
hence 


e -r/t2.0 


30.0 

2090 


and e mw 


2090 

300 


69.67 


Taking Napierian logarithms gives: 


— = In 69.67 = 4.2438 
12.0 

from which, time t = (12.0)(4.2438) = 50.9 ms. 


Now try the following exercise 


Exercise 115 Further problems on 

reducing exponential laws 
to linear form 

1. Atmospheric pressure p is measured at varying 
altitudes h and the results are as shown below: 


Altitude, 
h m 

500 

1500 

3000 

5000 

8000 

pressure, 

p cm 

73.39 

68.42 

61.60 

53.56 

43.41 


Show that the quantities are related by the 
law p = ae kh , where a and k are constants. 
Determine, the values of a and k and state 
the law. Find also the atmospheric pressure at 
10000 m. 

a = 76, k = -7 x 10“ 5 , 
p = 16e~ lxW ~ 5h , 37.74cm 

2. At particular times, t minutes, measurements 
are made of the temperature, 0° C, of a cooling 
liquid and the following results are obtained: 


Temperature 

e°c 

92.2 

55.9 

33.9 

20.6 

12.5 

Time 

t minutes 

10 

20 

30 

40 

50 


Prove that the quantities follow a law of the 
form 9 = 6oe kt , where 9q and k are constants, 
and determine the approximate value of 9q 
and k. [6» 0 = 152, yt = —0.05] 
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Chapter 31 


Graphical solution of 

equations 


31.1 Graphical solution of 

simultaneous equations 


Linear simultaneous equations in two unknowns may 
be solved graphically by: 

(i) plotting the two straight lines on the same axes, 
and 

(ii) noting their point of intersection. 

The co-ordinates of the point of intersection give the 
required solution. 


Problem 1. 

Solve graphically the simultaneous 

equations: 

N> 

X 

1 

II 

-P^ 


x + y = 5 


Rearranging each equation into y = mx + c form gives: 

y = 2x-4 (1) 

y = -x + 5 (2) 

Only three co-ordinates need be calculated for each 
graph since both are straight lines. 


X 

0 

1 

2 

y = 2x - 4 

-4 

-2 

0 

X 

0 

1 

2 

y = —x + 5 

5 

4 

3 



point which lies simultaneously on both lines then x — 3, 
y = 2 is the solution of the simultaneous equations. 

Solve graphically the equations: 

1 .20x + y — 1.80 
x — 5.0v = 8.50 


Rearranging each equation into y — mx + c form gives: 


y = -1.20x + 1.80 (1) 

x 8.5 
- V ~~ 5T) ~ 5d) 
y = 0.20x — 1.70 


Each of the graphs is plotted as shown in Fig. 31.1. The 
point of intersection is at (3, 2) and since this is the only 


i.e. 


( 2 ) 
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Three co-ordinates are calculated for each equation as 
shown below: 


X 

0 

1 

2 

y= —1 .20* + 1.80 

1.80 

0.60 

-0.60 

X 

0 

1 

2 

y = 0.20*- 1.70 

-1.70 

-1.50 

-1.30 


3. 3x + 4y = 5 

2x — 5y + 12 = 0 [ x =-l,y = 2] 

4. I Ax — 7.06 = 3.2y 

2. lx — 6.7y — 12.87 [x = 2.3, y = -1.2] 

5. 3x-2y = 0 

4x + y+11 =0 [x = — 2, y=— 3] 


The two lines are plotted as shown in Fig. 31.2. The 
point of intersection is (2.50, — 1.20). Hence the solution 
of the simultaneous equation is x — 2.50, y = —1.20 



Figure 31.2 

(It is sometimes useful initially to sketch the two 
straight lines to determine the region where the point of 
intersection is. Then, for greater accuracy, a graph hav¬ 
ing a smaller range of values can be drawn to ‘magnify’ 
the point of intersection). 


Now try the following exercise 


6 . The friction force F Newton’s and load L 
Newton’s are connected by a law of the form 
F — aL + b, where a and b are constants. When 
F — 4 Newton’s, L = 6 Newton’s and when 
F = 2.4 Newton’s, L = 2 Newton’s. Determine 
graphically the values of a and b. 

[a = 0.4, b= 1.6] 


31.2 Graphical solution of quadratic 
equations 


A general quadratic equation is of the form 
y = ax 2 + bx + c, where a, b and c are constants and 
a is not equal to zero. 

A graph of a quadratic equation always produces a 
shape called a parabola. The gradient of the curve 
between 0 and A and between B and C in Fig. 31.3 
is positive, whilst the gradient between A and B is nega¬ 
tive. Points such as A and B are called turning points. At 
A the gradient is zero and, as x increases, the gradient of 
the curve changes from positive just before A to negative 
just after. Such a point is called a maximum value. At B 
the gradient is also zero, and, as x increases, the gradient 
of the curve changes from negative just before B to pos¬ 
itive just after. Such a point is called a minimum value. 


Exercise 116 Further problems on the 
graphical solution of 
simultaneous equations 

In Problems 1 to 5, solve the simultaneous equa¬ 
tions graphically. 

1 . x + y = 2 

3y — 2x = 1 [x = 1, y = 1] 

2. y = 5 — x 

x — y — 2 [x = 3^,y=l^] 



Figure 31.3 

Quadratic graphs 
(i) y = ax 2 

Graphs of y — x 2 ,y — 3x 2 and y = \x 2 are shown 
in Fig. 31.4. 
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All have minimum values at the origin (0, 0). 



When y — ax 2 + c, 

(a) curves are symmetrical about the y-axis, 

(b) the magnitude of ‘a’ affects the gradient of 
the curve, and 

(c) the constant ‘c’ is the y-axis intercept. 

(iii) y—a 


Figure 31.4 

Graphs of y = — x 2 , y = —3x 2 and y — — \x 2 are 
shown in Fig. 31.5. 


All have maximum values at the origin (0, 0). 



Figure 31.5 
When y — ax 2 , 

(a) curves are symmetrical about the y-axis, 

(b) the magnitude of ‘a’ affects the gradient of 
the curve, and 

(c) the sign of ‘a’ determines whether it has a 
maximum or minimum value. 


(ii) y = ax 2 + c 

Graphs of y = x 2 + 3, y = x 2 — 2, y = — x 2 + 2 and 
y = —2x 2 — 1 are shown in Fig. 31.6. 


Whenever ‘b’ has a value other than zero the 
curve is displaced to the right or left of the y- 
axis. When b/a is positive, the curve is displaced 
b/2a to the left of the y-axis, as shown in Fig. 
31.7(a). When bla is negative the curve is dis¬ 
placed b/2a to the right of the y-axis, as shown in 
Fig. 31.7(b). 



Figure 31.7 


Quadratic equations of the form ax 2 +bx + c = 0 may 
be solved graphically by: 




Figure 31.6 


(i) plotting the graph y = ax 2 + bx + c, and 

(ii) noting the points of intersection on the x-axis (i.e. 
where y — 0). 

The x values of the points of intersection give the 
required solutions since at these points both y = 0 and 
ax 2 + bx + c = 0. The number of solutions, or roots of 
a quadratic equation, depends on how many times the 
curve cuts the x-axis and there can be no real roots (as 
in Fig. 31.7(a)) or one root (as in Figs 31.4 and 31.5) or 
two roots (as in Fig. 31.7(b)). 


Solve the quadratic equation 
4x 2 + 4x — 15 = 0 graphically given that the 
solutions lie in the range x = — 3 to x = 2. 
Determine also the co-ordinates and nature 
of the turning point of the curve 
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Let y = 4.x 2 + 4x — 15. A table of values is drawn up as 
shown below: 


X 

-3 

-2 

-1 

0 

1 

2 

4x 2 

36 

16 

4 

0 

4 

16 

4x 

-12 

-8 

-4 

0 

4 

8 

-15 

-15 

-15 

-15 

-15 

-15 

-15 

y — 4x 2 + 4x — 15 

9 

-7 

-15 

-15 

-7 

9 


A graph of y — 4x 2 + 4x — 15 is shown in Fig. 31.8. 
The only points where y = 4x 2 + 4x — 15 and y = 0 are 
the points marked A and B. This occurs at x = —2.5 
and x — 1.5 and these are the solutions of the quadratic 
equation 4x 2 + 4x — 15 = 0. (By substituting x = —2.5 
and x=1.5 into the original equation the solutions 
may be checked). The curve has a turning point at 
(—0.5, —16) and the nature of the point is a minimum. 



Figure 31.8 

An alternative graphical method of solving 
4x 2 + 4x — 15 = 0 is to rearrange the equation as 
4x 2 = —4x + 15 and then plot two separate graphs— 
in this case y = 4x 2 and y = —4x +15. Their points of 
intersection give the roots of equation 4x 2 — —4x +15, 
i.e. 4x 2 + 4x — 15 = 0. This is shown in Fig. 31.9, where 
the roots are x = —2.5 and x = 1.5 as before. 

Solve graphically the quadratic 
equation —5x 2 + 9x + 7.2 = 0 given that the 
solutions lie between x = — 1 and x = 3. Determine 
also the co-ordinates of the turning point and state 
its nature 

Let y = —5x 2 + 9x + 7.2. A table of values is drawn up 
as shown to the right. A graph of y = —5x 2 + 9x + 7.2 



Figure 31.9 

is shown plotted in Fig. 31.10. The graph crosses 
the x-axis (i.e. where y = 0) at x = —0.6 and x = 2.4 
and these are the solutions of the quadratic equation 
—5x 2 + 9x + 7.2 = 0. The turning point is a maximum 
having co-ordinates (0.9,11.25). 



Figure 31.10 


X 

-1 

-0.5 0 

1 

—5x 2 

-5 

-1.25 0 

-5 

+9x 

-9 

-4.5 0 

9 

+7.2 

7.2 

7.2 7.2 

7.2 

y — — 5x 2 +9x + 7.2 

-6.8 

1.45 7.2 

11.2 

X 

2 

2.5 

3 

—5x 2 

-20 

-31.25 

-45 

+9x 

18 

22.5 

27 

+7.2 

7.2 

7.2 

7.2 

y = — 5x 2 +9x + 7.2 

5.2 

-1.55 

-10.8 
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Plot a graph of: y — 2x 2 and 
hence solve the equations: (a) 2x 2 — 8 = 0 and 

(b) 2x 2 — x — 3 = 0 

A graph of y = 2x 2 is shown in Fig. 31.11. 



Figure 31.11 

(a) Rearranging 2x 2 — 8 = 0 gives 2x 2 = 8 and the 
solution of this equation is obtained from the 
points of intersection of y = 2x 2 and y = 8, i.e. at 
co-ordinates (—2, 8) and (2, 8), shown as A and B, 
respectively, in Fig. 31.11. Flence the solutions of 
2x 2 — 8 = 0 and x = —2 and x = +2 

(b) Rearranging 2x 2 — x — 3 = 0 gives 2x 2 = x + 3 
and the solution of this equation is obtained from 
the points of intersection of y — 2x 2 and y = x + 3, 
i.e. at C and D in Fig. 31.11. Hence the solutions 
of 2x 2 — x — 3 = 0 are x — — 1 and x = 1.5 

Plot the graph of y = — 2x 2 + 3x + 6 
for values of x from x = —2 to x = 4. Use the graph 
to find the roots of the following equations: 

(a) —lx 2 + 3x + 6 = 0 

(b) —2x 2 + 3x + 2 = 0 

(c) —lx 1 + 3x + 9 = 0 

(d) —2 x 2 +x + 5 = 0 


A table of values is drawn up as shown below. 


X 

-2 

-1 

0 

1 

2 

3 

4 

<N 

<3 

i 

-8 

-2 

0 

-2 

-8 

-18 

-32 

+3x 

-6 

-3 

0 

3 

6 

9 

12 

+6 

6 

6 

6 

6 

6 

6 

6 

y 

-8 

1 

6 

7 

4 

-3 

-14 


A graph of y = —2x 2 + 3x + 6 is shown in Fig. 31.12. 



Figure 31.12 

(a) The parabola y = — 2x 2 + 3x + 6 and the straight 
line y = 0 intersect at A and B, where x = —1.13 
and x — 2.63 and these are the roots of the equa¬ 
tion —2x 2 + 3x + 6 = 0 

(b) Comparing 

y = — 2x 2 + 3x + 6 (1) 

with 0 = —2x 2 + 3x + 2 (2) 

shows that if 4 is added to both sides of equation 
(2), the right-hand side of both equations will be 
the same. 

Hence 4 = —2x 2 + 3x + 6. The solution of this 
equation is found from the points of intersection of 
the line y = 4 and the parabola y = —2x 2 + 3x + 6, 
i.e. points C and D in Fig. 31.12. Hence the roots 
of — 2x 2 + 3x + 2 = 0 are x = —0.5 and x = 2 

(c) — 2x 2 + 3x + 9 = 0 may be rearranged as 
—2x 2 + 3x + 6 = — 3, and the solution of this equa¬ 
tion is obtained from the points of inter¬ 
section of the line y = — 3 and the parabola 
y — —2x 2 + 3x + 6, i.e. at points E and F in 
Fig. 31.12. Hence the roots of —2x 2 + 3x + 9 = 0 
are x — — 1.5 and x = 3 

(d) Comparing 

y = — 2x 2 + 3x + 6 (3) 

with 0 = — 2x 2 + x + 5 (4) 
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shows that if 2.x + 1 is added to both sides of equa¬ 
tion (4) the right-hand side of both equations will 
be the same. Hence equation (4) may be writ¬ 
ten as 2x + 1 = —2x 2 + 3.x + 6. The solution of 
this equation is found from the points of inter¬ 
section of the line y = 2x+ 1 and the parabola 
y=— 2.x 2 + 3x + 6, i.e. points G and H in 
Fig. 31.12. Hence the roots of — 2x 2 +.x + 5 = 0 
are x = — 1.35 and x= 1.85 


Now try the following exercise 

Exercise 117 Further problems on solving 
quadratic equations 
graphically 

1. Sketch the following graphs and state the 
nature and co-ordinates of their turning 
points: 

(a) y = 4x 2 (b) y = 2x 2 — 1 

(c) y = —x 2 ± 3 (d)y=-ix 2 -l 

(a) Minimum (0, 0) 

(b) Minimum (0,-1) 

(c) Maximum (0,3) 

(d) Maximum (0, —1) 

Solve graphically the quadratic equations in Prob¬ 
lems 2 to 5 by plotting the curves between the given 
limits. Give answers correct to 1 decimal place. 

2. 4x 2 — x— 1 = 0; x = — 1 to x = 1 

[ -0.4 or 0.6] 

3. x 2 — 3x = 27;x = —5 tox = 8 

[—3.9 or 6.9] 

4. 2x 2 — 6x — 9 = 0; x= —2 to x = 5 

[—1.1 or 4.1] 

5. 2x(5x — 2) = 39.6; x = —2 to x= 3 

[-1.8 or 2.2] 

6. Solve the quadratic equation 2x 2 + 7x + 6 =0 
graphically, given that the solutions lie in the 
range x = — 3 to x=l. Determine also the 
nature and co-ordinates of its turning point. 

x— —1.5 or —2, 

Minimum at (—1.75, — 0.1) 

7. Solve graphically the quadratic equation 
10x 2 — 9x — 11.2 = 0, given that the roots lie 
between x = — 1 and x = 2. 

[x = —0.7 or 1.6] 


8 . Plot a graph of y = 3x 2 and hence solve the 
equations (a) 3x 2 — 8 = 0 and 

(b) 3x 2 - 2x - 1 = 0 

[(a) ±1.63 (b) 1 or-0.3] 

9. Plot the graphs y — 2x 2 and y = 3 — 4x on the 
same axes and find the co-ordinates of the 
points of intersection. Hence determine 
the roots of the equation 2x 2 + 4x — 3 = 0 

[(-2.6,13.2), (0.6,0.8);" 
x = —2.6 or 0.6 

10. Plot a graph of y = 10x 2 — 13x — 30 for 
values of x between x = —2 and x = 3. Solve 
the equation 10x 2 — 13x — 30 = 0 and from 
the graph determine: (a) the value of y whenx 
is 1.3, (b) the values of x wheny is 10 and (c) 
the roots of the equation 10x 2 — 15x— 18 = 0 
"x=-1.2 or 2.5 (a)-30 (b) 2.75" 

and-1.50 (c) 2.3 or-0.8 


31.3 Graphical solution of linear and 
quadratic equations 
simultaneously 


The solution of linear and quadratic equations simul¬ 
taneously may be achieved graphically by: (i) plotting 
the straight line and parabola on the same axes, and (ii) 
noting the points of intersection. The co-ordinates of the 
points of intersection give the required solutions. 

Determine graphically the values of x 
and y which simultaneously satisfy the equations: 
y = 2x 2 — 3x — 4 and y = 2 — 4x 


y = 2x 2 — 3x — 4 is a parabola and a table of values is 
drawn up as shown below: 


X 

-2 

-1 

0 

1 

2 

3 

2 

2x 

8 

2 

0 

2 

8 

18 

—3x 

6 

3 

0 

-3 

-6 

-9 

-4 

-4 

-4 

-4 

-4 

-4 

-4 

y 

10 

1 

-4 

-5 

-2 

5 
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y — 2 — 4x is a straight line and only three co-ordinates 
need be calculated: 


x 0 1 2 

y 2-2-6 

The two graphs are plotted in Fig. 31.13 and the 
points of intersection, shown as A and B , are at 
co-ordinates (—2, 10) and (1.5, —4). Hence the simul¬ 
taneous solutions occur when x — —2 ,y — 10 and when 

jt=1.5,y=-4. 



Figure 31.13 

(These solutions may be checked by substituting into 
each of the original equations). 


31.4 Graphical solution of cubic 
equations 


A cubic equation of the form ax 3 + bx 2 + cx + d = 0 
may be solved graphically by: (i) plotting the graph 
y = ax 3 + bx 2 + cx + d, and (ii) noting the points 
of intersection on the x-axis (i.e. where y = 0). 
The x-values of the points of intersection give the 
required solution since at these points both y = 0 and 
ax 3 + bx 2 + cx + d — 0. 

The number of solutions, or roots of a cubic equation 
depends on how many times the curve cuts the x-axis 
and there can be one, two or three possible roots, as 
shown in Fig. 31.14. 



Figure 31.14 



Solve graphically the cubic equation 
4x 3 — 8x 2 — 15x + 9 = 0 given that the roots lie 
between x = —2 and x = 3. Determine also the 
co-ordinates of the turning points and distinguish 
between them 


Now try the following exercise 

Exercise 118 Further problems on solving 
linear and quadratic 
equations simultaneously 

1. Determine graphically the values of x and 
y which simultaneously satisfy the equations 
y — 2(x 2 — 2x — 4) and y + 4 — 3x. 

[x = 4,y = 8 and x = — j,y = —5^] 

2. Plot the graph of y — 4x 2 — 8x — 21 for values 
of x from —2 to +4. Use the graph to find the 
roots of the following equations: 

(a) 4x 2 - 8x - 21 = 0 (b) 4x 2 - 8x - 16 = 0 
(c) 4x 2 — 6x — 18 = 0 

(a) x = -1.5 or 3.5 (b)x=-1.24 
or3.24 (c) x=-1.5 or 3.0 


Let y — 4x 3 — 8x 2 — 15x + 9. A table of values is drawn 
up as shown below: 


X 

-2 

-1 

0 

1 

2 

3 

4x 3 

-32 

-4 

0 

4 

32 

108 

—8x 2 

-32 

-8 

0 

-8 - 

-32 

-72 

— 15x 

30 

15 

0 

-15 - 

-30 

-45 

+9 

9 

9 

9 

9 

9 

9 

y 

-25 

12 

9 

-10 - 

-21 

0 

graph 

of y 

= 4x 3 

— 8x 2 — 

15x + 9 

is 

shown 


Fig. 31.15. 

The graph crosses the x-axis (where y = 0) at 
x=—1.5, x = 0.5 and x = 3 and these are the solu¬ 
tions to the cubic equation 4x 3 — 8x 2 — 15x + 9 = 0. 
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Figure 31.15 



Figure 31.16 


Now try the following exercise 

Exercise 119 Further problems on solving 
cubic equations 

1. Plot the graph y — 4x 3 + 4x 2 — 1 lx — 6 
between x = — 3 and x = 2 and use the graph 
to solve the cubic equation 
4x 3 + 4x 2 — 1 lx — 6 = 0 

[x = —2.0, -0.5 or 1.5] 


The turning points occur at (—0.6, 14.2), which is a 
maximum, and (2, —21), which is a minimum. 

Plot the graph of 

y = 2x 3 — lx 2 + 4x + 4 for values of x between 
x = — 1 and x = 3. Hence determine the roots of the 
equation: 

2x 3 — 7x 2 + 4x + 4 = 0 
A table of values is drawn up as shown below. 


X 

-1 

0 

1 

2 

3 

2x 3 

-2 

0 

2 

16 

54 

-lx 2 

-7 

0 

-7 

-28 

-63 

+4x 

-4 

0 

4 

8 

12 

+4 

4 

4 

4 

4 

4 

y 

-9 

4 

3 

0 

7 

graph of 

1 

CO 

II 

lx 2 + 4x + 4 is 

shown 


Fig. 31.16. The graph crosses the x-axis at x= —0.5 
and touches the x-axis at x = 2. Hence the solutions of 
the equation 2x 3 — 7x 2 + 4x + 4 = 0 are x = —0.5 and 

x = 2. 


2. By plotting a graph of y = x 3 — 2x 2 — 5x + 6 
between x = — 3 and x = 4 solve the equation 
x 3 — 2x 2 — 5x + 6 = 0. Determine also the co¬ 
ordinates of the turning points and distinguish 
between them. 

x = —2,1 or 3, Minimum at 
(2.1,—4.1), Maximum at 
_(— 0 . 8 , 8 . 2 ) 

In Problems 3 to 6, solve graphically the cubic 
equations given, each correct to 2 significant 
figures. 

3. x 3 — 1 = 0 [x = 1 ] 

4. x 3 — x 2 — 5x + 2 = 0 

[x=-2.0, 0.4 or 2.6] 

5. x 3 — 2x 2 = 2x — 2 [x = 0.7 or 2.5] 

6 . 2x 3 -x 2 -9.08x +8.28 = 0 

[x = —2.3, 1.0 or 1.8] 

7. Show that the cubic equation 

8 x 3 + 36x 2 + 54x + 27 = 0 has only one 
real root and determine its value. 

[x= —1.5] 
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Functions and their curves 


32.1 Standard curves 


When a mathematical equation is known, coordinates 
may be calculated for a limited range of values, and 
the equation may be represented pictorially as a graph, 
within this range of calculated values. Sometimes it 
is useful to show all the characteristic features of an 
equation, and in this case a sketch depicting the equa¬ 
tion can be drawn, in which all the important features 
are shown, but the accurate plotting of points is less 
important. This technique is called ‘curve sketching’ 
and can involve the use of differential calculus, with, 
for example, calculations involving turning points. 

If, say, y depends on, say, x, then y is said to be a func¬ 
tion of x and the relationship is expressed as y=f{x)\ 
x is called the independent variable and y is the 
dependent variable. 

In engineering and science, corresponding values are 
obtained as a result of tests or experiments. 

Here is a brief resume of standard curves, some of 
which have been met earlier in this text. 

(i) Straight line (see Chapter 28, page 249) 

The general equation of a straight line is 
y = mx + c, where m is the gradient and c is the 
y-axis intercept. 

Two examples are shown in Fig. 32.1. 

(ii) Quadratic graphs (see Chapter 3 1 , page 277) 
The general equation of a quadratic graph is 
y = ax 2 +bx + c, and its shape is that of a 
parabola. 

The simplest example of a quadratic graph, 
y — x 2 , is shown in Fig. 32.2. 

(iii) Cubic equations (see Chapter 31, page 282) 

The general equation of a cubic graph is 

y = ax 3 + bx 2 +cx+d. 

The simplest example of a cubic graph, y = x 3 , is 
shown in Fig. 32.3. 



Figure 32.1 



Figure 32.2 
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Figure 32.5 


Figure 32.3 


(iv) Trigonometric functions (see Chapter 23 
page 199) 

Graphs of y = sin 6, y= cos 0 and y — tan 0 are 
shown in Fig. 32.4 




Figure 32.4 

(v) Circle (see Chapter 18, page 155) 

The simplest equation of a circle is x 2 + y 2 = r 2 , 
with centre at the origin and radius r , as shown 
in Fig. 32.5. 

More generally, the equation of a circle, centre 
(a, /;), radius r, is given by: 

(x-a) 2 + (y-bf = r 2 (1) 


Figure 32.6 shows a circle 

(x - 2f + (y - 3) 2 = 4 



Figure 32.6 
(vi) Ellipse 

The equation of an ellipse is: 

jc 2 y 2 

T + T2 = 1 
a L b z 

and the general shape is as shown in Fig. 32.7. 



Figure 32.7 

The length AB is called the major axis and CD 
the minor axis. In the above equation, ‘a’ is the 
semi-major axis and ‘b’ is the semi-minor axis. 
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(Note that if b — a, the equation becomes 


x 2 y 2 

~2 H —2 — 
a z a~ 


i.e. x 2 + y 2 — a 2 , which is a circle of radius a). 


(vii) 


Hyperbola 


x 2 y 2 

The equation of a hyperbola is 

a z b~ 

and the general shape is shown in Fig. 32.8. 


1 


The curve is seen to be symmetrical about 
both the x- and y-axes. The distance AB in 
Fig. 32.8 is given by 2a. 



Figure 32.8 

(viii) Rectangular hyperbola 

The equation of a rectangular hyperbola is xy = c 

c 

or y = and the general shape is shown in 
Fig. 32.9. 

(ix) Logarithmic function (see Chapter 13,page 101) 
y = lnx andy = lgx are both of the general shape 
shown in Fig. 32.10. 

(x) Exponential functions (see Chapter 14, page 106) 
y = e x is of the general shape shown in Fig. 32.11. 

(xi) Polar curves 

The equation of a polar curve is of the form 
r=f (0). An example of a polar curve, r — a sin6>, 
is shown in Fig. 32.12. 


32.2 Simple transformations 


From the graph of y —fix.) it is possible to deduce the 
graphs of other functions which are transformations of 
y=/(x). For example, knowing the graph of y=/(x), 


y 



Figure 32.10 



Figure 32.11 

can help us draw the graphs of y = af(x), y =/(x) + a , 
y =f(x + a), y =f(ax), y = -fix) and y =/(-x). 

(i) 

For each point (xi, yi) on the graph of y =/(x) 
there exists a point (xi, ay \) on the graph of 
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Figure 32.12 

y = af(x). Thus the graph of y = af{x ) can be 
obtained by stretching y =f(x) parallel to the y- 
axis by a scale factor Graphs of y=x+ 1 
and y= Mx + 1) are shown in Fig. 32.13(a) and 
graphs of y = sin 6 and y — 2 sin 6 are shown in 
Fig. 32.13(b). 



Figure 32.13 
(ii) y fix) + a 

The graph of y =f(x) is translated by ‘a’ units 
parallel to the y-axis to obtain y —fix) + a. 
For example, if fix) = x, y =fix) + 3 becomes 
y = x + 3, as shown in Fig. 32.14(a). Simi¬ 
larly, if fi&) = cos 0 , then y — f(6) + 2 becomes 


y = cos 6 + 2, as shown in Fig. 32.14(b). Also, if 
fix) — x 2 , then y =fix) + 3 becomes y — x 2 + 3, 
as shown in Fig. 32.14(c). 





Figure 32.14 
(iii) y fix + a) 

The graph of y —fix) is translated by V units 
parallel to the x-axis to obtain y —f(x + a). 
If ‘a’ > 0 it moves y —fix) in the negative 
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direction on the x-axis (i.e. to the left), and 
if ‘a’ < 0 it moves y =/(x) in the positive 
direction on the a- axis (i.e. to the right). For 
example, if/(x) = sinx, y —f ^x — — becomes 

y — sin (x — —^ as shown in Fig. 32.15(a) and 

y — sin (x + —^ is shown in Fig. 32.15(b). 




Figure 32.15 


Similarly graphs of y=x 2 , y — (x— l) 2 and 
y = (x + 2) 2 are shown in Fig. 32.16. 



Figure 32.16 
(iv) y=f(ax ) 

For each point (x i, y i) on the graph of y=f(x), 
there exists a point ^ —, vi^ on the graph of 
y —f{ax). Thus the graph of y —f{ax) can be 
obtained by stretching y=f(x) parallel to the 
1 

x-axis by a scale factor -. 


9 1 

For example, if/(x) = (x — 1) , and a — then 

/X \ 2 2 

f(ax)= - 1J . 

Both of these curves are shown in Fig. 32.17(a). 

Similarly, y = cos x and y = cos 2x are shown in 
Fig. 32.17(b). 


(S-i Y 



Figure 32.17 
(v) y = -f(x) 

The graph of y — —fix) is obtained by reflect¬ 
ing y —fix) in the x-axis. For example, graphs 
of y = e x and y = — e* are shown in Fig. 32.18(a), 
and graphs of y = x 2 + 2 and y = —(x 2 + 2) are 
shown in Fig. 32.18(b). 




Figure 32.18 
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(vi) y=/(-x) 

The graph of y=f(—x ) is obtained by reflect¬ 
ing y —fix) in the y-axis. For example, graphs 
of y = x 3 and y = (—x) 3 = —x 3 are shown in 
Fig. 32.19(a) and graphs of y— lnxandy = — Inx 
are shown in Fig. 32.19(b). 




Sketch the following graphs, showing 
relevant points: 

(a) y = (x — 4) 2 (b) y = x 3 — 8 


(a) In Fig. 32.20 a graph of y = x 2 is shown by the 
broken line. The graph of y = (x — 4) 2 is of the 
form y —fix + a). Since a — —4, then y = (x — 4) 2 
is translated 4 units to the right of y = x 2 , parallel 
to the x-axis. 

(See section (iii) above). 



Figure 32.20 


(b) In Fig. 32.21 a graph of y = x 3 is shown by the 
broken line. The graph of y = x 3 — 8 is of the 
form y =/(x) + a. Since a — — 8, then y = x 3 — 8 
is translated 8 units down from y = x 3 , parallel to 
the y-axis. 

(See section (ii) above) 



Figure 32.21 


Sketch the following graphs, showing 
relevant points: 

(a) y = 5 — (x + 2) 3 (b) y = 1 + 3 sin 2x 

(a) Figure 32.22(a) shows a graph of y = x 3 . 
Figure 32.22(b) shows a graph of y = (x + 2) 3 
(see/(x + a), section (iii) above). Figure 32.22(c) 
shows a graph of y = —(x + 2) 3 (see —fix), sec¬ 
tion (v) above). Figure 32.22(d) shows the graph of 
y = 5 — (x + 2) 3 (see/(x) + a, section (ii) above). 

(b) Figure 32.23(a) shows a graph of y = sinx. 

Figure 32.23(b) shows a graph of y = sin 2x (see 
/(ax), section (iv) above) 



Figure 32.22 
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Figure 32.22 ( Continued ) 


Figure 32.23(c) shows a graph of y = 3 sin 2x (see 
a f{x), section (i) above). Figure 32.23(d) shows a 
graph of y = 1 + 3 sin 2x (s eef(x) + a, section (ii) 
above). 






Figure 32.23 


Now try the following exercise 

Exercise 120 Further problems on simple 
transformations with curve 
sketching 

Sketch the following graphs, showing relevant 
points: 

(Answers on page 295, Fig. 32.33) 

1. y = 3x— 5 2. y = — 3x + 4 

3. y = x 2 + 3 4. y = (x— 3) 2 

5. y=(x — 4) 2 + 2 6. y = x — x 2 
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7. y = x 3 + 2 8. y = 1 + 2 cos 3x 

9. y—3 — 2 sin (x + — ^ 

10. _y = 21nx 


32.3 Periodic functions 


A function/Oc) is said to be periodic if/(x + T) —fix) 
for all values of x, where T is some positive number. T 
is the interval between two successive repetitions and 
is called the period of the function fix). For exam¬ 
ple, y — sin a' is periodic in x with period 2ir since sin 
x= sin (x + 2 jt) = sin (x + 4 jt), and so on. Similarly, 
y = cosx is a periodic function with period 2n since 
cos x = cos (x + 2 j r) = cos (x + 47r), and so on. In gen¬ 
eral, if y = sin cat or y = cos cot then the period of the 
waveform is 2n/ca. The function shown in Fig. 32.24 is 
also periodic of period 2n and is defined by: 

f — 1, when — 7r < x < 0 
■ X ~ 1, when 0 < x < it 



Figure 32.24 


32.5 Even and odd functions 


Even functions 

A function y = f(x) is said to be even if/(— x) = /(x) 
for all values ofx. Graphs of even functions are always 
symmetrical about the y-axis (i.e. is a mirror image). 
Two examples of even functions are v = x 2 and y = cosx 
as shown in Fig. 32.25. 




Figure 32.25 

Odd functions 

A function y =f(x) is said to be odd if/(— x) — —fix) 
for all values of x. Graphs of odd functions are 
always symmetrical about the origin. Two examples 
of odd functions are y = x 3 and y = sin x as shown in 
Fig. 32.26. 

Many functions are neither even nor odd, two such 
examples being shown in Fig. 32.27. 


32.4 Continuous and discontinuous 
functions 


If a graph of a function has no sudden jumps or breaks 
it is called a continuous function, examples being the 
graphs of sine and cosine functions. However, other 
graphs make finite jumps at a point or points in the 
interval. The square wave shown in Fig. 32.24 has finite 
discontinuities as x = it, 2tt, 3tz, and so on, and is there¬ 
fore a discontinuous function. y= tanx is another 
example of a discontinuous function. 


Sketch the following functions and 
state whether they are even or odd functions: 


(a) y= tanx 


(b) /(x) = 


2, when 0 < x < — 

~ ~ 2 

„ , 7i 3:x 

—2, when — < x < — 
2 ~ - 2 

37r 

2, when — < x < 2n 

2 - - 


and is periodic of period 2n 
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(a) 



(b) 

Figure 32.26 



Figure 32.27 

(a) A graph of y = tanx is shown in Figure 32.28(a) 
and is symmetrical about the origin and is thus an 
odd function (i.e. tan (—x) = — tanx). 

(b) A graph of/(x) is shown in Fig. 32.28(b) and is 
symmetrical about the/(x) axis hence the function 
is an even one, (/(—x) =/(x)). 


Sketch the following graphs and state 
whether the functions are even, odd or neither even 
nor odd: 

(a) y = lnx 

(b) f(x) — x in the range —n to n and is periodic 
of period 2 tt 



(a) 



Figure 32.28 

(a) A graph of y— lnx is shown in Fig. 32.29(a) 
and the curve is neither symmetrical about the 
y-axis nor symmetrical about the origin and is thus 

neither even nor odd. 




Figure 32.29 
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(b) A graph of y — x in the range —jr to jt is shown in 
Fig. 32.29(b) and is symmetrical about the origin 

and is thus an odd function. 


Now try the following exercise 


Exercise 121 Further problems on even 
and odd functions 

In Problems 1 and 2 determine whether the given 
functions are even, odd or neither even nor odd. 

1. (a) x 4 (b) tan 3x (c) 2e 3 ' (d) sin 2 x 

(a) even (b) odd 
(c) neither (d) even 


, cos 0 

2. (a) 5f 3 (b) e* + e~ x (c) —— (d) e* 

0 

(a) odd (b) even 
(c) odd (d) neither 


3. State whether the following functions, which 
are periodic of period 2tx, are even or odd: 


(a) 

(b) 


m= 


m= 


0, when —tt < 0 < 0 
—0, when 0 < 0 < 7r 

7t 7t 


when-< x < — 

2 ~ ~ 2 

it 3 tt 

when — < x < — 


[(a) even (b) odd] 


32.6 Inverse functions 


If y is a function of x, the graph of y against x can be 
used to find x when any value of y is given. Thus the 
graph also expresses that x is a function of y. Two such 
functions are called inverse functions. 

In general, given a function y =/(x), its inverse may 
be obtained by inter-changing the roles of x and y and 
then transposing for y. The inverse function is denoted 

byy=/ _1 M- 

For example, if y — 2x + 1, the inverse is obtained by 


(i) transposing for x, i.e. x = 


y — i 


y 

2 


1 

2 


and (ii) interchanging x and y, giving the inverse as 
x 1 


X 1 

Thus if f(x) — 2x + 1, then f~ 1 (x) = — — — 

A graph off(x) = 2x+l and its inverse 

_. x 1 _, 

f (x) = - — - is shown in Fig. 32.30 and / (x) is 

seen to be a reflection of f(x) in the line y = x. 



Figure 32.30 

Similarly, if y — x 2 , the inverse is obtained by 

(i) transposing for x, i.e. x — ± ^Jy 
and (ii) interchanging x and y, giving the inverse 
y = ±sfx 

Hence the inverse has two values for every value of 
x. Thus/(x)=x 2 does not have a single inverse. In 
such a case the domain of the original function may 
be restricted to y = x 2 for x > 0. Thus the inverse is 
then y = +^/x. A graph of /(x) = x 2 and its inverse 
/ -1 (x) = y/xforx > 0 is shown in Fig. 32.31 and, again, 
f~ 1 (x) is seen to be a reflection of/(x) in the line y — x. 



Figure 32.31 

It is noted from the latter example, that not all func¬ 
tions have a single inverse. An inverse, however, can be 
determined if the range is restricted. 
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Determine the inverse for each of the 
following functions: 

(a )f(x) =x-l (b)/(*) =x 2 -4 (x > 0) 

(c)/(x) = x 2 +l 


(a) If y =f(x), then y = x— 1 
Transposing for x gives x = v + 1 
Interchanging x and y gives y — x + 1 
Hence if fix) — x — 1, then / -1 (x) —x + 1 

(b) If y =f(x), then y = x 2 — 4 (x > 0) 

Transposing for x gives x — y/y + 4 
Interchanging x and y gives y = ~Jx + 4 
Hence if fix) = x 2 — 4 (x > 0) then 
/ -1 (*) = V x + 4 ifx>—4 

(c) If y = fix), then y = x 2 + 1 
Transposing for x gives x — ~Jy — 1 
Interchanging x and y gives y = *Jx — 1, which 
has two values. Hence there is no single inverse 
of/(A:) = x 2 + l, since the domain of fix) is not 
restricted. 


Inverse trigonometric functions 


If v = sin a', then x is the angle whose sine is y. 
Inverse trigonometrical functions are denoted either by 
prefixing the function with ‘arc’ or by using -1 . Hence 
transposing y = sin x for x gives x — arcsin y or sin ' y. 
Interchanging x and y gives the inverse y = arcsin x or 
sin -1 x. 

Similarly, y — cos^ 1 x, y = tan -1 x, y = sec -1 x, y = 
cosec -1 x and y — cot -1 x are all inverse trigonometric 
functions. The angle is always expressed in radians. 

Inverse trigonometric functions are periodic so it is 
necessary to specify the smallest or principal value of the 
angle. For y = sin -1 x, tan -1 x, cosec -1 x and cot -1 x, 

It 7t 

the principal value is in the range — — <y < — . For 

y— cos -1 a' and sec -1 x the principal value is in the 
range 0 < y < tt 

Graphs of the six inverse trigonometric functions are 
shown in Fig. 32.32. 


Determine 
(a) arcsin 0.5 

(c) arccos 


the principal values of 
(b) arctan(—1) 

(d) arccosec (V2) 





X 


Figure 32.32 


(b) arctan(— 1) = tan 1 (—1) = — 45° 

= — — rad or —0.7854 rad 
4 


V3 


(c) arccos I — I = cos 1 I — ) = 150° 




= — rad or 2.6180 rad 
6 


(d) arccosec(\/2)= 


arcsin 


V2 


= sin 


-l 


1 

7! 


7t 


= 45° = — rad or 0.7854 rad 


Evaluate (in radians), correct to 3 
decimal places: sin -1 0.30+ cos -1 0.65 


sin -1 0.30 = 17.4576° = 0.3047 rad 
cos -1 0.65 = 49.4584° = 0.8632 rad 


Using a calculator, 

(a) arcsin 0.5 = sin -1 0.5 = 30°= — rad or 0.5236 rad 

6 


Hence sin -1 0.30 + cos -1 0.65 = 0.3047 + 0.8632 

= 1.168, correct to 3 decimal places 
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Now try the following exercise 


Exercise 122 Further problems on inverse 
functions 

Determine the inverse of the functions given in 
Problems 1 to 4. 


1. f(x) = x+ 1 

2. f(x) = 5x-\ 

3. f(x)=x i + 1 

4. f(x) =- + 2 

X 


[f-fx)=x- 1] 
f-\x)=\ ) ix+ 1) 
[r 1 (x)=^i] 

r-i 1 


rvi= 


x — 2 


Determine the principal value of the inverse func¬ 
tions in Problems 5 to 11. 


5. sin 1 (— 1) 


~ or-1.5708 rad] 


6. cos 1 0.5 

7. tan -1 1 

8. cot -1 2 

9. cosec -1 2.5 
10. sec -1 1.5 


11. sin 1 ( 

V2 


— or 1.0472 rad] 
j or 0.7854 rad] 


[0.4636 rad] 
[0.4115 rad] 
[0.8411 rad] 


^ or 0.7854 rad] 


12. Evaluate x, correct to 3 decimal places: 
1,4 


x— sin 1 —H cos 1 -tan 1 - 


[0.257] 


13. Evaluate y, correct to 4 significant figures: 
y = 3 sec -1 V2 — 4 cosec -1 V2 + 5 cot -1 2 

[1.533] 


Answers to Exercise 120 

1 . 2 . 





Figure 32.33 Graphical solutions to Exercise 120, page 290. 
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Figure 32.33 ( Continued) 


















Revision Test 8 


This Revision test covers the material contained in Chapters 28 to 32. The marks for each question are shown in 
brackets at the end of each question. 


1. Determine the gradient and intercept on the y-axis 
for the following equations: 

(a)y=-5x + 2 (b) 3x + 2y + 1 = 0 (5) 

2. The equation of a line is 2 y = 4x + 7. A table of 
corresponding values is produced and is as shown 
below. Complete the table and plot a graph of y 
against x. Determine the gradient of the graph. 

( 6 ) 

x -3 -2-1012 3 

y -2.5 7.5 

y 

3. Plot the graphs y — 3x + 2 and - + x = 6 on the 

same axes and determine the co-ordinates of their 
point of intersection. (7) 

4. The velocity v of a body over varying time 
intervals t was measured as follows: 


1 seconds 

2 

5 

7 

v m/s 

15.5 

17.3 

18.5 

t seconds 

10 

14 

17 

v m/s 

20.3 

22.7 

24.5 


Plot a graph with velocity vertical and time hori¬ 
zontal. Determine from the graph (a) the gradient, 
(b) the vertical axis intercept, (c) the equation of 
the graph, (d) the velocity after 12.5 s, and (e) the 
time when the velocity is 18 m/s. (9) 

5. The following experimental values of x and y 
are believed to be related by the law y — ax 2 + b, 
where a and b are constants. By plotting a suit¬ 
able graph verify this law and find the approximate 
values of a and b. 

x 2.5 4.2 6.0 8.4 9.8 11.4 

y 15.4 32.5 60.2 111.8 150.1 200.9 


6. Determine the law of the form y = ae kx which 
relates the following values: 


y 

0.0306 

0.285 

0.841 

X 

-4.0 

5.3 

9.8 

y 

5.21 

173.2 

1181 

X 

17.4 

32.0 

40.0 


7. State the minimum number of cycles on logarith¬ 

mic graph paper needed to plot a set of values 
ranging from 0.073 to 490. (2) 

8. Plot a graph ofy = 2x 2 fromx = — 3 tox = +3 and 
hence solve the equations: 

(a) 2x 2 — 8 = 0 (b) 2x 2 — 4x — 6 = 0 (9) 

9. Plot the graph of y — x 3 + 4x 2 + x — 6 for values 
of x between x = —4 and x = 2. Hence determine 
the roots of the equation x 3 + 4x 2 + x — 6 = 0. 

(7) 


10. Sketch the following graphs, showing the relevant 
points: 

(a) y = (x — 2) 2 (b) y = 3 — cos 2x 


(c )/(*) = 


-1 

— 7T<X < — ■ 

X 

7T IT 

-< X < — 

2~ ~ 2 

1 

7T 

— <X < JT 

2 ~ ~ 


( 10 ) 


11. Determine the inverse of/(x) = 3x + 1 (3) 

12. Evaluate, correct to 3 decimal places: 

2 tan -1 1.64 + sec _1 2.43 — 3cosec _1 3.85 (4) 


(9) 
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Chapter 33 


Vectors 


33.1 Introduction 


Some physical quantities are entirely defined by a 
numerical value and are called scalar quantities or 
scalars. Examples of scalars include time, mass, tem¬ 
perature, energy and volume. Other physical quantities 
are defined by both a numerical value and a direction in 
space and these are called vector quantities or vectors. 
Examples of vectors include force, velocity, moment 
and displacement. 


33.2 Vector addition 


A vector may be represented by a straight line, the length 
of line being directly proportional to the magnitude of 
the quantity and the direction of the line being in the 
same direction as the line of action of the quantity. An 
arrow is used to denote the sense of the vector, that is, 
for a horizontal vector, say, whether it acts from left to 
right or vice-versa. The arrow is positioned at the end 
of the vector and this position is called the ‘nose’ of 
the vector. Figure 33.1 shows a velocity of 20 m/s at an 
angle of 45° to the horizontal and may be depicted by 
oa = 20 m/s at 45° to the horizontal. 


(iii) a line over the top of letters, e.g. AB or a 

(iv) letters with an arrow above, e.g. a. A 

(v) underlined letters, e.g. a 

(vi) xi + jy, where i and j are axes at right-angles to 
each other; for example, 3/ + 4 j means 3 units in 
the i direction and 4 units in the j direction, as 
shown in Fig. 33.2. 



Figure 33.2 

(vii) a column matrix for example, the vector 

OA shown in Fig. 32.2 could be represented by 



Thus, in Fig. 33.2, 



Figure 33.1 

To distinguish between vector and scalar quantities, 
various ways are used. These include: 

(i) bold print, 

(ii) two capital letters with an arrow above them to 
denote the sense of direction, e.g. AB where A is 
the starting point and B the end point of the vector. 


OA = OA = OA = 3 i + 4j = I 4 j 

The one adopted in this text is to denote vector quantities 
in bold print. Thus, oa represents a vector quantity, 
but oa is the magnitude of the vector oa. Also, positive 
angles are measured in an anticlock-wise direction from 
a horizontal, right facing line and negative angles in a 
clockwise direction from this line—as with graphical 
work. Thus 90° is a line vertically upwards and —90° is 
a line vertically downwards. 

The resultant of adding two vectors together, say V i 
at an angle 6\ and V 2 at angle (— 02 ), as shown in 
Fig. 33.3(a), can be obtained by drawing oa to represent 
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Figure 33.4(c) uses the "parallelogram’ method in 
which lines are drawn parallel to the 7 N and 4 N forces 
from the noses of the 4 N and 7 N forces, respectively. 
These intersect at R. Vector OR gives the magnitude 
and direction of the resultant of vector addition and as 
obtained by the ‘nose-to-tail’ method is 10.2 units long 
at an angle of 16° to the 7 N force. 


V i and then drawing ar to represent V 2 - The resultant of 
Vi + V 2 is given by or. This is shown in Fig. 33.3(b), 
the vector equation being oa + ar — or. This is called 
the ‘nose-to-tail’ method of vector addition. 

Alternatively, by drawing lines parallel to Vi and V 2 
from the noses of V 2 and Vi, respectively, and letting 
the point of intersection of these parallel lines be R, gives 
OR as the magnitude and direction of the resultant of 
adding V\ and V 2 , as shown in Fig. 33.3(c). This is 
called the ‘parallelogram’ method of vector addition. 

A force of 4 N is included at an angle 
of 45° to a second force of 7 N, both forces acting 
at a point. Find the magnitude of the resultant of 
these two forces and the direction of the resultant 
with respect to the 7 N force by both the ‘triangle’ 
and the ‘parallelogram’ methods 


The forces are shown in Fig. 33.4(a). Although the 7 N 
force is shown as a horizontal line, it could have been 
drawn in any direction. 


Scale in Newtons 
0 2 4 6 



O 



7 N a 


(b) 



Figure 33.4 


Use a graphical method to determine 
the magnitude and direction of the resultant of the 
three velocities shown in Fig. 33.5. 


10 ° 

Figure 33.5 




Often it is easier to use the ‘nose-to-tail’ method when 
more than two vectors are being added. The order in 
which the vectors are added is immaterial. In this case 
the order taken is iq, then V 2 , then 1)3 but just the same 
result would have been obtained if the order had been, 
say, iq, 1)3 and finally i' 2 - iq is drawn 10 units long 
at an angle of 20 ° to the horizontal, shown by oa in 
Fig. 33.6. i ?2 is added to iq by drawing a line 15 units 
long vertically upwards from a, shown as ab. Finally, 
V 3 is added to iq + V 2 by drawing a line 7 units long at 
an angle at 190° from b, shown as hr. The resultant of 
vector addition is or and by measurement is 17.5 units 
long at an angle of 82° to the horizontal. 

Thus iq + V 2 + V 3 — 17.5 m/s at 82° to the 
horizontal. 



Using the ‘nose-to-tail’ method, a line 7 units long 
is drawn horizontally to give vector oa in Fig. 33.4(b). 
To the nose of this vector ar is drawn 4 units long at an 
angle of 45° to oa. The resultant of vector addition is or 
and by measurement is 10.2 units long and at an angle 
of 16° to the 7 N force. 


Figure 33.6 


33.3 Resolution of vectors 


A vector can be resolved into two component parts such 
that the vector addition of the component parts is equal 
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to the original vector. The two components usually taken 
are a horizontal component and a vertical component. 
For the vector shown as F in Fig. 33.7, the horizontal 
component is F cos 0 and the vertical component is F 
sin 0 . 



F cos e 


Figure 33.7 

For the vectors F\ and Fi shown in Fig. 33.8, the 
horizontal component of vector addition is: 

H — F\ cos 6 \ + F 2 cos 02 



Figure 33.8 

and the vertical component of vector addition is: 

V = F\ sin 0\ + F 2 sin O 2 

Having obtained H and V, the magnitude of the resultant 

vector R is given by: \/// 2 + V 2 and its angle to the 

V 

horizontal is given by tan -1 — 

Resolve the acceleration vector of 
17 m/s 2 at an angle of 120 ° to the horizontal into a 
horizontal and a vertical component 


Horizontal component H = 17 cos 120° = —8.50 m/s 2 , 
acting from left to right. 

Vertical component V = 17 sin 120° = 14.72 m/s 2 , act¬ 
ing vertically upwards. 

These component vectors are shown in Fig. 33.9. 


+ v 



Figure 33.9 

Calculate the resultant force of the 
two forces given in Problem 1 

With reference to Fig. 33.4(a): 

Horizontal component of force, 

H = 7 cos 0° + 4 cos 45° 

= 7 + 2.828 = 9.828 N 
Vertical component of force, 

V = 1 sin 0° + 4 sin 45° 

= 0 + 2.828 = 2.828 N 

The magnitude of the resultant of vector addition 

= v '// 2 + V 2 = v/9.828 2 + 2.828 2 
= V104.59 = 10.23 N 

The direction of the resultant of vector addition 


For a vector A at angle 6 to the horizontal, the hori¬ 
zontal component is given by A cos 0 and the vertical 
component by A sin 0. Any convention of signs may 
be adopted, in this case horizontally from left to right 
is taken as positive and vertically upwards is taken as 
positive. 


= tan' 



= tan 


-1 


2.828 

9.828 


= 16.05° 


Thus, the resultant of the two forces is a single vector 
of 10.23 N at 16.05° to the 7 N vector. 
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4. Three forces of 2 N, 3 N and 4 N act as shown 
in Fig. 33.10. Calculate the magnitude of the 
resultant force and its direction relative to the 
2 N force. [6.24N at 76.10°] 

With reference to Fig. 33.5: 


Calculate the resultant velocity of the 
three velocities given in Problem 2 


Horizontal component of the velocity, 

H = 10 cos 20° + 15 cos 90°+ 7 cos 190° 
= 9.397 + 0 + (-6.894) = 2.503 m/s 
Vertical component of the velocity, 

V = 10 sin 20° + 15 sin 90° + 7 sin 190° 

= 3.420+ 15 + (-1.216)= 17.204 m/s 


Magnitude of the resultant of vector addition 
= y/H 1 + V 2 = v / 2.503 2 + 17.204 2 

= V302.24 = 17.39 m/s 
Direction of the resultant of vector addition 


= tan 


-l 


= tan 


-l 


17.204 

2.503 


= tan -1 6.8734 = 81.72° 


Thus, the resultant of the three velocities is a single 
vector of 17.39 m/s at 81.72° to the horizontal. 


Now try the following exercise 


4 N 



2 N 

Figure 33.10 


5. A load of 5.89 N is lifted by two strings, mak¬ 
ing angles of 20° and 35° with the vertical. 
Calculate the tensions in the strings. [Fora sys¬ 
tem such as this, the vectors representing the 
forces form a closed triangle when the system 
is in equilibrium]. 

[2.46 N, 4.12 N] 

6 . The acceleration of a body is due to four 
component, coplanar accelerations. These are 
2 m/s 2 due north, 3 m/s 2 due east, 4 m/s 2 to 
the south-west and 5 m/s 2 to the south-east. 
Calculate the resultant acceleration and its 
direction. 

[5.73 m/s 2 at 310.3°] 


Exercise 123 Further problems on vector 
addition and resolution 

1. Forces of 23 N and 41 N act at a point and are 

inclined at 90° to each other. Find, by drawing, 
the resultant force and its direction relative to 
the 41 N force. [47 Nat 29° ] 

2. Forces A,B and C are coplanar and act at a 

point. Force A is 12 kN at 90°, B is 5 kN at 180° 
and C is 13 kN at 293°. Determine graphically 
the resultant force. [Zero] 

3. Calculate the magnitude and direction of 
velocities of 3 m/s at 18° and 7 m/s at 115° 
when acting simultaneously on a point. 

[7.27 m/s at 90.8°] 


7. A current phasor i\ is 5 A and horizontal. A 
second phasor z '2 is 8 A and is at 50° to the 
horizontal. Determine the resultant of the two 
phasors, i 1 + h, and the angle the resultant 
makes with current i 1 . 

[11.85 A at 31.14°] 

8 . An object is acted upon by two forces of mag¬ 
nitude 10N and 8 N at an angle of 60° to each 
other. Determine the resultant force on the 
object. 

[15.62N at 26.33° to the 10N force] 

9. A ship heads in a direction of E 20° S at a speed 
of 20 knots while the current is 4 knots in a 
direction of N 30° E. Determine the speed and 
actual direction of the ship. 

[21.07 knots, E 9.22° S] 
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33.4 Vector subtraction 


In Fig. 33.11, a force vector F is represented by oa. 
The vector (—oa) can be obtained by drawing a vector 
from o in the opposite sense to oa but having the same 
magnitude, shown as ob in Fig. 33.11, i.e. ob — (—oa). 



Figure 33.11 



Figure 33.13 


For two vectors acting at a point, as shown in 
Fig. 33.12(a), the resultant of vector addition is 
os — oa + ob. Fig. 33.12(b) shows vectors ob + (—oa), 
that is ob — oa and the vector equation is ob — oa — od. 
Comparing od in Fig. 33.12(b) with the broken line 
ab in Fig. 33.12(a) shows that the second diagonal of 
the ‘parallelogram’ method of vector addition gives the 
magnitude and direction of vector subtraction of oa 
from ob. 



Figure 33.12 


Accelerations of a\ = 1.5 m/s 2 at 90° 
and ci 2 = 2.6 m/s 2 at 145° act at a point. Find 
ai + «2 and «i — a 2 by: 

(i) drawing a scale vector diagram and 

(ii) by calculation 


(i) The scale vector diagram is shown in Fig. 33.13. 
By measurement, 

a 1 + « 2 = 3.7 m/s 2 at 126° 

a\— ai — 2.1 m/s 2 at 0° 

(ii) Resolving horizontally and vertically gives: 
Horizontal component of a\ +a 2 , 

H = 1.5 cos 90°+ 2.6 cos 145° = -2.13 


Vertical component of ai + 02 , 

V = 1.5 sin 90°+ 2.6 sin 145° = 2.99 
Magnitude of 


«i + « 2 = v / (-2.13) 2 + 2.99 2 

= 3.67 m/s 2 


Direction of ai+a 2 — tan 


-1 


2.99 

-2.13 


and must 


lie in the second quadrant since H is negative and 
V is positive. 


( 2.99 \ 

tan 1 I - 1 = — 54.53°, and for this to be 

V —2.13 / 

in the second quadrant, the true angle is 180° 
displaced, i.e. 180° - 54.53° or 125.47° 

Thus ai + a 2 = 3.67 m/s 2 at 125.47°. 

Horizontal component of a\ — 02 , that is, 
«i + (— 02 ) 

= 1.5 cos 90° + 2.6 cos (145° - 180°) 

= 2.6cos(—35°) = 2.13 

Vertical component of ai — 02 , that is, «i + (— 02 ) 

= 1.5 sin 90° + 2.6 sin (-35°) = 0 
Magnitude of ai — <*2 = a/2.13 2 + 0 2 

= 2.13 m/s 2 

/ 0 \ 

Direction of ai — a 2 = tan 1 I - 1 = 0° 

V2.13/ 

Thus ai—a 2 = 2.13m/s 2 at0° 
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Calculate the resultant of 
(i) v\ — V 2 + 03 and (ii) V 2 — vi — V 3 when 
01 = 22 units at 140°, 02 = 40 units at 190° 
and 03 = 15 units at 290° 


(i) The vectors are shown in Fig. 33.14. 



Figure 33.14 

The horizontal component of 01 — 02 + 03 

= (22 cos 140°) - (40 cos 190°) 

+ (15 cos 290°) 

= (-16.85) - (-39.39) + (5.13) 

= 27.67 units 

The vertical component of 01 — 02 + 03 

= (22 sin 140°) - (40 sin 190°) 

+ (15 sin 290°) 

= (14.14) - (-6.95) + (-14.10) 

= 6.99 units 

The magnitude of the resultant, R, which can be 
represented by the mathematical symbol for ‘the 
modulus of’ as |ui — 02 + 031 is given by: 

\R\ = 3 / 27.67 2 + 6.99 2 = 28.54 units 

The direction of the resultant, R, which can be 
represented by the mathematical symbol for ‘the 
argument of’ as arg (01 — 02 + 03 ) is given by: 

( 6 99 \ 

— = 14.18° 

27.67 ) 

Thus 01 — 02 + 03 = 28.54 units at 14.18° 


(ii) The horizontal component of 02 — 01 — 03 
= (40 cos 190°) - (22 cos 140°) 

- (15 cos290°) 

= (-39.39) - (-16.85) - (5.13) 

= —27.67 units 


The vertical component of 02 — 01 — 03 

= (40 sin 190°) - (22 sin 140°) - (15 sin 290°) 
= (-6.95) - (14.14) - (-14.10) 

= —6.99 units 


Let R — v 2 — 01 — 03 then 
\R\= 3 / (—27.67) 2 + (-6.99 ) 2 = 28.54 units 
( -6.99 

and arg R = tan 1 - 

* V-27.67, 

and must lie in the third quadrant since both H and 
V are negative quantities. 

-6.99 


tan 


-1 


-27.67 


= 14.18°, 


hence the required angle is 180°+14.18° = 
194.18° 


Thus 02 — 01 — 03 = 28.54 units at 194.18° 

This result is as expected, since 02 — 01 — 03 = 
—(01 — 02 + 03 ) and the vector 28.54 units at 
194.18° is minus times the vector 28.54 units at 
14.18° 


Now try the following exercise 


Exercise 124 Further problems on 
vectors subtraction 


1. Forces of Fi =40N at 45° and F 2 = 30 N at 
125° act a point. Determine by drawing and by 
calculation (a) F \ + F 2 (b) Fi — Fj 

"(a) 54.0 Nat 78.16°' 
(b) 45.64 Nat 4.66° 


2. Calculate the resultant of (a) 01 + 02 — 03 
(b) 03 — 02 + 01 when 01 = 15 m/s at 85°, 
02 = 25 m/s at 175° and 03 = 12 m/s at 235° 
'(a) 31.71 m/s at 121.81°' 
(b) 19.55 m/s at 8.63° 



















Chapter 34 


Combination of waveforms 


34.1 Combination of two periodic 
functions 


There are a number of instances in engineering and sci¬ 
ence where waveforms combine and where it is required 
to determine the single phasor (called the resultant) that 
could replace two or more separate phasors. (A pha¬ 
sor is a rotating vector). Uses are found in electrical 
alternating current theory, in mechanical vibrations, in 
the addition of forces and with sound waves. There are 
several methods of determining the resultant and two 
such methods — plotting/measuring, the resolution of 
phasors by calculation — are explained in this chapter. 


34.2 Plotting periodic functions 


This may be achieved by sketching the separate func¬ 
tions on the same axes and then adding (or subtracting) 
ordinates at regular intervals. This is demonstrated in 
worked problems 1 to 3. 

Plot the graph of vi = 3 sin A from 
A = 0° to A = 360°. On the same axes plot 
y 2 = 2 cos A. By adding ordinates plot 
y R = 3 sin A + 2 cos A and obtain a sinusoidal 
expression for this resultant waveform 

yi=3sinA and y 2 = 2 cosA are shown plotted in 
Fig. 34.1. Ordinates may be added at, say, 15° intervals. 
For example, 

at 0 °, yi + yi — 0 + 2 = 2 
at 15°, yt+y 2 = 0.78+ 1.93 = 2.71 
at 120 °, yi+y 2 = 2.60 +-1 = 1.6 
at 210°, yi +y 2 = -1.50- 1.73 

= —3.23, and so on 



The resultant waveform, shown by the broken line, has 
the same period, i.e. 360° , and thus the same frequency 
as the single phasors. The maximum value, or ampli¬ 
tude, of the resultant is 3.6. The resultant waveform 
leads yi = 3 sin A by 34° or 0.593 rad. The sinusoidal 
expression for the resultant waveform is: 

y R — 3.6 sin(A + 34°) ory R = 3.6 sin(A + 0.593) 

Plot the graphs of yi = 4 sin cot and 
y 2 = 3 sin(&>r — n/3) on the same axes, over one 
cycle. By adding ordinates at intervals plot 
y R = yi + y 2 and obtain a sinusoidal expression 
for the resultant waveform 

y i = 4 sin cot and y 2 = 3 sin(a>f — tt/ 3) are shown plot¬ 
ted in Fig. 34.2. Ordinates are added at 15° intervals 
and the resultant is shown by the broken line. The 
amplitude of the resultant is 6. 1 and it lags yi by 25° 
or 0.436 rad. Hence the sinusoidal expression for the 
resultant waveform is: 


y R = 6.1sin(«< — 0.436) 
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Determine a sinusoidal expression for 
y\ — yi when yi = 4 sin cot and yj = 3 sin(cuf — it/3) 


By adding ordinates at intervals plot 
y = 2sin A + 4cosA and obtain a sinusoidal 
expression for the waveform. 

[4.5 sin(A + 63.5°)] 

2. Two alternating voltages are given by 
v\ = 10 sin cot volts and i >2 = 14 sin (cot + tt/3) 
volts. By plotting Hi and i >2 on the same axes 
over one cycle obtain a sinusoidal expression 
for (a) ui + i> 2 (b) Hi - u 2 

(a) 20.9 sin(<wt + 063) volts 

(b) 12.5 sin(cnt — 1.36) volts 

3. Express 12 sin cot + 5 cos cot in the form 
A sin(a)f ± a) by drawing and measurement. 

[13 sin(<wf + 0.395)] 



Figure 34.3 


y i and >’2 are shown plotted in Fig. 34.3. At 15° intervals 
y 2 is subtracted from yi. For example: 

at 0°, yi - y 2 = 0 - (-2.6) =+2.6 

at 30°, yi — y 2 = 2 — (—1.5) = +3.5 

at 150°, yi — y 2 = 2 — 3 = — 1, and so on. 

The amplitude, or peak value of the resultant (shown by 
the broken line), is 3.6 and it leads yi by 45° or 0.79 
rad. Hence 

yi —y 2 = 3.6 sin(<wf + 0.79) 


34.3 Determining resultant phasors 
by calculation 


The resultant of two periodic functions may be found 
from their relative positions when the time is zero. 
For example, if yi = sincuf and y 2 = 3 sin(cuf — jr/3) 
then each may be represented as phasors as shown in 
Fig. 34.4, yi being 4 units long and drawn horizontally 
and V2 being 3 units long, lagging yi by tt /3 radians or 
60° . To determine the resultant of yi + V2, yi is drawn 
horizontally as shown in Fig. 34.5 and y 2 is joined to the 
end of yi at 60° to the horizontal. The resultant is given 
by yn. This is the same as the diagonal of a parallelogram 
that is shown completed in Fig. 34.6. 


ki = 4 


60° or +3 rads 




Now try the following exercise 

Exercise 125 Further problems on plotting 
periodic functions 

1. Plot the graph of y = 2sinA from A — 0° to 
A = 360°. On the same axes ploty = 4cosA. 


Pi = 4 
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Resultant y R . in Figs. 34.5 and 34.6, is determined 
either by: 

(a) use of the cosine rule (and then sine rule to 
calculate angle 0), or 

(b) determining horizontal and vertical components of 
lengths oa and ob in Fig. 34.5, and then using 
Pythagoras’ theorem to calculate ob. 

In the above example, by calculation, y R — 6.083 
and angle 0 = 25.28° or 0.441 rad. Thus the 
resultant may be expressed in sinusoidal form as 
y R — 6.083 sin(cot — 0.441). If the resultant phasor, 
y R = yi — >’2 is required, then y 2 is still 3 units long but 
is drawn in the opposite direction, as shown in Fig. 34.7, 
and vr is determined by calculation. 



\ 

\ 

\ 

* 

Figure 34.7 

Resolution of phasors by calculation is demonstrated 

in worked problems 4 to 6. 

Given y i = 2 sin cot and 

y 2 = 3 sin (cot + Jt/4), obtain an expression for the 
resultant yR = y\ +yi, (a) by drawing, and (b) by 
calculation 

(a) When time t = 0 the position of phasors y\ and >’2 
are shown in Fig. 34.8(a). To obtain the resultant, 
y\ is drawn horizontally, 2 units long, y 2 is drawn 
3 units long at an angle of tt/ 4 rads or 45° andjoined 
to the end of vi as shown in Fig. 34.8(b). y R is mea¬ 
sured as 4.6 units long and angle 0 is measured as 
27° or 0.47 rad. Alternativaley, vr is the diagonal of 
the parallelogram formed as shown in Fig. 34.8(c). 

Hence, by drawing, yR = 4.6 sin(wf + 0.47) 

(b) From Fig. 34.8(b), and using the cosine rule: 

= 2 2 + 3 2 — [2(2)(3)cos 135°] 

= 4 + 9- [-8.485] = 21.49 



Figure 34.8 

Hence y R = -Jl 1.49 = 4.64 

3 4.64 

Using the sine rule: -=-from 

sin0 sin 135° 

3 sin 135° 

which sin 0 =-= 0.4572 

4.64 

Hence 0 = sin” 1 0.4572 = 27.21° or 0.475 rad. 
By calculation, y R = 4.64 sin(<yf + 0.475) 

Two alternating voltages are given by 
i>x = 15 sin cot volts and u 2 = 25 sin(a>r — tc/6) volts. 
Determine a sinusoidal expression for the resultant 
vr = m + i>2 by finding horizontal and vertical 
components 

The relative positions of v\ and u 2 at time t — 0 are 
shown in Fig. 34.9(a) and the phasor diagram is shown 
in Fig. 34.9(b). 

The horizontal component of vr, 

H= 15 cos 0°+ 25 cos (-30°) 

= oa + ab — 36.65 V 
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V , = 15V 




(b) 

Figure 34.9 

The vertical component of vr, 

V= 15 sin 0°+ 25 sin (-30°) 

= be = —12.50 V 

Hence v R (= oc) = V36.65 2 + (-12.50) 2 

by Pythagoras’ theorem 

= 38.72 volts 

V ( bc\ -12.50 

tan S = — ( = — ) = - 

H\ ob) 36.65 

= -0.3411 

from which, cp — tan -1 (—0.3411) 

= -18.83° or-0.329 

radians. 

Hence vr = ui + i >2 

= 38.72 sin(wf — 0.329) V 

For the voltages in Problem 5, 
determine the resultant v R = Vi — V 2 

To find the resultant v R — Vi — U 2 , the phasor V 2 of Fig. 
34.9(b) is reversed in direction as shown in Fig. 34.10. 
Using the cosine rule: 

v 2 r = 15 2 + 25 2 - 2(15)(25) cos 30° 

= 225 + 625 - 649.5 = 200.5 

Vr = V200.5 = 14.16 Volts 

25 14.16 

Using the sine rule: —-= — 


from which. 


sin 4> sin 30° 

25 sin 30° 

sin <75 = -= 0.8828 

14.16 



Figure 34.10 

Hence </>= sin~* 0.8828 = 61.98° or 118.02°. From 
Fig. 34.10, cp is obtuse, 

hence cp — 118.02° or 2.06 radians. 

Hence vr — v 1 — 1)2 = 14.16 sin(wf + 2.06) V 


Now try the following exercise 


Exercise 126 Further problems on the 
determination of resultant 
phasors by calculation 

In Problems 1 to 5, express the combination of 
periodic functions in the form A sin(<uf ± a) by 
calculation. 


1. 7 sin cot + 5 sin ( 


sin(®f + — ^ 

[11 

2. 6 sin cot + 3 sin (cot — —) 

U 

3. i = 25 sin cut — 15 sin^otf + — ^ 


[11.11 sin(a>f + 0.324)] 

7T> 

[8.73 sin(<uf — 0.173)] 
7 r\ 

3 > 

[i = 21.79 sin(t»t- 0.639)] 

7T > 


4. v — 8 sinrut — 5 sin^uir — — ^ 

[u = 5.695 sin(aif + 0.670)] 

5. x — 9 sin^w? + - ) — 7 sin^cuf — — ^ 

[x = 14.38 sin(wf+ 1.444)] 

6. The currents in two parallel branches of an 
electrical circuit are: 

/1 = 5 sin&V mA and U = 12 sin (cot + —) mA. 


Determine the total current, /+, given that 
; T = ;i+/ 2 [13 sin(cuf + 1.176) mA] 
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Chapter 35 


Complex numbers 


35.1 Cartesian complex numbers 


(i) If the quadratic equation x 2 + 2x + 5 = 0 is solved 
using the quadratic formula then: 

_ -2± v /(2) 2 -(4)(l)(5) 

2 ( 1 ) 

-2±y=l6 -2± V(16)(-l) 

~~ 2 ~~ 2 

_ -2 ± TITT 3 ! _ -2 ± 47^1 
~~ 2 “ 2 

= -1 ±2V^I 

It is not possible to evaluate V—T in real 
terms. However, if an operator j is defined as 
j — V- I then the solution may be expressed as 
x = — 1 ± _/2. 


Since x 2 + 4 = 0 then x 2 = —4 and x =7—4 


i.e., x = 7 (— 1 )(4) = 7—T74 =;(±2) 
= ± jl, (since j = V—1) 


(Note that ±j 2 may also be written as ± 2/). 


Solve the quadratic equation: 
2x 2 + 3x + 5 = 0 


Using the quadratic formula, 


-3 ± V(3) 2 - 4(2)(5) 
2 ( 2 ) 


(ii) — 1 + j 2 and — 1 — j2 are known as complex num¬ 
bers. Both solutions are of the form a + jb, ‘a’ 
being termed the real part and jb the imaginary 
part. A complex number of the form a + jb is 
called a Cartesian complex number. 


-3 ± 7=31 -3 ± 7^731 

4 “ 4 

-3 ±;V3l 
4 


(iii) In pure mathematics the symbol i is used to indi¬ 
cate 7=4 (i being the first letter of the word 
imaginary). However i is the symbol of electric 
current in engineering, and to avoid possible con¬ 
fusion the next letter in the alphabet, j, is used to 
represent 7~1 


3 73l 

Hence x =- 1- j -or —0.750 ± y'1.392, 

4 J 4 

correct to 3 decimal places. 

(Note, a graph of v = 2x 2 + 3x + 5 does not cross the 
x-axis and hence 2x 2 + 3x + 5 = 0 has no real roots). 


Solve the quadratic equation: 
x 2 + 4 = 0 


Evaluate 

(a) j 3 (b) / (c) j 23 (d) ^ 

r 
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(a) 7 3 =/ x-j = (— 1 ) xy = —j, since y ' 2 = —1 

(b) f =j 2 xy ' 2 = (- 1 ) x (- 1 ) = 1 

(c) J 23 =7 xy' 22 =y x (y 2 )" =7 x (-1 ) 11 

=7 x (— 1) = -j 

(d) j 9 =j xy 8 =7 x (y 2 ) 4 =7 x (— l ) 4 

=7 x 1 =7 


Hence 




4 / 

-(- 1 ) 


4 /' or 74 


Now try the following exercise 


Imaginary 

axis 



Exercise 127 Further problems on the 
introduction to Cartesian 
complex numbers 

In Problems 1 to 3, solve the quadratic equations. 

1. x 2 + 25 = 0 [± 75 ] 

2. 2x 2 + 3x + 4 — 0 

3 V23 

— ± 7 -— or —0.750± /' 1.199 

4 4 

3. 4r 2 — 5t + 7 = 0 

_ 5 V87 

- ± 7 -— or 0.625 ±/'l. 166 

8 8 

« 1 4 

4. Evaluate (a) / (b )-j (c) 

[(a) 1 (b)-j (c) - 72 ] 


Figure 35.1 


35.3 Addition and subtraction of 
complex numbers 


Two complex numbers are added/subtracted by adding/ 
subtracting separately the two real parts and the two 
imaginary parts. 

For example, if Z\ = a + jb and Z 2 = c + jd, 

then Z\+Z 2 — (a +jb) + (c +jd ) 

= (a + c) +j(b ± d) 
and Z\ — Z 2 = (a + 7 'h) — (c + 7 < 7 ) 

= (a — c) + j(b — d) 

Thus, for example. 


35.2 The Argand diagram 


A complex number may be represented pictorially on 
rectangular or Cartesian axes. The horizontal (orx) axis 
is used to represent the real axis and the vertical (or y ) 
axis is used to represent the imaginary axis. Such a dia¬ 
gram is called an Argand diagram. In Fig. 35.1, the 
point A represents the complex number (3 + y'2) and is 
obtained by plotting the co-ordinates (3,y' 2 ) as in graph¬ 
ical work. Figure 35.1 also shows the Argand points B, 
C and D representing the complex numbers (—2 ±y'4), 
(—3 — y'5) and (1 — y'3) respectively. 


(2+;3) + (3-;4) = 2+ 73 + 3-j4 

= 5-71 

and (2 + 73 ) - (3 - 74) = 2 + 73 - 3 + y4 

= - 1 + 7 ? 

The addition and subtraction of complex numbers may 
be achieved graphically as shown in the Argand dia¬ 
gram of Fig. 35.2. (2 + y'3) is represented by vector OP 
and (3 — y'4) by vector OQ. In Fig. 35.2(a), by vec¬ 
tor addition, (i.e. the diagonal of the parallelogram), 
OP + OQ — OR. R is the point (5, —y'l). 

Hence (2 +y'3) + (3-y'4) = 5 -yl 
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Imaginary 

axis 



Imaginary 

axis 



Given Z\ — 2 + j 4 and Z 2 = 3 — j 
determine (a) Zi + Z 2 , (b) Zi — Z 2 , (c) Z 2 — Zi and 
show the results on an Argand diagram 


(a) Z\ + Z 2 — (2 +J4) + (3 — j) 

= (2 + 3) +7(4 — 1) = 5 +J3 

(b) Z, — Z 2 = (2 +j4) — (3 — j) 

= (2 — 3) +7(4 — (—1)) = —1 +jS 

(c) Z 2 ~Z\— (3 — j) — (2 +j4) 

= (3 — 2) +j(— 1 — 4) = 1 —j5 
Each result is shown in the Argand diagram of Fig. 35.3. 


Imaginary 

axis 



35.4 Multiplication and division of 
complex numbers 


Figure 35.2 


In Fig. 35.2(b), vector OQ is reversed (shown as OQ') 
since it is being subtracted. (Note OQ = 3 — j4 and 
OQ' — —(3 —j4) = —3 +j4). 

OP— OQ — OP + OQ' = OS is found to be the Argand 
point (—l,./7). 

Hence (2 +j3) - (3 -j4) = -1 +jl 


(i) Multiplication of complex numbers is achieved 
by assuming all quantities involved are real and 
then using y 2 = — 1 to simplify. 

Hence ( a + jb)(c + jd) 

= ac + a(jd) + (jb)c + (jb)(jd) 

— ac + jad + jbc + fbd 

— (ac — bd ) + j(ad + be), 

since j 2 = — 1 
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Thus (3 +/'2)(4 —y'5) 

= 12 —y 15 +78 — y' 2 10 
= (12 — (—10)) + /’(—15 + 8 ) 

= 22 -jl 

(ii) The complex conjugate of a complex number is 
obtained by changing the sign of the imaginary 
part. Hence the complex conjugate of a + jb is 
a — jb. The product of a complex number and its 
complex conjugate is always a real number. 

For example, 

(3 + /'4)(3 -y'4) = 9 -jl2 +jU - j 2 16 
= 9 + 16 = 25 

\(a + jb)(a — jb) may be evaluated ‘on sight’ as 
a 2 + b 2 ] 

(iii) Division of complex numbers is achieved by 
multiplying both numerator and denominator by 
the complex conjugate of the denominator. 

For example, 

2-/5 = 2-y'5 (3 — y’4) 

3 +7*4 3+/4 X (3-/4) 

_ 6 — y ’8 — y'15 + y ' 2 20 
3 2 + 4 2 

_ -14-/23 _ -14 .23 

“ 25 ~~ ~ 25 ~ ~ J 25 

or -0.56 — y0.92 


If Zj = 1 — j 3, Z 2 = —2 + j 5 and 
Z 3 = —3 — y'4, determine in a + jb form: 


(a) ZiZ 2 


(c) 


ZiZ 2 
Zi + Z 2 


(b) 


Z, 

Z 3 


(d) ZiZ 2 Z 3 


(a) Z 1 Z 2 = (1 — y'3)(—2 + /'5) 

— —2 + y'5 + y'6 — j 2 15 
= (—2 + 15) + /'(5 + 6), since y' 2 = — 1, 

= 13 + y’H 


Zi = 1 — y'3 = l-y-3 x -3 +y4 
Z 3 -3 — y'4 -3 — y'4 X -3 +y4 

= —3 +,/4 +y9 —y 2 12 
3 2 + 4 2 

9 + y'13 9 i .13 

_ 25 _ 25 +J 25 

or 0.36 + y’0.52 


ZiZ 2 = (1 —y'3)(—2 +y'5) 

■Zi + Z 2 (1 — y’3) + (—2 +/’5) 


13+yll 
— 1 + y 2 ’ 


from part (a), 


13+yll — 1 — y'2 

-l+y2 X — 1 —y'2 


— 13— y26 — yl 1 — y 2 22 
l 2 + 2 2 


9 -j 37 
5 


9 

5 



or 1.8 — y’7.4 


(d) Z[Z 2 Z 3 = (13 +yl 1)(—3 -y'4), since 

Z,Z 2 = 13+yll, from part (a) 
= —39 — y'52 — y’33 — y 2 44 
= (-39 + 44) — j(52 + 33) = 5 -y85 


16 . Evaluate: 


(a) 


2 

(1 +j) 4 


(b)y 



2 


(a) (1 +y) 2 = (1 +y)(l +y) = 1 +y +y +y 2 
= l +j +j - l = y2 

(1 +y-) 4 = [(1 + y) 2 ] 2 = (y'2) 2 =y-4 = -4 


(b) 


Hence 

l+j'3 

1-/2 


2 2 1 
(1 +/) 4 _ —4 ~~2 
^ l+y'3 1+J2 

1 -y'2 X 1 +y'2 
l+y'2+y'3+y' 2 6 


l 2 + 2 2 


—5 +y’5 
5 


-1 +7'1-1+7 


































Complex numbers 317 


= 1 - j-j+f = -J'2 

Hence; (i±^) = j(-jZ) = — J 2 2 = 2, 

since ; 2 = — 1 


Now try the following exercise 

Exercise 128 Further problems on 
operations involving 
Cartesian complex numbers 

1. Evaluate (a) (3 + ;'2) + (5 — ;') and 

(b) (—2 +;6) — (3 — j'2.) and show the 

results on an Argand diagram. 

Ka)8+./ (b) —5 +;8] 

2. Write down the complex conjugates of 
(a) 3 +;4, (b) 2 -j [(a) 3 -;4 (b) 2 +;] 

In Problems 3 to 7 evaluate in a + jb form 

given Z\ — 1 + j2, Z 2 = 4 —j3, Z 3 = —2 + j3 and 

Z 4 - -5 -j. 


3. (a) Z\ + Z2 — Z3 (b) Z2 — Z] + Z 4 

[(a) 7 —j4 (b) —2 —j6] 

4. (a) Z X Z 2 (b) Z3Z4 

[(a) 10+75 (b) 13-713] 

5. (a) Z1Z3 +Z4 (b) Z1Z2Z3 

[(a) -13-72 (b) -35 +720] 

Z\ Zi + Z3 

6. (a) (b ) -^—2 

Z 2 Z 2 — Z4 

-2 11 -19 43 

(a)- b j — (b)- b j — 

25 25 85 85 

Z1Z3 Z] 

7. (a) -LJ- (b) Z 2 + -^ + Z 3 

Z\ + Z3 Z4 

3 41 45 9 

(a)- b j — (b)- j — 

26 J 26 26 26 


8. Evaluate (a) 


9. Show that: 


1-7 

1+7 


(b) 


1 


1+7 


(a) -j (b) ^ -j^- 


25/1 +;2 2-j5 


3+7+ 


-7 


= 57+724 


35.5 Complex equations 


If two complex numbers are equal, then their real parts 
are equal and their imaginary parts are equal. Hence 

if a +jb = c + jd, then a = c and h — cl 


Solve the complex equations: 

(a) 2(x +jy) — 6—j3 

(b) (1 +y'2)(—2 — 73 ) = a +jb 


(a) 2(.x + jy) — 6 — j3 hence 2x + j2y = 6 —7 3 
Equating the real parts gives: 

2x = 6 , i.e. x — 3 
Equating the imaginary parts gives: 

2y = -3, i.e. y= 

(b) (1 +7"2)(—2 —j3) = a +jb 
-2 -7'3 -7 4 —7“6 = a +jb 
Hence 4—jl = a+jb 
Equating real and imaginary terms gives: 

a = 4 and b = —1 


Solve the equations: 

(a) (2—y'3) = *Ja+jb 

(b) (x-j2y) + (y-j3x) = 2+j3 


(a) (2—y'3) = x/a+jb 

Hence (2—j3) 2 = a+jb 

i.e. (2-j3)(2-j3) = a+jb 

Hence 4 —y'6 — j6 + j 2 9 — a+jb 

and —5—jl2 = a+jb 

Thus a — —5 and b = —12 

(b) (x-j2y) + (y-j3x) = 2+j3 
Hence (x + y) + j(—2y — 3v) = 2 +j3 
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Equating real and imaginary parts gives: 

x + y — 2 (1) 

and — 3x — 2y = 3 (2) 

i.e. two stimulaneous equations to solve 
Multiplying equation (1) by 2 gives: 

2x + 2y = 4 (3) 

Adding equations (2) and (3) gives: 

—v = 7, i.e. x = — 7 

From equation (1), y = 9, which may be checked 
in equation (2) 


Z = r( cos 9+j sin 9) is usually abbreviated to 
Z = rZO which is known as the polar form of 
a complex number. 


Imaginary 

axis 



Figure 35.4 


Now try the following exercise 

Exercise 129 Further problems on complex 
equations 

In Problems 1 to 4 solve the complex equations. 

1. (2 +j)(3 —j2) = a +jb [a = 8, b=- 1] 


2 . 


2 +7 


: =j(x +jy ) 


1 


x = y= - 


1-7 

3. (2 —y'3) = sfa+Jb [a = -5, b = - 12] 

4 - (* -7'2y) - O’ -j*) = 2 +y [jc = 3, y = 1] 

5. If Z = R + jcoL + 1 / jcoC , express Z in (a + jb) 
form when R — 10, L — 5, C = 0.04 and co — 4 

[z =10+yl3.75] 


35.6 The polar form of a complex 
number 


(i) Let a complex number Z be x + jy as shown in the 
Argand diagram of Fig. 35.4. Let distance OZ be 
r and the angle OZ makes with the positive real 
axis be 9. 

From trigonometry, x = r cos 9 and 
y = r sin 9 


(ii) r is called the modulus (or magnitude) of Z and 
is written as mod Z or |Z|. 
r is determined using Pythagoras’ theorem on 
triangle OAZ in Fig. 35.4, 


i.e. 

(iii) 9 is called the argument (or amplitude) of Z and 
is written as arg Z. 

By trigonometry on triangle OAZ, 

argZ = 0 = tan" - 
x 

(iv) Whenever changing from Cartesian form to polar 
form, or vice-versa, a sketch is invaluable for 
determining the quadrant in which the complex 
number occurs 


Determine the modulus and argument 
of the complex number Z = 2 +y'3, and express Z in 
polar form 


Z = 2+j3 lies in the first quadrant as shown in Fig. 35.5. 

Modulus, \Z\ = r = V2 2 + 3 2 = VU or 3.606, correct 
to 3 decimal places. 


Argument, 


arg Z — 9 — tan 1 - 


= 56.31° or 56° 19' 


Flence Z = x + jy — r cos 9 + jr sin 9 
— r( cos 9+j sin 9) 


In polar form, 2 + j 3 is written as 3.606 Z 56.31° or 
3.606 Z 56° 19' 
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Imaginary 

axis 



Figure 35.5 

Express the following complex 
numbers in polar form: 

(a) 3 +jA (b) -3 +j4 

(c) —3 —jA (d) 3 —jA 

(a) 3 + jA is shown in Fig. 35.6 and lies in the first 
quadrant. 

Modulus, r = V3 2 + 4 2 = 5 and argument 
4 

(9 = tan~ ] - = 53.13° or53°8' 

3 

Hence 3 +jA = 5/53.13° 

(b) —3 + jA is shown in Fig. 35.6 and lies in the second 
quadrant. 

Modulus, r = 5 and angle a = 53.13°, from 
part (a). 


Imaginary 

axis 



Argument = 180° — 53.13° = 126.87° (i.e. the 
argument must be measured from the positive real 
axis). 

Hence - 3 +jA = 5/126.87° 

(c) —3 — jA is shown in Fig. 35.6 and lies in the third 
quadrant. 

Modulus, r = 5 and a — 53.13°, as above. 

Hence the argument = 180° + 53.13° = 233.13°, 
which is the same as —126.87° 

Hence (-3 -jA) = 5/233.13° or 5/-126.87° 

(By convention the principal value is normally 
used, i.e. the numerically least value, such that 

— 7t <6 <7t). 

(d) 3 — jA is shown in Fig. 35.6 and lies in the fourth 
quadrant. 

Modulus, r = 5 and angle a — 53.13°, as above. 

Hence (3 -jA) = 5Z-53.13° 

Convert (a) 4/30° (b) 7/-145° 
into a + jb form, correct to 4 significant figures 

(a) 4/30° is shown in Fig. 35.7(a) and lies in the first 
quadrant. 

Using trigonometric ratios, 

x = 4 cos 30° = 3.464 and y = 4 sin 30° = 2.000 

Hence 4/30° = 3.464 + ./2.000 


Imaginary 

axis 
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(b) 7Z—145° is shown in Fig. 35.7(b) and lies in the 
third quadrant. 

Angle a — 180° —145° = 35° 

Hence x = 7 cos 35° = 5.734 

and y = 7 sin 35° = 4.015 

Hence 7Z-145° = -5.734 -7'4.015 

Alternatively 

7Z - 145° = 7 cos (-145°) + jl sin (-145°) 

= -5.734 -74.015 


(b) 


n n 

10Z- x 12Z — 
4 2 


10 x 2 


7r 

6Z -5 


( n , 

7r 


(4 + 

2 ~ 1 

( 3)) 


13jt IIjt 

= 20Z-or 20Z-or 

12 12 

20Z195 0 or 20Z—165° 


Evaluate, in polar form: 
2Z30° + 5Z—45° — 4Z120° 


Addition and subtraction in polar form is not possible 
directly. Each complex number has to be converted into 
Cartesian form first. 


35.7 Multiplication and division in 
polar form 

IfZi 

= r\Z$i andZ 2 = rjZOj then: 

(i) 

Z 1 Z 2 = rir 2 Z( 0 i + O 2 ) and 

(ii) 



z 2 r 2 

Determine, in polar form: 

(a) 

8Z25° x 4Z60° 

(b) 

3Z16° x 5Z—44° x 2Z80° 


(a) 8Z25° x 4Z60° = (8 x 4)Z(25° + 60°) = 32Z85° 

(b) 3Z16° x 5Z—44° x 2Z80° 

= (3 x 5 x 2)Z[ 16° + (-44°) + 80°] = 30Z52° 


2Z30° = 2( cos 30° + j sin 30°) 

= 2 cos 30° + j2 sin 30° = 1.732 + j 1.000 
5Z—45° = 5( cos (-45°) + j sin (-45°)) 

= 5 cos (-45°) + 7 5 sin (-45°) 

= 3.536 -73.536 

4Z120° = 4( cos 120° + j sin 120°) 

= 4 cos 120° + y'4sin 120° 

= -2.000 + 73.464 

Hence 2Z30° + 5Z-45° - 4Z120° 

= (1.732 + 7 I.OOO) + (3.536 -7'3.536) 

- (-2.000 + 7'3.464) 
= 7.268 — 76 .OOO, which lies in the 

fourth quadrant 

= v/7.268 2 + 6.000 2 Ztan _1 ( 

\ 7.268 / 

= 9.425Z—39.54° or 9.425Z—39°32' 


Evaluate in polar form: 


16Z75' 

2Z15 


(b) 


7t 7T 

10Z- X 12Z — 
4 2 



16Z75° 

2Z15 


—Z(75° - 15°) = 8Z60° 

2 


Now try the following exercise 


Exercise 130 Further problems on polar 
form 

1. Determine the modulus and argument of 
(a) 2+74 (b) -5-77 (c) 7 ( 2 - 7 ). 

"(a) 4.472,63.43° (b) 5.385,-158.20°’ 
(c) 2.236,63.43° 
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In Problems 2 and 3 express the given Cartesian 
complex numbers in polar form, leaving answers 
in surd form. 

2. (a) 2 +j3 (b) —4 (c)- 6 +j 

"(a) a/T 3Z56.31° (b)4Z180°’ 

(c) V37Z 170.54° 

3. (a) -j3 (b) (-2 + 7 ) 3 (c)/(l- 7 ) 

"(a) 3Z—90° (b)x/l25Z 100.30°’ 

(c) \/2Z—135° 

In Problems 4 and 5 convert the given polar com¬ 
plex numbers into (a + jb ) form giving answers 
correct to 4 significant figures. 

4. (a) 5Z30° (b) 3Z60° (c) 7Z45° 

”(a) 4.330 + j2.500~ 

(b) 1.500+;2.598 

(c) 4.950 + y'4.950 

5. (a) 6Z125° (b) 4Z?r (c) 3.5Z-120 0 

”(a) —3.441 + _/4.915~ 

(b) -4.000 + JO 

(c) —1.750 —73.031 

In Problems 6 to 8 , evaluate in polar form. 

6 . (a) 3Z20° x 15Z45° 

(b) 2.4Z65° x 4.4Z—21° 

[(a) 45Z65° (b) 10.56Z44 0 ] 

7. (a) 6.4Z27° -p 2Z—15° 

(b) 5Z30° x 4Z80° -p 10Z-40° 

[(a) 3.2Z4.2° (b)2Z150°] 

TX 7T 

8 . (a)4Z- + 3Z- 

6 8 

(b) 2Z120° + 5.2Z58°- 1.6Z-40 0 

[(a) 6.986Z26.79° (b) 7.190Z85.77 0 ] 


35.8 Applications of complex 
numbers 


There are several applications of complex numbers 
in science and engineering, in particular in electri¬ 
cal alternating current theory and in mechanical vector 
analysis. 


The effect of multiplying a phasor by j is to rotate it 
in a positive direction (i.e. anticlockwise) on an Argand 
diagram through 90° without altering its length. Sim¬ 
ilarly, multiplying a phasor by —j rotates the phasor 
through —90°. These facts are used in a.c. theory since 
certain quantities in the phasor diagrams lie at 90° to 
each other. For example, in the R-L series circuit shown 
in Fig. 35.8(a), Vr leads I by 90° (i.e. I lags V/ by 
90°) and may be written as jV r, the vertical axis being 
regarded as the imaginary axis of an Argand diagram. 
Thus Vr + jV l = V and since Vr —IR,V — IX r (where 
X[ is the inductive reactance, 2 nfL ohms) and V — IZ 
(where Z is the impedance) then R + JX/ = Z. 



Phasor diagram Phasor diagram 



Similarly, for the R-C circuit shown in Figure 35.8(b), 
Vc lags I by 90° (i.e. I leads Vc by 90°) and 
Vr —jVc — V, from which R —jXc —Z (where Xq is 

1 

the capacitive reactance-ohms). 

F 2irfC 

Determine the resistance and series 
inductance (or capacitance) for each of the 
following impedances, assuming a frequency of 
50 Hz: 

(a) (4.0+./7.0) Q (b) —;20S2 
(c) 15Z—60° £2 

(a) Impedance, Z = (4.0 + j 7.0) 12 hence, 

resistance = 4.0 12 and reactance = 7.0 12. 

Since the imaginary part is positive, the reactance 
is inductive, 

i.e. Xr = 7.012 
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Since Xi — 2irf L then inductance, 

X 7 0 

L = — = — — = 0.0223 H or 22.3 mH 

2nf 2tt(50) 

(b) Impedance, Z = —j20, i.e. Z = (0 — j'20) 9 hence 
resistance = 0 and reactance = 20 9. Since the 
imaginary part is negative, the reactance is capac- 

1 

itive, i.e. Xr — 20 9 and since Xr = -then: 

2nf C 


capacitance, C 


1 


1 


2nfX c 2tt(50)(20) 

10 6 

|iF = 159.2 pF 


2tt(50)(20) 


(c) Impedance, Z 


= 15Z—60° = 15[ cos (—60°) + j sin (—60°)] 
= 7.50-/12.99 9. 


Hence resistance = 7.50 9 and capacitive reac¬ 
tance, Xq — 12.99 £2 


1 

Since Xq = -then capacitance, 

2nf C 

1 _ 10 6 
2 itJYc ~ 2tt(50)(12.99) 

= 245 pF 


C = 


pF 


An alternating voltage of 240 V, 

50 Hz is connected across an impedance of 
(60 — j 100) Q. Determine (a) the resistance (b) the 
capacitance (c) the magnitude of the impedance and 
its phase angle and (d) the current flowing 


(a) Impedance Z = (60 —j 100) S2. 
Hence resistance = 609 


(c) Magnitude of impedance, 

|Z| = V60 2 + (-100) 2 = 116.6 9 


Phase angle, arg Z = tan 1 



= -59.04° 


(d) 


Current flowing, I = 


V 

Z 


240°Z0° 

116.6Z—59.04° 

2.058Z59.04°A 


The circuit and phasor diagrams are as shown in 
Fig. 35.8(b). 


For the parallel circuit shown in 
Fig. 35.9, determine the value of current /, and its 
phase relative to the 240 V supply, using complex 
numbers 


fl 1 =4£l X L = 3 n 



Figure 35.9 


V 

Current I = —. Impedance Z for the three-branch 
parallel circuit is given by: 

1 _ 1 1 1 
Z = Z[ + Z^ + Z 3 

where Z\ = 4 + j3, Zj — 10 and Z 3 = 12 —j5 


(b) Capacitive reactance Xc — 100 Q and since 
1 

Xr — -then 

2nfC 

1 1 

capacitance, C — -= - 

v 2irfX c 2tt(50)(100) 

106 

_ 27r(50)(100) 1X17 

= 31.83 pF 


Admittance, Y 1 = — = - 

Zt 4 +j3 

_ _J_ 4-y3 = 4-y3 

4+73 X 4-73 4 2 + 3 2 

= 0.160 — 70.120 siemens 

1 1 

Admittance, Y 7 — — = — =0.10 siemens 
Z 2 10 
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Admittance, F 3 = — = - 

Z 3 12-y5 

1 ^ 12+75 _ 12+y5 

~~ 12-75 X 12 + j5 ~ 12 2 + 5 2 

= 0.0710 + 7'0.0296 siemens 

Total admittance, Y — Y\ + Y 2 + F 3 

= ( 0 . 160 - 70 . 120 ) +( 0 . 10 ) 

+ (0.0710+70.0296) 
= 0.331 -70.0904 
= 0.343Z—15.28° siemens 


Current I = — = VY 
Z 

= (240Z0°)(0.343Z—15.28°) 

= 82.32Z—15.28° A 


Determine the magnitude and 
direction of the resultant of the three coplanar 
forces given below, when they act at a point: 

Force A, 10N acting at 45° from the 
positive horizontal axis, 

Force B, 8 N acting at 120° from the 
positive horizontal axis, 

Force C, 15 N acting at 210° from the 
positive horizontal axis. 


The space diagram is shown in Fig. 35.10. The forces 
may be written as complex numbers. 


8 N 10N 



Figure 35.10 

Thus force A, f A = 10Z45°, force B, f B = 8 Z120° and 
force C,fc — 15Z210°. 

The resultant force 


= 10( cos 45 °+7 sin 45°) 

+ 8 ( cos 120°+7 sin 120 °) 

+ 15( cos 210° +7 sin 210°) 
= (7.071 + y7.071) + (-4.00 + y6.928) 

+ (-12.99-77.50) 

= -9.919+76.499 
Magnitude of resultant force 

= V(-9.919) 2 + 6.499 2 = 11.86 N 


Direction of resultant force 


= tan 


-1 


6.499 


= 146.77° 


,—9.919, 

(since —9.919 + 76 .499 lies in the second quadrant). 


Now try the following exercise 


Exercise 131 Further problems on 

applications of complex 
numbers 

1. Determine the resistance R and series induc¬ 
tance L (or capacitance C) for each of the 
following impedances assuming the frequency 
to be 50 Hz. 

(a) (3 + 78 ) 52 (b) (2-73)52 
(c) 774 52 (d) 8 Z — 60° 52 

(a) R= 3 52, L = 25.5 mH " 

(b) R = 252, C = 1061 |iF 

(c) R = 0, L — 44.56 mH 

(d) R = 4 52, C = 459.5 |iF 

2. Two impedances, Z\ — (3 + 76 ) 52 and 
Z 3 = (4— 7 ' 3 ) 52 are connected in series to 
a supply voltage of 120 V. Determine the 
magnitude of the current and its phase angle 
relative to the voltage. 

[15.76A, 23.20° lagging] 

3. If the two impedances in Problem 2 are con¬ 
nected in parallel determine the current flow¬ 
ing and its phase relative to the 120 V supply 
voltage. 

[27.25 A, 3.37° lagging] 


— fA +/« +/c 

= 10Z45° + 8Z120° + 15Z210° 


A series circuit consists of a 12 52 resistor, a 
coil of inductance 0.10 H and a capacitance of 
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160 |iF. Calculate the current flowing and its 
phase relative to the supply voltage of 240 V, 
50 Hz. Determine also the power factor of the 
circuit. 

[14.42 A, 43.85° lagging, 0.721] 

5. For the circuit shown in Fig. 35.11, determine 
the current / flowing and its phase relative to 
the applied voltage. 

[14.58A, 2.51° leading] 


X c = 20 n R-, = 30 Q 



6 . Determine, using complex numbers, the mag¬ 
nitude and direction of the resultant of the 
coplanar forces given below, which are act¬ 
ing at a point. Force A, 5 N acting horizontally, 
Force B, 9 N acting at an angle of 135° to force 
A, Force C, 12 N acting at an angle of 240° to 
force A. [8.394 N, 208.68° from force A] 

7. A delta-connected impedance Z A is given by: 

Z 1 Z 2 + Z 2 Z 3 + Z 3 Z 1 

La =- 

Z 2 

Determine Za in both Cartesian and polar form 
given Z\ = (10 + jO ) £2, Z 2 = (0 — j 10) £2 and 
Z 3 = (10+./10) £2. 

[(10 + y20) £2, 22.36/63.43° £2] 


8 . In the hydrogen atom, the angular momen¬ 
tum, p, of the de Broglie wave is given by: 

' jh 


mh 
± — 
2:r 


p\j/ = — ( — ) 

Determine an expression for p. 


9. An aircraft P flying at a constant height has 
a velocity of (400 + /300) km/h. Another air¬ 
craft Q at the same height has a velocity of 
(200— 76 OO) km/h. Determine (a) the veloc¬ 
ity of P relative to Q, and (b) the velocity of 
Q relative to P. Express the answers in polar 
form, correct to the nearest km/h. 

(a) 922 km/h at 77.47° 

(b) 922 km/h at -102.53° 

10. Three vectors are represented by P, 2/30°, 
Q, 3/90° and R, 4/—60°. Determine 
in polar form the vectors represented by 
(a)P+Q + R,(b)P-Q-R. 

[(a) 3.770/8.17° (b) 1.488/100.37°] 


11. In a Schering bridge 
Z x = {R x -jX Cx ),Z 2 = -jX C2 , 


circuit, 


Z 3 = 


(R 3 K-jXc 3 ) 

(* 3 -y*c 3 ) 

1 


and Z 4 = R 4 where 


X c = 

2jtf C 

At balance: (Z X )(Z 3 ) = (Z 2 )(Z 4 ). 
Show that at balance R x = 


Cx = 


C2R3 

Ra 


C3R4 

~cT 


and 





























Chapter 36 


De Moivre's theorem 


36.1 Introduction 


From multiplication of complex numbers in polar form, 
(rZ0) x ( rZ9 ) = r 2 Z20 

Similarly, (rZ0) x (rZ0) x ( rZ9 ) = r 3 Z39, and so on. 
In general, de Moivre’s theorem states: 

[i rZO ]" = r"Zn0 

The theorem is true for all positive, negative and frac¬ 
tional values of n. The theorem is used to determine 
powers and roots of complex numbers. 


36.2 Powers of complex numbers 


For example, [3Z20 0 ] 4 = 3 4 Z(4 x 20°) = 81Z80 0 by 
de Moivre’s theorem. 

Determine, in polar form: 

(a) [2Z35°] 5 (b) (—2 +j3) 6 

(a) [2Z35°] 5 = 2 S Z(5 x 35°), 

from De Moivre’s theorem 

= 32Z175° 

(b) (-2 +j3) = V(-2) 2 + (3) 2 Z tan” 1 

= x/l3Z123.69°, since -2 + j3 

lies in the second quadrant 
(-2 + j3f = [V3Z123.69 0 ] 6 

= \/l36Z(6 x 123.69°), 

by De Moivre’s theorem 


= 2197Z742.14° 

= 2197Z382.14° 

(since 742.14 = 742.14° - 360° = 382.14°) 

= 2197Z22.14 0 

(since 382.14° = 382.14° - 360° = 22.14°) 

Determine the value of (—7 + j 5) 4 , 
expressing the result in polar and rectangular forms 

(-7 +;5) = y/ (—7) 2 + 5 2 Z tan -1 
= V74Z 144.46° 

(Note, by considering the Argand diagram, —7 + j 5 
must represent an angle in the second quadrant and not 
in the fourth quadrant). 

Applying de Moivre’s theorem: 

(-7 + y'5) 4 = [\/74Z144.46°] 4 

= V74+/4 x 144.46° 

= 5476Z577.84° 

= 5476Z217.84° or 

5476Z217°15 / in polar form. 

Since rZO — r cos 9 + jr sin 9, 

5476Z217.84° = 5476 cos 217.84° 

+ y'5476 sin 217.84° 
= -4325 -;3359 

i.e. (-7 + j5) 4 = -4325 -J3359 

in rectangular form. 
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Now try the following exercise 


Exercise 132 Further problems on powers 
of complex numbers 

1. Determine in polar form (a) [1.5Z15°] 5 
(b) (1 +j2f 

[(a) 7.594Z75° (b) 125Z20.61 0 ] 

2. Determine in polar and Cartesian forms 
(a) [3Z41°] 4 (b) (-2 -y) 5 

'(a) 81Z164°,-77.86+y'22.33" 
(b) 55.90Z —47.18°, 38 —y'41 

3. Convert (3 —j) into polar form and hence 
evaluate (3 — y) 7 , giving the answer in polar 
form. 

[VIOZ-18.43°, 3162Z —129°] 

In Problems 4 to 7, express in both polar and 

rectangular forms: 

4. (6+y5) 3 

[476.4Z119.42°, -234 + y'415] 


5- (3-y8) 5 

[45 530Z 12.78°, 44400+710070] 


6. (—2 +y’7) 4 

[2809Z63.78 0 , 1241 + y2520] 

7. (—16—;9) 6 

(38.27 x 10 6 )Z176.15°," 
10 6 (—38.18 + y'2.570) 


(5 + 112) = V 5 2 + 12 2 Z tan -1 = 13Z67.38° 

When determining square roots two solutions result. 
To obtain the second solution one way is to 
express 13Z67.38° also as 13Z(67.38° + 360°), i.e. 
13Z427.38°. When the angle is divided by 2 an angle 
less than 360° is obtained. 

Hence 

y/ 5 2 + 12 2 = yi3Z67.38° and vT3Z427.38° 

= [13Z67.38°] 1/2 and [13Z427.38°] 1/2 
= 13 1/2 Z (\ x 67.38°) and 

13 1/2 Z(4 x 427.38°) 

= x/l3Z33.69° and vT3Z213.69° 

= 3.61Z33.69° and 3.61Z213.69° 

Thus, in polar form, the two roots are: 3.61Z33.69° 
and 3.61Z—146.31° 

VT3Z33.69° = Vl3( cos 33.69° + j sin 33.69°) 

= 3.0 + y'2.0 

x/l3Z213.69° = Vl3( cos 213.69° + j sin 213.69°) 
= —3.0 — y'2.0 

Thus, in Cartesian form the two roots are: 
±(3.0 +y'2.0) 


36.3 Roots of complex numbers 


The square root of a complex number is determined by 
letting n = j in De Moivre’s theorem, 

i.e. VTZe = [J-Z(9] 1/2 = >- 1/2 Z^<9 = V7Z^ 

There are two square roots of a real number, equal in 
size but opposite in sign. 


Imaginary axis 



Figure 36.1 


Determine the two square roots of the 
complex number (5 +y'12) in polar and Cartesian 
forms and show the roots on an Argand diagram 


From the Argand diagram shown in Fig. 36.1 the two 
roots are seen to be 180° apart, which is always true 
when finding square roots of complex numbers. 
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In general, when finding the nth root of complex num¬ 
ber, there are n solutions. For example, there are three 
solutions to a cube root, five solutions to a fifth root, 
and so on. In the solutions to the roots of a complex 
number, the modulus, r, is always the same, but the 
arguments, 6, are different. It is shown in Problem 3 
that arguments are symmetrically spaced on an Argand 
360° 

diagram and are-apart, where n is the number of the 

n 

roots required. Thus if one of the solutions to the cube 
roots of a complex number is, say, 5Z20°, the other two 

360° 

roots are symmetrically spaced — , i.e. 120 ° from 
this root, and the three roots are 5Z20°, 5Z140° and 
5Z260°. 


Find the roots of (5 + y'3 )] 1 / 2 in 
rectangular form, correct to 4 significant figures 


(5 + y3) = V34Z30.96 0 


Hence (5 + y3 )] 1/2 = 2.415Z15.48 0 and 

2.415Z195.48 0 or 
± (2.327 + /0.6446) 


Express the roots of (—14 + j 3) 2 / 5 

in polar form 


(-14+/3) = V205Z 167.905° 


(—14 + y'3) -2/5 = V205- 2 / 5 Z[(-§) x 167.905°] 
= 0.3449Z—67.164° or 

0.3449Z—67°10 / 


There are five roots to this complex number. 




Applying de Moivre’s theorem: 

(5 + y'3) 1/2 = V34 1/2 Zi x 30 . 96 ° 

= 2.415Z15.48 0 or 2.415Z15°29' 

The second root may be obtained as shown above, i.e. 

360° 

having the same modulus but displaced —-— from the 
first root. 

Thus, (5 + y'3) 1/2 = 2.415Z(15.48° + 180°) 

= 2.415Z195.48 0 


In rectangular form: 

2.415Z15.48° = 2.415 cos 15.48° 

+y2.415 sin 15.48° 

= 2.327 + j 0.6446 

and 2.415Z 195.48° = 2.415 cos 195.48° 

+ y 2.415 sin 195.48° 

= -2.327 — y'0.6446 


The roots are symmetrically displaced from one another 


360° 

“iT 


, i.e. 72° apart round an Argand diagram. 


Thus the required roots are 0.3449Z—67°10 / , 
0.3449Z4°50', 0.3449Z76°50', 0.3449Z148°50' and 
0.3449Z220°50 / . 


Now try the following exercise 


Exercise 133 Further problems on the 
roots of complex numbers 

In Problems 1 to 3 determine the two square roots 
of the given complex numbers in Cartesian form 
and show the results on an Argand diagram. 

1 . (a) 1 +y (b)y 

"(a) ±( 1 . 099 + 70 . 455 )' 
(b) ±(0.707+y0.707)_ 

2. (a) 3 -74 (b) -1 -72 

'(a) ±( 2 - 7 ) 

(b) ±(0.786-yl.272) 

3. (a) 7Z60° (b) 12Zy 

"(a) ±(2.291 + 7 1.323) 

(b) ±(-2.449 + y'2.449) 
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In Problems 4 to 7, determine the moduli and 
arguments of the complex roots. 

4. (3+J4 ) 1 / 3 

Moduli 1.710, arguments 17.71°, 
137.71° and 257.71° 

5. (-2 + 7) 1 / 4 

Moduli 1.223, arguments 38.36°, 
128.36°, 218.36° and 308.36° 

6 . (-6-J5) 1 ' 2 

Moduli 2.795, arguments 
109.90°, 289.90° 

7. (4-;3 )- 2 / 3 

Moduli 0.3420, arguments 24.58°, 
144.58° and 264.58° 


For a transmission line, the characteristic 
impedance Zq and the propagation coefficient 
y are given by: 


Z 0 = 


R + jcoL 
G + jcoC 


and 


Y = \/(R +j(vL){G+ja>C) 


Given R = 25 L = 5 x 10 “ 3 H, 
G= 80 x 10 -6 S, C = 0.04 x 10 -6 F and 
u> = 200071 rad/s, determine, in polar form, 
Zo and y. 

'Z 0 = 390.2Z—10.43° Q,~ 
y = 0.1029Z61.92 0 



















Revision Test 9 


This Revision test covers the material contained in Chapters 33 to 36. The marks for each question are shown in 
brackets at the end of each question. 


1. Four coplanar forces act at a point A as shown in 
Fig. R9.1. Determine the value and direction of the 
resultant force by (a) drawing (b) by calculation. 

(ID 



Figure R9.1 


Plot the two voltages on the same axes to scales of 

TC 

1 cm = 50 volts and 1 cm = — rad. Obtain a sinu- 

6 

soidal expression for the resultant ui + U 2 in the 
form R sin(<wf + a): (a) by adding ordinates at 
intervals and (b) by calculation. (13) 


3. Solve the quadratic equation 

x 2 — 2x + 5 — 0 and show the roots on an Argand 
diagram. ( 8 ) 


4. If Z\ = 2 + j5, Z 2 = 1 — j 3 and Z 3 = 4 —j deter¬ 
mine, in both Cartesian and polar forms, the value 
ZiZ 2 

of:-f Z 3 , correct to 2 decimal places. 

Zi +Z2 

( 8 ) 


2. The instantaneous values of two alternating 
voltages are given by: 


ui = 150 sin^&>r + — ) 
t >2 = 90sin(a>r — — j 


volts and 
volts 


5. Determine in both polar and rectangular forms: 
(a) [3.2 —y'4.8 ] 5 (b) ^T=]3 (10) 
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Chapter 37 


Presentation of 
statistical data 


37.1 Some statistical terminology 


Data are obtained largely by two methods: 

(a) by counting — for example, the number of stamps 
sold by a post office in equal periods of time, and 

(b) by measurement — for example, the heights of a 
group of people. 

When data are obtained by counting and only whole 
numbers are possible, the data are called discrete. Mea¬ 
sured data can have any value within certain limits and 
are called continuous (see Problem 1). 

A set is a group of data and an individual value within 
the set is called a member of the set. Thus, if the 
masses of five people are measured correct to the near¬ 
est 0.1 kilogram and are found to be 53.1 kg, 59.4 kg, 
62.1 kg, 77.8 kg and 64.4 kg, then the set of masses in 
kilograms for these five people is: 

{53.1,59.4,62.1,77.8,64.4} 

and one of the members of the set is 59.4 
A set containing all the members is called a pop¬ 
ulation. Some member selected at random from a 
population are called a sample. Thus all car registration 
numbers form a population, but the registration numbers 
of, say, 20 cars taken at random throughout the country 
are a sample drawn from that population. 

The number of times that the value of a member 
occurs in a set is called the frequency of that mem¬ 
ber. Thus in the set: {2, 3, 4, 5, 4, 2, 4, 7, 9}, 
member 4 has a frequency of three, member 2 has a 
frequency of 2 and the other members have a frequency 
of one. 


The relative frequency with which any member of a 
set occurs is given by the ratio: 

frequency of member 
total frequency of all members 
For the set: {2, 3, 5, 4, 7, 5, 6, 2, 8}, the relative 
frequency of member 5 is |. 

Often, relative frequency is expressed as a per¬ 
centage and the percentage relative frequency is: 
(relative frequency x 100)% 

Data are obtained on the topics given 

below. State whether they are discrete or 

continuous data. 

(a) The number of days on which rain falls in a 
month for each month of the year. 

(b) The mileage travelled by each of a number of 
salesmen. 

(c) The time that each of a batch of similar 
batteries lasts. 

(d) The amount of money spent by each of several 
families on food. 

(a) The number of days on which rain falls in a given 
month must be an integer value and is obtained by 
counting the number of days. Hence, these data 
are discrete. 

(b) A salesman can travel any number of miles 
(and parts of a mile) between certain limits and 
these data are measured. Hence the data are 

continuous. 

(c) The time that a battery lasts is measured and can 
have any value between certain limits. Hence these 
data are continuous. 
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(d) The amount of money spent on food can only 
be expressed correct to the nearest pence, the 
amount being counted. Hence, these data are 

discrete. 


Now try the following exercise 

Exercise 134 Further problems on discrete 
and continuous data 

In Problems 1 and 2, state whether data relating to 
the topics given are discrete or continuous. 

1. (a) The amount of petrol produced daily, for 

each of 31 days, by a refinery. 

(b) The amount of coal produced daily by 
each of 15 miners. 

(c) The number of bottles of milk delivered 
daily by each of 20 milkmen. 

(d) The size of 10 samples of rivets produced 
by a machine. 

(a) continuous (b) continuous 

(c) discrete (d) continuous 

2. (a) The number of people visiting an exhibi¬ 

tion on each of 5 days. 

(b) The time taken by each of 12 athletes to 
run 100 metres. 

(c) The value of stamps sold in a day by each 
of 20 post offices. 

(d) The number of defective items produced 
in each of 10 one-hour periods by a 
machine. 

(a) discrete (b) continuous 

(c) discrete (d) discrete 


37.2 Presentation of ungrouped data 


Ungrouped data can be presented diagrammatically in 

several ways and these include: 

(a) pictograms, in which pictorial symbols are used 
to represent quantities (see Problem 2), 

(b) horizontal bar charts, having data represented by 
equally spaced horizontal rectangles (see Problem 
3), and 

(c) vertical bar charts, in which data are repre¬ 
sented by equally spaced vertical rectangles (see 
Problem 4). 


Trends in ungrouped data over equal periods of time 
can be presented diagrammatically by a percentage 
component bar chart. In such a chart, equally spaced 
rectangles of any width, but whose height corresponds 
to 100%, are constructed. The rectangles are then sub¬ 
divided into values corresponding to the percentage 
relative frequencies of the members (see Problem 5). 

A pie diagram is used to show diagrammatically the 
parts making up the whole. In a pie diagram, the area 
of a circle represents the whole, and the areas of the 
sectors of the circle are made proportional to the parts 
which make up the whole (see Problem 6). 

The number of television sets 
repaired in a workshop by a technician in six, 
one-month periods is as shown below. Present 
these data as a pictogram. 


Month 

January 

February 

March 

Number 

repaired 

11 

6 

15 

Month 

April 

May 

June 

Number 

repaired 

9 

13 

8 


Each symbol shown in Fig. 37.1 represents two televi¬ 
sion sets repaired. Thus, in January, 5 j symbols are used 
to represents the 11 sets repaired, in February, 3 symbols 
are used to represent the 6 sets repaired, and so on. 


Month 

Number of TV sets repaired |§)=2 sets 

January 

February 

March 

April 

May 

June 

|i p p |a |b 
p p p 

ppppppp fa 
p p p p 
p p p p p p ^ 
p p p p 


Figure 37.1 

The distance in miles travelled by 
four salesmen in a week are as shown below. 

Salesmen P Q R S 

Distance 

travelled (miles) 413 264 597 143 

Use a horizontal bar chart to represent these data 
diagrammatically 
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Equally spaced horizontal rectangles of any width, but 
whose length is proportional to the distance travelled, 
are used. Thus, the length of the rectangle for salesman 
P is proportional to 413 miles, and so on. The horizontal 
bar chart depicting these data is shown in Fig. 37.2. 


E 


03 

C/) 



Figure 37.2 


The number of issues of tools or 
materials from a store in a factory is observed for 
seven, one-hour periods in a day, and the results of 
the survey are as follows: 

Period 1 2 3 4 5 6 7 

Number 

of issues 34 17 9 5 27 13 6 

Present these data on a vertical bar chart. 


In a vertical bar chart, equally spaced vertical rectangles 
of any width, but whose height is proportional to the 
quantity being represented, are used. Thus the height 
of the rectangle for period 1 is proportional to 34 units, 
and so on. The vertical bar chart depicting these data is 
shown in Fig. 37.3. 



Periods 

Figure 37.3 


The number of various types of 
dwellings sold by a company annually over a 
three-year period are as shown below. Draw 


percentage component bar charts to present these 
data. 


Year 1 

Year 2 

Year 3 

4-roomed bungalows 

24 

17 

7 

5-roomed bungalows 

38 

71 

118 

4-roomed houses 

44 

50 

53 

5-roomed houses 

64 

82 

147 

6 -roomed houses 

30 

30 

25 


A table of percentage relative frequency values, correct 
to the nearest 1%, is the first requirement. Since, 

percentage relative frequency 

frequency of member x 100 
total frequency 

then for 4-roomed bungalows in year 1: 

percentage relative frequency 
24 x 100 

= -= 12 % 

24 + 38 + 44 + 64 + 30 


The percentage relative frequencies of the other types of 
dwellings for each of the three years are similarly cal¬ 
culated and the results are as shown in the table below. 



Year 1 

Year 2 

Year 3 

4-roomed bungalows 

12 % 

7% 

2 % 

5-roomed bungalows 

19% 

28% 

34% 

4-roomed houses 

22 % 

20 % 

15% 

5-roomed houses 

32% 

33% 

42% 

6 -roomed houses 

15% 

12 % 

7% 


The percentage component bar chart is produced by con¬ 
structing three equally spaced rectangles of any width, 
corresponding to the three years. The heights of the rect¬ 
angles correspond to 100% relative frequency, and are 
subdivided into the values in the table of percentages 
shown above. A key is used (different types of shading 
or different colour schemes) to indicate corresponding 
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percentage values in the rows of the table of percent¬ 
ages. The percentage component bar chart is shown in 
Fig. 37.4. 


ro 
£ 
m 
ai 
ca 


<n 

0 . 



houses 

houses 

houses 

bungalows 

bungalows 


Year 


Figure 37.4 



Figure 37.5 


(b) Using the data presented in Fig. 37.4, 
comment on the housing trends over the 
three-year period. 

(c) Determine the profit made by selling 700 units 
of the product shown in Fig. 37.5. 


The retail price of a product costing 
£2 is made up as follows: materials 10 p, labour 
20 p, research and development 40 p, overheads 
70 p, profit 60 p. Present these data on a pie diagram 



A circle of any radius is drawn, and the area of the circle 
represents the whole, which in this case is £2. The circle 
is subdivided into sectors so that the areas of the sectors 
are proportional to the parts, i.e. the parts which make 
up the total retail price. For the area of a sector to be 
proportional to a part, the angle at the centre of the 
circle must be proportional to that part. The whole, £2 
or 200 p, corresponds to 360°. Therefore, 


(a) By measuring the length of rectangle P the mileage 
covered by salesman P is equivalent to 413 
miles. Hence salesman P receives a travelling 
allowance of 


£413 x 37 
100 


i.e. £152.81 


Similarly, for salesman Q, the miles travelled are 
264 and this allowance is 


£264 x 37 
100 


i.e. £97.68 


Salesman R travels 597 miles and he receives 


£597 x 37 
100 


i.e. £220.89 


10 p corresponds to 360 x 
20 p corresponds to 360 x 


10 

200 

20 

200 


degrees, i.e. 18° 
degrees, i.e. 36° 


and so on, giving the angles at the centre of the circle 
for the parts of the retail price as: 18°, 36°, 12°, 126° 
and 108°, respectively. 

The pie diagram is shown in Fig. 37.5. 


Problem 7. 

(a) Using the data given in Fig. 37.2 only, 

calculate the amount of money paid to each 
salesman for travelling expenses, if they are 
paid an allowance of 37 p per mile. 


Finally, salesman S receives 
£143 x 37 


100 


i.e. £52.91 


(b) An analysis of Fig. 37.4 shows that 5-roomed bun¬ 
galows and 5-roomed houses are becoming more 
popular, the greatest change in the three years 
being a 15% increase in the sales of 5-roomed 
bungalows. 

(c) Since 1.8° corresponds to 1 p and the profit occu¬ 
pies 108° of the pie diagram, then the profit per 

108 x 1 

unit is-, that is, 60 p 

1.8 F 

The profit when selling 700 units of the product is 
700 x 60 

£-, that is, £420 

100 
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Now try the following exercise 

Exercise 135 Further problems on 

presentation of ungrouped 
data 

1. The number of vehicles passing a stationary 
observer on a road in six ten-minute intervals 
is as shown. Draw a pictogram to represent 
these data. 


Period of 

Time 

1 

2 

3 

4 

5 

6 

Number of 

Vehicles 

35 

44 

62 

68 

49 

41 


If one symbol is used to 
represent 10 vehicles, 
working correct to the 
nearest 5 vehicles, 
gives 3.5, 4.5, 6, 7, 5 and 
4 symbols respectively. 

2. The number of components produced by a 
factory in a week is as shown below: 


Day 

Mon 

Tues 

Wed 

Number of 




Components 

1580 

2190 

1840 

Day 

Thurs 

Fri 


Number of 

Components 2385 1280 


Show these data on a pictogram. 

If one symbol represents 
200 components, working 
correct to the nearest 
100 components gives: 
Mon 8, Tues 11, Wed 9, 
Thurs 12 and Fri 6.5 

3. For the data given in Problem 1 above, draw 
a horizontal bar chart. 

6 equally spaced horizontal 
rectangles, whose lengths are 
proportional to 35, 44, 62, 

68, 49 and 41, respectively. 


4. Present the data given in Problem 2 above on 
a horizontal bar chart. 

5 equally spaced 

horizontal rectangles, whose 
lengths are proportional to 
1580, 2190, 1840, 2385 and 
1280 units, respectively. 

5. For the data given in Problem 1 above, 
construct a vertical bar chart. 

6 equally spaced vertical 
rectangles, whose heights 
are proportional to 35, 44, 
62, 68, 49 and 41 units, 
respectively. 

6. Depict the data given in Problem 2 above on 
a vertical bar chart. 

5 equally spaced vertical 

rectangles, whose heights are 
proportional to 1580, 2190, 
1840, 2385 and 1280 units, 
respectively. 

7. A factory produces three different types of 
components. The percentages of each of 
these components produced for three, one- 
month periods are as shown below. Show 
this information on percentage component 
bar charts and comment on the changing trend 
in the percentages of the types of component 
produced. 


Month 

1 

2 

3 

Component P 

20 

35 

40 

Component Q 

45 

40 

35 

Component R 

35 

25 

25 


Three rectangles of equal 
height, subdivided in the 
percentages shown in the 
columns above. P increases 
by 20% at the expense 
of Q and R 

8. A company has five distribution centres and 
the mass of goods in tonnes sent to each 
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centre during four, one-week periods, is as 
shown. 

Week 

1 

2 

3 

4 

Centre A 

147 

160 

174 

158 

Centre B 

54 

63 

77 

69 

Centre C 

283 

251 

237 

211 

Centre D 

97 

104 

117 

144 

Centre E 

224 

218 

203 

194 


Use a percentage component bar chart to 
present these data and comment on any 
trends. 

Four rectangles of equal 

heights, subdivided as follows: 
week 1: 18%, 7%, 35%, 12%, 
28% week 2: 20%, 8%, 32%, 
13%, 27% week 3: 22%, 10%, 
29%, 14%, 25% week 4: 20%, 
9%, 27%, 19%, 25%. Little 
change in centres A and B , a 
reduction of about 8% in C, an 
increase of about 7% in D and a 
reduction of about 3% in E. 

9. The employees in a company can be split 
into the following categories: managerial 3, 
supervisory 9, craftsmen 21, semi-skilled 67, 
others 44. Shown these data on a pie diagram. 

A circle of any radius, 
subdivided into sectors 
having angles of 7.5°, 22.5°, 
52.5°, 167.5° and 110°, 
respectively. 

10. The way in which an apprentice spent his 
time over a one-month period is a follows: 

drawing office 44 hours, production 
64 hours, training 12 hours, at college 
28 hours. 

Use a pie diagram to depict this information. 

A circle of any radius, 
subdivided into sectors 
having angles of 107°, 

156°, 29° and 68°, respectively. 


11. (a) With reference to Fig. 37.5, determine 

the amount spent on labour and materials 
to produce 1650 units of the product. 

(b) If in year 2 of Fig. 37.4, 1% corresponds 
to 2.5 dwellings, how many bungalows 
are sold in that year. 

[(a) £495, (b) 88] 

12. (a) If the company sell 23 500 units per 

annum of the product depicted in 
Fig. 37.5, determine the cost of their 
overheads per annum. 

(b) If 1% of the dwellings represented in 
year 1 of Fig. 37.4 corresponds to 2 
dwellings, find the total number of 
houses sold in that year. 

[(a) £16 450, (b) 138] 


37.3 Presentation of grouped data 


When the number of members in a set is small, say ten or 
less, the data can be represented diagrammatically with¬ 
out further analysis, by means of pictograms, bar charts, 
percentage components bar charts or pie diagrams (as 
shown in Section 37.2). 

For sets having more than ten members, those mem¬ 
bers having similar values are grouped together in 
classes to form a frequency distribution. To assist in 
accurately counting members in the various classes, a 
tally diagram is used (see Problems 8 and 12). 

A frequency distribution is merely a table show¬ 
ing classes and their corresponding frequencies (see 
Problems 8 and 12). 

The new set of values obtained by forming a fre¬ 
quency distribution is called grouped data. 

The terms used in connection with grouped data are 
shown in Fig. 37.6(a). The size or range of a class 
is given by the upper class boundary value minus 
the lower class boundary value, and in Fig. 37.6 is 
7.65 - 7.35, i.e. 0.30. The class interval for the class 
shown in Fig. 37.6(b) is 7.4 to 7.6 and the class mid-point 
value is given by: 

( upper class \ / lower class \ 

boundary value J \ boundary value J 
2 


and in Fig. 37.6 is 


7.65 + 7.35 


i.e. 7.5 


One of the principal ways of presenting grouped data 
diagrammatically is by using a histogram, in which 
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1 

Class interval 

J 


t 



Lower Class Upper 

class mid-point ciass 

boundary boundary 





CO 

o 

7.4 to 7.6 

7.7 to 

(b) 

! 



7.35 7.5 7.65 


Figure 37.6 


the areas of vertical, adjacent rectangles are made pro¬ 
portional to frequencies of the classes (see Problem 9). 
When class intervals are equal, the heights of the rect¬ 
angles of a histogram are equal to the frequencies of the 
classes. For histograms having unequal class intervals, 
the area must be proportional to the frequency. Hence, 
if the class interval of class A is twice the class inter¬ 
val of class B , then for equal frequencies, the height 
of the rectangle representing A is half that of B (see 
Problem 11). 

Another method of presenting grouped data diagram- 
matically is by using a frequency polygon, which is the 
graph produced by plotting frequency against class mid¬ 
point values and joining the coordinates with straight 
lines (see Problem 12). 

A cumulative frequency distribution is a table 
showing the cumulative frequency for each value of 
upper class boundary. The cumulative frequency for a 
particular value of upper class boundary is obtained by 
adding the frequency of the class to the sum of the pre¬ 
vious frequencies. A cumulative frequency distribution 
is formed in Problem 13. 

The curve obtained by joining the co-ordinates of 
cumulative frequency (vertically) against upper class 
boundary (horizontally) is called an ogive or a cumu¬ 
lative frequency distribution curve (see Problem 13). 


The data given below refer to the gain 
of each of a batch of 40 transistors, expressed correct 
to the nearest whole number. Form a frequency 
distribution for these data having seven classes 


81 

83 

87 

74 

76 

89 

82 

84 

86 

76 

77 

71 

86 

85 

87 

88 

84 

81 

80 

81 

73 

89 

82 

79 

81 

79 

78 

80 

85 

77 

84 

78 

83 

79 

80 

83 

82 

79 

80 

77 


The range of the data is the value obtained by tak¬ 
ing the value of the smallest member from that of the 
largest member. Inspection of the set of data shows 
that, range = 89 — 71 = 18. The size of each class is 
given approximately by range divided by the number of 
classes. Since 7 classes are required, the size of each 
class is 18/7, that is, approximately 3. To achieve seven 
equal classes spanning a range of values from 71 to 89, 
the class intervals are selected as: 70-72, 73-75, and 
so on. 

To assist with accurately determining the number in 
each class, a tally diagram is produced, as shown in 
Table 37.1(a). This is obtained by listing the classes 
in the left-hand column, and then inspecting each of the 
40 members of the set in turn and allocating them to the 
appropriate classes by putting ‘ I s’ in the appropriate 
rows. Every fifth ‘1’ allocated to a particular row is 
shown as an oblique line crossing the four previous ‘ Is’, 
to help with final counting. 


Table 37.1(a) 


Class 

Tally 

70-72 

1 

73-75 

11 

76-78 

J-HT11 

79-81 

T-Hi'J-Ftt'll 

82-84 

T-H-Tllll 

85-87 

j-hti 

88-90 

111 


Table 37.1(b) 


Class 

Class mid-point 

Frequency 

70-72 

71 

1 

73-75 

74 

2 

76-78 

77 

7 

79-81 

80 

12 

82-84 

83 

9 

85-87 

86 

6 

88-90 

89 

3 
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A frequency distribution for the data is shown in 
Table 37.1(b) and lists classes and their correspond¬ 
ing frequencies, obtained from the tally diagram. (Class 
mid-point values are also shown in the table, since they 
are used for constructing the histogram for these data 
(see Problem 9)). 


Construct a histogram for the data 
given in Table 37.1(b) 


The histogram is shown in Fig. 37.7. The width of 
the rectangles correspond to the upper class bound¬ 
ary values minus the lower class boundary values and 
the heights of the rectangles correspond to the class 
frequencies. The easiest way to draw a histogram is 
to mark the class mid-point values on the horizontal 
scale and draw the rectangles symmetrically about the 
appropriate class mid-point values and touching one 
another. 




Class mid-point values 


Figure 37.7 


The amount of money earned weekly 
by 40 people working part-time in a factory, correct 
to the nearest £10, is shown below. Form a frequency 
distribution having 6 classes for these data. 


80 

90 

70 

110 

90 

160 

110 

80 

140 

30 

90 

50 

100 

110 

60 

100 

80 

90 

110 

80 

100 

90 

120 

70 

130 

170 

80 

120 

100 

110 

40 

110 

50 

100 

110 

90 

100 

70 

110 

80 


Inspection of the set given shows that the majority of 
the members of the set lie between £80 and £110 and 


Table 37.2 


Class Frequency 


20-40 

2 

50-70 

6 

80-90 

12 

100-110 

14 

120-140 

4 

150-170 

2 


that there are a much smaller number of extreme val¬ 
ues ranging from £30 to £170. If equal class intervals 
are selected, the frequency distribution obtained does 
not give as much information as one with unequal class 
intervals. Since the majority of members are between 
£80 and £100, the class intervals in this range are 
selected to be smaller than those outside of this range. 
There is no unique solution and one possible solution is 
shown in Table 37.2. 


Draw a histogram for the data given 

in Table 37.2 


When dealing with unequal class intervals, the his¬ 
togram must be drawn so that the areas, (and not the 
heights), of the rectangles are proportional to the fre¬ 
quencies of the classes. The data given are shown in 
columns 1 and 2 of Table 37.3. Columns 3 and 4 give 
the upper and lower class boundaries, respectively. In 
column 5, the class ranges (i.e. upper class bound¬ 
ary minus lower class boundary values) are listed. The 
heights of the rectangles are proportional to the ratio 
frequency 

-, as shown in column 6. The histogram is 

class range 
shown in Fig. 37.8. 


The masses of 50 ingots in 
kilograms are measured correct to the nearest 0.1 kg 
and the results are as shown below. Produce a 
frequency distribution having about 7 classes for 
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Table 37.3 

1 

2 

3 

4 

5 

6 

Class 

Frequency 

Upper class boundary 

Fower class boundary 

Class range 

Height of rectangle 

20-40 

2 

45 

15 

30 

2 1 

30 _ 15 

50-70 

6 

75 

45 

30 

6 3 

30 _ 15 

80-90 

12 

95 

75 

20 

12 9 

20~15 

100-110 

14 

115 

95 

20 

14 _ 10^ 

20 15 

120-140 

4 

145 

115 

30 

SI* 

II 

150-170 

2 

175 

145 

30 

2 1 

30~15 



Figure 37.8 


these 

data 

and then present the 

grouped data as 

(a) a 

frequency polygon and (b) histogram. 



8.0 

8.6 

8.2 

7.5 

8.0 

9.1 

8.5 

7.6 

8.2 

7.8 

8.3 

7.1 

8.1 

8.3 

8.7 

7.8 

8.7 

8.5 

8.4 

8.5 

7.7 

8.4 

7.9 

8.8 

7.2 

8.1 

7.8 

8.2 

7.7 

7.5 

8.1 

7.4 

8.8 

8.0 

8.4 

8.5 

8.1 

7.3 

9.0 

8.6 

7.4 

8.2 

8.4 

7.7 

8.3 

8.2 

7.9 

8.5 

7.9 

8.0 


The range of the data is the member having the largest 
value minus the member having the smallest value. 
Inspection of the set of data shows that: 

range = 9.1 — 7.1 = 2.0 

The size of each class is given approximately by 
range 

number of classes 


Since about seven classes are required, the size of each 
class is 2.0/7, that is approximately 0.3, and thus the 
class limits are selected as 7.1 to 7.3, 7.4 to 7.6, 7.7 to 
7.9, and so on. 

The class mid-point for the 7.1 to 7.3 class is 
7.35 + 7.05 

---, i.e. 7.2, for the 7.4 to 7.6 class is 

7.65 + 7.35 

-, i.e. 7.5, and so on. 

2 

To assist with accurately determining the number 
in each class, a tally diagram is produced as shown 
in Table 37.4. This is obtained by listing the classes 
in the left-hand column and then inspecting each of 
the 50 members of the set of data in turn and allocat¬ 
ing it to the appropriate class by putting a ‘1’ in the 
appropriate row. Each fifth ' I ’ allocated to a particu¬ 
lar row is marked as an oblique line to help with final 
counting. 

A frequency distribution for the data is shown in 
Table 37.5 and lists classes and their corresponding fre¬ 
quencies. Class mid-points are also shown in this table, 
since they are used when constructing the frequency 
polygon and histogram. 

A frequency polygon is shown in Fig. 37.9, the 
co-ordinates corresponding to the class mid-point/ 
frequency values, given in Table 37.5. The co-ordinates 
are joined by straight lines and the polygon is ‘anchored- 
down’ at each end by joining to the next class mid-point 
value and zero frequency. 
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Table 37.4 


Class 

Tally 

7.1 to 7.3 

111 

7.4 to 7.6 

t-h-t 

7.7 to 7.9 

TT+rilll 

8.0 to 8.2 

+H+T4+T1111 

8.3 to 8.5 

TTTTT-H'T 1 

8.6 to 8.8 

T+TT1 

8.9 to 9.1 

11 


Table 37.5 


Class 

Class mid-point 

Frequency 

7.1 to 7.3 

7.2 

3 

7.4 to 7.6 

7.5 

5 

7.5 to 7.9 

7.8 

9 

8.0 to 8.2 

8.1 

14 

8.3 to 8.5 

8.4 

11 

8.6 to 8.8 

8.7 

6 

8.9 to 9.1 

9.0 

2 



Figure 37.9 


A histogram is shown in Fig. 37.10, the width of 
a rectangle corresponding to (upper class boundary 



Class mid-point values 


Figure 37.10 

value — lower class boundary value) and height cor¬ 
responding to the class frequency. The easiest way to 
draw a histogram is to mark class mid-point values on 
the horizontal scale and to draw the rectangles symmet¬ 
rically about the appropriate class mid-point values and 
touching one another. A histogram for the data given in 
Table 37.5 is shown in Fig. 37.10. 

The frequency distribution for the 
masses in kilograms of 50 ingots is: 

7.1 to 7.3 3, 7.4 to 7.6 5, 7.7 to 7.9 9, 

8.0 to 8.2 14, 8.3 to 8.5 11, 8.6 to 8.8, 6, 

8.9 to 9.1 2, 

Form a cumulative frequency distribution for these 
data and draw the corresponding ogive 

A cumulative frequency distribution is a table giv¬ 
ing values of cumulative frequency for the values of 
upper class boundaries, and is shown in Table 37.6. 
Columns 1 and 2 show the classes and their frequen¬ 
cies. Column 3 lists the upper class boundary values 
for the classes given in column 1. Column 4 gives 
the cumulative frequency values for all frequencies less 
than the upper class boundary values given in column 
3. Thus, for example, for the 7.7 to 7.9 class shown 
in row 3, the cumulative frequency value is the sum 
of all frequencies having values of less than 7.95, i.e. 
3 + 5 + 9= 17, and so on. The ogive for the cumula¬ 
tive frequency distribution given in Table 37.6 is shown 
in Fig. 37.11. The co-ordinates corresponding to each 
upper class boundary/cumulative frequency value are 
plotted and the co-ordinates are joined by straight lines 
(— not the best curve drawn through the co-ordinates 
as in experimental work). The ogive is ‘anchored’ at its 
start by adding the co-ordinate (7.05, 0). 
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Table 37.6 


1 

Class 

2 

Frequency 

3 

Upper Class 
boundary 

4 

Cumulative 

frequency 

Less than 

7.1-7.3 

3 

7.35 

3 

7.4-7.6 

5 

7.65 

8 

7.7-7.9 

9 

7.95 

17 

8.0-8.2 

14 

8.25 

31 

8.3-8.5 

11 

8.55 

42 

8.6-8.8 

6 

8.85 

48 

8.9-9.1 

2 

9.15 

50 



Upper class boundary values in kilograms 

Figure 37.11 


Now try the following exercise 

Exercise 136 Further problems on 

presentation of grouped data 

1. The mass in kilograms, correct to the nearest 
one-tenth of a kilogram, of 60 bars of metal 
are as shown. Form a frequency distribution 


of about 

8 classes 

for these 

data. 


39.8 

40.3 

40.6 

40.0 

39.6 

39.6 

40.2 

40.3 

40.4 

39.8 

40.2 

40.3 

39.9 

39.9 

40.0 

40.1 

40.0 

40.1 

40.1 

40.2 


39.7 

40.4 

39.9 

40.1 

39.9 

39.5 

40.0 

39.8 

39.5 

39.9 

40.1 

40.0 

39.7 

40.4 

39.3 

40.7 

39.9 

40.2 

39.9 

40.0 

40.1 

39.7 

40.5 

40.5 

39.9 

40.8 

40.0 

40.2 

40.0 

39.9 

39.8 

39.7 

39.5 

40.1 

40.2 

40.6 

40.1 

39.7 

40.2 

40.3 


There is no unique solution. 


but one solution is: 



39.3-39.4 

1; 

39.5-39.6 

5 


39.7-39.8 

9; 

39.9-40.0 

17 


40.1-40.2 

15; 

40.3—10.4 

7 


40.5-40.6 

4; 

40.7-40.8 

2 


2. Draw a histogram for the frequency distribu¬ 
tion given in the solution of Problem 1. 

Rectangles, touching one another, 
having mid-points of 39.35, 
39.55, 39.75, 39.95,... and 
heights of 1, 5, 9, 17,... 

3. The information given below refers to the value 
of resistance in ohms of a batch of 48 resistors 
of similar value. Form a frequency distribution 
for the data, having about 6 classes and draw a 
frequency polygon and histogram to represent 
these data diagrammatically. 

21.0 22.4 22.8 21.5 22.6 21.1 21.6 22.3 

22.9 20.5 21.8 22.2 21.0 21.7 22.5 20.7 

23.2 22.9 21.7 21.4 22.1 22.2 22.3 21.3 

22.1 21.8 22.0 22.7 21.7 21.9 21.1 22.6 

21.4 22.4 22.3 20.9 22.8 21.2 22.7 21.6 

22.2 21.6 21.3 22.1 21.5 22.0 23.4 21.2 

There is no unique solution, 
but one solution is: 

20.5- 20.9 3; 21.0-21.4 10; 

21.5- 21.9 11; 22.0-22.4 13; 

22.5- 22.9 9; 23.0-23.4 2 

4. The time taken in hours to the failure of 50 
specimens of a metal subjected to fatigue fail¬ 
ure tests are as shown. Form a frequency dis¬ 
tribution, having about 8 classes and unequal 
class intervals, for these data. 

28 22 23 20 12 24 37 28 21 25 

21 14 30 23 27 13 23 7 26 19 

24 22 26 3 21 24 28 40 27 24 

20 25 23 26 47 21 29 26 22 33 

27 9 13 35 20 16 20 25 18 22 
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There is no unique solution, 
but one solution is: 1-10 3; 

11-19 7; 20-22 12; 23-25 11; 

26-28 10; 29-38 5; 39-48 2 

5. Form a cumulative frequency distribution and 
hence draw the ogive for the frequency distri¬ 
bution given in the solution to Problem 3. 

'20.95 3; 21.45 13; 21.95 24;' 

22.45 37; 22.95 46; 23.45 48 

6. Draw a histogram for the frequency distribu¬ 
tion given in the solution to Problem 4. 

Rectangles, touching one another, 
having mid-points of 5.5, 15, 

21,24, 27,33.5 and 43.5. The 
heights of the rectangles (frequency 
per unit class range) are 0.3, 

0.78, 4. 4.67, 2.33, 0.5 and 0.2 

7. The frequency distribution for a batch of 
50 capacitors of similar value, measured in 
microfarads, is: 

10.5- 10.9 2, 11.0-11.4 7, 

11.5- 11.9 10, 12.0-12.4 12, 

12.5- 12.9 11, 13.0-13.4 8 

Form a cumulative frequency distribution for 
these data. 

'(10.95 2), (11.45 9), (11.95 11),' 
_(12.45 31), (12.95 42), (13.45 50)_ 

8. Draw an ogive for the data given in the 
solution of Problem 7. 

9. The diameter in millimetres of a reel of wire 
is measured in 48 places and the results are as 
shown. 


2.10 

2.29 

2.32 

2.21 

2.14 

2.22 

2.28 

2.18 

2.17 

2.20 

2.23 

2.13 

2.26 

2.10 

2.21 

2.17 

2.28 

2.15 

2.16 

2.25 

2.23 

2.11 

2.27 

2.34 

2.24 

2.05 

2.29 

2.18 

2.24 

2.16 

2.15 

2.22 

2.14 

2.27 

2.09 

2.21 

2.11 

2.17 

2.22 

2.19 

2.12 

2.20 

2.23 

2.07 

2.13 

2.26 

2.16 

2.12 


(a) Form a frequency distribution of 
diameters having about 6 classes. 


(b) Draw a histogram depicting the data. 

(c) Form a cumulative frequency distribu¬ 
tion. 

(d) Draw an ogive for the the data. 

(a) There is unique solution, 
but one solution is: 

2.05-2.09 3; 2.10-2.14 10; 

2.15-2.19 11; 2.20-2.24 13; 

2.25-2.29 9; 2.30-2.34 2 

(b) Rectangles, touching one 
another, having mid-points of 
2.07, 2.12 ... and heights of 
3, 10,... 

(c) Using the frequency 
distribution given in the 
solution to part (a) gives: 

2.095 3; 2.145 13; 2.195 24; 

2.245 37; 2.295 46; 2.345 48 

(d) A graph of cumulative 
frequency against upper 
class boundary having 
the coordinates given 
in part (c). 
















Chapter 38 


Measures of central tendency 

and dispersion 


38.1 Measures of central tendency 


A single value, which is representative of a set of values, 
may be used to give an indication of the general size of 
the members in a set, the word ‘average’ often being 
used to indicate the single value. 

The statistical term used for ‘average’ is the arith¬ 
metic mean or just the mean. Other measures of central 
tendency may be used and these include the median and 
the modal values. 


38.2 Mean, median and mode for 
discrete data 


Mean 


The arithmetic mean value is found by adding together 
the values of the members of a set and dividing by the 
number of members in the set. Thus, the mean of the 
set of numbers: {4, 5, 6, 9} is: 

4 + 5 + 6 + 9 . 

- i.e. 6 

4 

In general, the mean of the set: {x \, X 2 , xj, ..., x„} is 


_ X\ + X2 + X 3 + ■ - 
X = - 


+ x n X> 

-, written as- 

n 


where E is the Greek letter ‘sigma’ and means ‘the sum 
of’, and x (called x-bar) is used to signify a mean value. 


Median 

The median value often gives a better indication of 
the general size of a set containing extreme values. The 


set: {7, 5, 74, 10} has a mean value of 24, which is not 
really representative of any of the values of the members 
of the set. The median value is obtained by: 

(a) ranking the set in ascending order of magnitude, 
and 

(b) selecting the value of the middle member for sets 
containing an odd number of members, or finding 
the value of the mean of the two middle members 
for sets containing an even number of members. 

For example, the set: {7, 5, 74, 10} is ranked as 
{5, 7, 10, 74}, and since it contains an even num¬ 
ber of members (four in this case), the mean of 
7 and 10 is taken, giving a median value of 8.5. 
Similarly, the set: {3, 81, 15, 7, 14} is ranked as 
{3, 7, 14, 15, 81} and the median value is the value 
of the middle member, i.e. 14. 


Mode 

The modal value, or mode, is the most commonly 
occurring value in a set. If two values occur with 
the same frequency, the set is ‘bi-modal’. The set: 
{5, 6, 8, 2, 5, 4, 6, 5, 3} has a modal value of 5, since 
the member having a value of 5 occurs three times. 

Determine the mean, median and 
mode for the set: 

{2,3,7,5,5,13,1,7,4,8,3,4,3} 


The mean value is obtained by adding together the val¬ 
ues of the members of the set and dividing by the number 
of members in the set. 
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Thus, mean value, 


2 + 3 + 7 + 5 + 5+13+1 
+7 + 4 + 8 + 3 + 4 + 3 65 



To obtain the median value the set is ranked, that is, 
placed in ascending order of magnitude, and since the 
set contains an odd number of members the value of the 
middle member is the median value. Ranking the set 
gives: 

{1,2,3,3,3,4,4,5,5,7,7,8,13} 

The middle term is the seventh member, i.e. 4, thus the 

median value is 4. 

The modal value is the value of the most commonly 
occurring member and is 3, which occurs three times, 
all other members only occurring once or twice. 

The following set of data refers to the 
amount of money in £s taken by a news vendor for 
6 days. Determine the mean, median and modal 
values of the set: 

{27.90,34.70,54.40,18.92,47.60,39.68} 


2. {26,31,21,29,32,26,25,28} 

[mean 27.25, median 27, mode 26] 

3. {4.72, 4.71, 4.74, 4.73, 4.72,4.71, 4.73, 4.72} 

[mean 4.7225, median 4.72, mode 4.72] 

4. {73.8, 126.4, 40.7, 141.7, 28.5, 237.4, 157.9} 

[mean 115.2, median 126.4, no mode] 


38.3 Mean, median and mode for 
grouped data 


The mean value for a set of grouped data is found 
by determining the sum of the (frequency x class mid¬ 
point values) and dividing by the sum of the frequencies, 


i.e. mean value 


_ _ /l*l +/2*2 H- \~fnXn 

fl +fl H- +fn 


= E(fr) 

Ef 

where/ is the frequency of the class having a mid-point 
value of x, and so on. 


Mean value 

The ranked set is: 


27.90 + 34.70 + 54.40 
+ 18.92 + 47.60 + 39.68 
6 


£37.20 


{18.92,27.90,34.70,39.68,47.60,54.40} 


Since the set has an even number of members, the mean 
of the middle two members is taken to give the median 
value, i.e. 


34.70 + 39.68 

median value = - 


£37.19 


Since no two members have the same value, this set has 

no mode. 


Now try the following exercise 


Exercise 137 Further problems on mean, 
median and mode for 
discrete data 

In Problems 1 to 4, determine the mean, median 
and modal values for the sets given. 

1. {3,8,10,7,5,14,2,9,8} 

[mean 7.33, median 8, mode 8] 


The frequency distribution for the 
value of resistance in ohms of 48 resistors is as 
shown. Determine the mean value of resistance. 

20.5-20.9 3, 21.0-21.4 10, 21.5-21.9 11, 

22.0-22.4 13, 22.5-22.9 9, 23.0-23.4 2 


The class mid-point/frequency values are: 

20.7 3, 21.2 10, 21.7 11, 22.2 13, 

22.7 9 and 23.2 2 


For grouped data, the mean value is given by: 

__ £(A) 

* Ef 

where / is the class frequency and x is the class 
mid-point value. Hence mean value, 


(3 x 20.7)+ (10 x 21.2)+ (11 x 21.7) 
+(13 x 22.2) + (9 x 22.7) + (2 x 23.2) 


1052.1 

48 


21.919... 


i.e. the mean value is 21.9 ohms, correct to 3 significant 
figures. 
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Histogram 

The mean, median and modal values for grouped data 
may be determined from a histogram. In a histogram, 
frequency values are represented vertically and variable 
values horizontally. The mean value is given by the value 
of the variable corresponding to a vertical line drawn 
through the centroid of the histogram. The median value 
is obtained by selecting a variable value such that the 
area of the histogram to the left of a vertical line drawn 
through the selected variable value is equal to the area of 
the histogram on the right of the line. The modal value 
is the variable value obtained by dividing the width of 
the highest rectangle in the histogram in proportion to 
the heights of the adjacent rectangles. The method of 
determining the mean, median and modal values from 
a histogram is shown in Problem 4. 

The time taken in minutes to 
assemble a device is measured 50 times and the 
results are as shown. Draw a histogram depicting 
this data and hence determine the mean, median 
and modal values of the distribution. 

14.5- 15.5 5, 16.5-17.5 8, 18.5-19.5 16, 

20.5- 21.5 12, 22.5-23.5 6, 24.5-25.5 3 

The histogram is shown in Fig. 38.1. The mean value 
lies at the centroid of the histogram. With reference to 
any arbitrary axis, say YY shown at a time of 14 minutes, 
the position of the horizontal value of the centroid can be 
obtained from the relationship AM = where A is 

the area of the histogram, M is the horizontal distance of 
the centroid from the axis YY, a is the area of a rectangle 
of the histogram and m is the distance of the centroid 
of the rectangle from YY. The areas of the individual 


Mean 



] Time in minutes 


rectangles are shown circled on the histogram giving a 
total area of 100 square units. The positions, m, of the 
centroids of the individual rectangles are 1,3,5, .. .units 
from YY. Thus 

100M = (10 x 1) + (16 x 3) + (32 x 5) 

+ (24 x 7)+ (12 x 9) + (6 x 11) 

560 

t.e. M = -= 5.6 units from YY 

100 

Thus the position of the mean with reference to the time 
scale is 14 + 5.6, i.e. 19.6 minutes. 

The median is the value of time corresponding to a 
vertical line dividing the total area of the histogram into 
two equal parts. The total area is 100 square units, hence 
the vertical line must be drawn to give 50 units of area on 
each side. To achieve this with reference to Fig. 38.1, 
rectangle ABFE must be split so that 50 — (10+ 16) 
units of area lie on one side and 50 — (24 + 12 + 6) units 
of area lie on the other. This shows that the area of ABFE 
is split so that 24 units of area lie to the left of the line 
and 8 units of area lie to the right, i.e. the vertical line 
must pass through 19.5 minutes. Thus the median value 
of the distribution is 19.5 minutes. 

The mode is obtained by dividing the line AB , which 
is the height of the highest rectangle, proportionally to 
the heights of the adjacent rectangles. With reference to 
Fig. 38.1, this is done by joining AC and BD and drawing 
a vertical line through the point of intersection of these 
two lines. This gives the mode of the distribution and 
is 19.3 minutes. 


Now try the following exercise 

Exercise 138 Further problems on mean, 
median and mode for 
grouped data 

1. 21 bricks have a mean mass of 24.2 kg, and 
29 similar bricks have a mass of 23.6 kg. 
Determine the mean mass of the 50 bricks. 

[23.85 kg] 

2. The frequency distribution given below refers 
to the heights in centimetres of 100 people. 
Determine the mean value of the distribution, 
correct to the nearest millimetre. 

150-156 5, 157-163 18, 164-170 20 
171-177 27, 178-184 22, 185-191 8 

[171.7 cm] 


Figure 38.1 
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3. The gain of 90 similar transistors is measured 
and the results are as shown. 

83.5- 85.5 6, 86.5-88.5 39, 89.5-91.5 27, 

92.5- 94.5 15, 95.5-97.5 3 


(e) divide by the number of members in the set, n, 
giving 

(Xl - X) 2 + (X 2 - x) 2 + — x) 2 H- 

n 

(f) determine the square root of (e). 


By drawing a histogram of this frequency dis¬ 
tribution, determine the mean, median and 
modal values of the distribution. 

[mean 89.5, median 89, mode 88.2] 

4. The diameters, in centimetres, of 60 holes 
bored in engine castings are measured and 
the results are as shown. Draw a histogram 
depicting these results and hence determine 
the mean, median and modal values of the 
distribution. 

2.011-2.014 7, 2.016-2.019 16, 
2.021-2.024 23, 2.026-2.029 9, 
2.031-2.034 5 

mean 2.02158 cm, median 2.02152 cm, 
mode 2.02167 cm 


38.4 Standard deviation 


(a) Discrete data 

The standard deviation of a set of data gives an indi¬ 
cation of the amount of dispersion, or the scatter, of 
members of the set from the measure of central ten¬ 
dency. Its value is the root-me an-square value of the 
members of the set and for discrete data is obtained as 
follows: 

(a) determine the measure of central tendency, usually 
the mean value, (occasionally the median or modal 
values are specified), 

(b) calculate the deviation of each member of the set 
from the mean, giving 

(*1 - X), (X2 - x), - x),..., 

(c) determine the squares of these deviations, i.e. 

(x\ - x) 2 , (x 2 - x) 2 , (X 3 - x) 2 , 

(d) find the sum of the squares of the deviations, 
that is 

(XI - x) 2 + (X2 - x) 2 + (X 3 - x) 2 , . . . , 


The standard deviation is indicated by a (the Greek letter 
small ‘sigma’) and is written mathematically as: 


standard deviation, a = 

where x is a member of the set, x is the mean value of the 
set and n is the number of members in the set. The value 
of standard deviation gives an indication of the distance 
of the members of a set from the mean value. The set: 
{1, 4, 7, 10, 13} has a mean value of 7 and a standard 
deviation of about 4.2. The set [5, 6, 7, 8, 9} also has 
a mean value of 7, but the standard deviation is about 
1.4. This shows that the members of the second set are 
mainly much closer to the mean value than the members 
of the first set. The method of determining the standard 
deviation for a set of discrete data is shown in Problem 5. 


/ £(x - x) 2 


Determine the standard deviation 
from the mean of the set of numbers: 

[5, 6, 8, 4, 10, 3}, correct to 4 significant figures. 


y> 

The arithmetic mean, x = - 


5 + 6 + 8 + 4 
+ 10 + 3 


= 6 


Standard deviation, 


' £ (x - x) 2 


The (x —x) 2 values are: (5 —6) 2 , (6 —6) 2 , (8 —6) 2 , 
(4 — 6) 2 , (10 — 6) 2 and (3-6) 2 . 

The sum of the (x — x) 2 values, 

i.e. (x - x) 2 = 1 + 0 + 4 + 4 + 16 + 9 = 34 

and E(.»-»)+34 = 5il 

n 6 

since there are 6 members in the set. 

Hence, standard deviation, 


„ = ,E++l = v /ii = 2.380 


correct to 4 significant figures 
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(b) Grouped data 


For grouped data, standard deviation 


a 


/£{/(*-x) 2 ' 

£/ 


where/ is the class frequency value, x is the class mid¬ 
point value and x is the mean value of the grouped data. 
The method of determining the standard deviation for a 
set of grouped data is shown in Problem 6. 


The frequency distribution for the 
values of resistance in ohms of 48 resistors is as 
shown. Calculate the standard deviation from the 
mean of the resistors, correct to 3 significant figures. 

20.5-20.9 3, 21.0-21.4 10, 21.5-21.9 11, 
22.0-22.4 13, 22.5-22.9 9, 23.0-23.4 2 


The standard deviation for grouped data is given by: 


/£ {f(x-x) 2 } 

TJ 


From Problem 3, the distribution mean value, x = 21.92, 
correct to 4 significant figures. 

The ‘x-values’ are the class mid-point values, i.e. 20.7, 
21.2,21.7, ..., 


Thus the (x — x) 2 values are (20.7 — 21.92) 2 , 
(21.2-21,92) 2 , (21.7-21,92) 2 , .... 


and the/(x — x) 2 values are 3(20.7 — 21.92) 2 , 
10(21.2-21.92) 2 , 11(21.7-21.92) 2 , .... 

The E/(x — x) 2 values are 

4.4652 + 5.1840 + 0.5324+ 1.0192 
+ 5.4756 + 3.2768 = 19.9532 

£{/(x-x) 2 } 19.9532 

— 1 ' - — = -= 0.41569 

£/ 48 

and standard deviation. 


'Ef/C*-*) 2 } 


£/ 


= VO. 41569 = 0.645, 


correct to 3 significant figures 


Now try the following exercise 


Exercise 139 Further problems on 
standard deviation 

1. Determine the standard deviation from the 
mean of the set of numbers: 

{35,22,25,23,28,33,30} 
correct to 3 significant figures. [4.60] 

2. The values of capacitances, in microfarads, of 
ten capacitors selected at random from a large 
batch of similar capacitors are: 

34.3,25.0,30.4,34.6,29.6,28.7, 

33.4,32.7,29.0 and 31.3 

Determine the standard deviation from the 
mean for these capacitors, correct to 3 signifi¬ 
cant figures. [2.83 p,F] 

3. The tensile strength in megapascals for 15 
samples of tin were determined and found 
to be: 

34.61,34.57,34.40,34.63,34.63,34.51, 
34.49,34.61,34.52,34.55,34.58,34.53, 
34.44, 34.48 and 34.40 

Calculate the mean and standard deviation 
from the mean for these 15 values, correct to 
4 significant figures. 

mean 34.53 MPa, standard 
deviation 0.07474 MPa 

4. Calculate the standard deviation from the mean 

for the mass of the 50 bricks given in Prob¬ 
lem 1 of Exercise 138, page 347, correct to 3 
significant figures. [0.296 kg] 

5. Determine the standard deviation from the 

mean, correct to 4 significant figures, for the 
heights of the 100 people given in Problem 2 
of Exercise 138, page 347. [9.394 cm] 

6. Calculate the standard deviation from the mean 
for the data given in Problem 4 of Exercise 138, 
page 348, correct to 3 significant figures. 

[0.00544 cm] 
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38.5 Quartiles, deciles and 
percentiles 


Other measures of dispersion, which are sometimes 
used, are the quartile, decile and percentile values. The 
quartile values of a set of discrete data are obtained by 
selecting the values of members that divide the set into 
four equal parts. Thus for the set: {2, 3, 4, 5, 5, 7, 9, 
11, 13, 14, 17} there are 11 members and the values of 
the members dividing the set into four equal parts are 
4, 7, and 13. These values are signified by Q\, Qi and 
<23 and called the first, second and third quartile val¬ 
ues, respectively. It can be seen that the second quartile 
value, Q 2 , is the value of the middle member and hence 
is the median value of the set. 

For grouped data the ogive may be used to determine 
the quartile values. In this case, points are selected on the 
vertical cumulative frequency values of the ogive, such 
that they divide the total value of cumulative frequency 
into four equal parts. Horizontal lines are drawn from 
these values to cut the ogive. The values of the variable 
corresponding to these cutting points on the ogive give 
the quartile values (see Problem 7). 

When a set contains a large number of members, the 
set can be split into ten parts, each containing an equal 
number of members. These ten parts are then called 
deciles. For sets containing a very large number of mem¬ 
bers, the set may be split into one hundred parts, each 
containing an equal number of members. One of these 
parts is called a percentile. 

The frequency distribution given 
below refers to the overtime worked by a group of 
craftsmen during each of 48 working weeks in a 
year. 

25-29 5, 30-34 4, 35-39 7,40-44 11, 

45-49 12, 50-54 8, 55-59 1 

Draw an ogive for this data and hence determine the 
quartile values. 

The cumulative frequency distribution (i.e. upper class 
boundary/cumulative frequency values) is: 

29.5 5, 34.5 9, 39.5 16, 

44.5 27, 49.5 39, 54.5 47, 

59.5 48 

The ogive is formed by plotting these values on a graph, 
as shown in Fig. 38.2. The total frequency is divided 
into four equal parts, each having a range of 48/4, 
i.e. 12. This gives cumulative frequency values of 0 to 12 



Upper class boundary values, hours 

Figure 38.2 

corresponding to the first quartile, 12 to 24 correspond¬ 
ing to the second quartile, 24 to 36 corresponding to the 
third quartile and 36 to 48 corresponding to the fourth 
quartile of the distribution, i.e. the distribution is divided 
into four equal parts. The quartile values are those of the 
variable corresponding to cumulative frequency values 
of 12, 24 and 36, marked Q\, Q 2 and £?3 in Fig. 38.2. 
These values, correct to the nearest hour, are 37 hours, 
43 hours and 48 hours, respectively. The Q 2 value is 
also equal to the median value of the distribution. One 
measure of the dispersion of a distribution is called the 
semi-interquartile range and is given by: (— (Q\ )/2, 
and is (48 — 37)/2 in this case, i.e. 5j hours. 

Determine the numbers contained in 
the (a) 41st to 50th percentile group, and (b) 8th 
decile group of the set of numbers shown below: 

14 22 17 21 30 28 37 7 23 32 

24 17 20 22 27 19 26 21 15 29 

The set is ranked, giving: 

7 14 15 17 17 19 20 21 21 22 

22 23 24 26 27 28 29 30 32 37 

(a) There are 20 numbers in the set, hence the first 10% 
will be the two numbers 7 and 14, the second 10% 
will be 15 and 17, and so on. Thus the 41st to 50th 
percentile group will be the numbers 21 and 22 

(b) The first decile group is obtained by splitting the 
ranked set into 10 equal groups and selecting the 
first group, i.e. the numbers 7 and 14. The second 
decile group are the numbers 15 and 17, and so on. 
Thus the 8th decile group contains the numbers 27 
and 28 
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Now try the following exercise 

Exercise 140 Further problems on quartiles, 
deciles and percentiles 

1. The number of working days lost due to acci¬ 
dents for each of 12 one-monthly periods are 
as shown. Determine the median and first and 
third quartile values for this data. 

27 37 40 28 23 30 

35 24 30 32 31 28 

[30, 25.5, 33.5 days] 

2. The number of faults occurring on a production 
line in a nine-week period are as shown below. 
Determine the median and quartile values for 
the data. 

30 27 25 24 27 

37 31 27 35 

[27, 26, 33 faults] 


3. Determine the quartile values and semi- 
interquartile range for the frequency distri¬ 
bution given in Problem 2 of Exercise 138, 
page 347. 

Q\ = 164.5 cm, Qt = 172.5 cm, 
g 3 = 179 cm, 7.25 cm 

4. Determine the numbers contained in the 5th 
decile group and in the 61st to 70th percentile 
groups for the set of numbers: 

40 46 28 32 37 42 50 31 48 45 
32 38 27 33 40 35 25 42 38 41 

[37 and 38; 40 and 41] 

5. Determine the numbers in the 6th decile group 
and in the 81 st to 90th percentile group for the 
set of numbers: 

43 47 30 25 15 51 17 21 37 33 44 56 40 49 22 
36 44 33 17 35 58 51 35 44 40 31 41 55 50 16 
[40, 40,41:50,51,51] 
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Chapter 39 


Probability 


39.1 Introduction to probability 


The probability of something happening is the likeli¬ 
hood or chance of it happening. Values of probability lie 
between 0 and 1, where 0 represents an absolute impos¬ 
sibility and 1 represents an absolute certainty. The prob¬ 
ability of an event happening usually lies somewhere 
between these two extreme values and is expressed 
either as a proper or decimal fraction. Examples of 
probability are: 


that a length of copper wire 
has zero resistance at 100°C 

that a fair, six-sided dice 
will stop with a 3 upwards 
that a fair coin will land 
with a head upwards 
that a length of copper wire 
has some resistance at 100°C 


0 

\ or 0.1667 
\ or 0.5 
1 


If p is the probability of an event happening and q is the 
probability of the same event not happening, then the 
total probability is p + q and is equal to unity, since it is 
an absolute certainty that the event either does or does 
not occur, i.e.p + q = l 


Expectation 

The expectation, E, of an event happening is defined 
in general terms as the product of the probability p of 
an event happening and the number of attempts made, 
n, i.e. E=pn. 

Thus, since the probability of obtaining a 3 upwards 
when rolling a fair dice is g, the expectation of getting 
a 3 upwards on four throws of the dice is g x 4, i.e. | 

Thus expectation is the average occurrence of an 
event. 


Dependent event 

A dependent event is one in which the probability of 
an event happening affects the probability of another 
event happening. Let 5 transistors be taken at random 
from a batch of 100 transistors for test purposes, and the 
probability of there being a defective transistor, pi, be 
determined. At some later time, let another 5 transistors 
be taken at random from the 95 remaining transistors in 
the batch and the probability of there being a defective 
transistor, pj, be determined. The value of p 2 is differ¬ 
ent from p\ since batch size has effectively altered from 
100 to 95, i.e. probability p 2 is dependent on probability 
pi. Since transistors are drawn, and then another 5 tran¬ 
sistors drawn without replacing the first 5, the second 
random selection is said to be without replacement. 

Independent event 

An independent event is one in which the probability 
of an event happening does not affect the probability 
of another event happening. If 5 transistors are taken at 
random from a batch of transistors and the probability of 
a defective transistor p\ is determined and the process 
is repeated after the original 5 have been replaced in 
the batch to give pi, then pi is equal to pi. Since the 
5 transistors are replaced between draws, the second 
selection is said to be with replacement. 

Conditional probability 

Conditional probability is concerned with the proba¬ 
bility of say event B occurring, given that event A has 
already taken place. If A and B are independent events, 
then the fact that event A has already occurred will not 
affect the probability of event B. If A and B are depen¬ 
dent events, then event A having occurred will effect the 
probability of event B. 
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39.2 Laws of probability 


The addition law of probability 


(Check: the total probability should be equal to 1; 


P 


20 

53 


and q = 


33 

53’ 


The addition law of probability is recognized by the 
word ‘or’ joining the probabilities. If pa is the proba¬ 
bility of event A happening and ps is the probability of 
event B happening, the probability of event A or event 
B happening is given by Pa+Pb (provided events A 
and B are mutually exclusive, i.e. A and B are events 
which cannot occur together). Similarly, the probability 
of events A or B or C or ... N happening is given by 

Pa +Pb +Pc 4 - \~Pn 

The multiplication law of probability 

The multiplication law of probability is recognized by 
the word ‘and’ joining the probabilities. If pa is the 
probability of event A happening and ps is the proba¬ 
bility of event B happening, the probability of event A 
and event B happening is given by pa x ps- Similarly, 
the probability of events A and B and C and ... N 
happening is given by: 


Pa x Pb x Pc x " ' x Pn 


39.3 Worked problems on 
probability 


Determine the probabilities of 
selecting at random (a) a man, and (b) a woman 
from a crowd containing 20 men and 33 women 


(a) The probability of selecting at random a man, p , is 
given by the ratio 


number of men 
number in crowd 


20 _ 20 
20+33 ~~ 53 


or 0.3774 


(b) The probability of selecting at random a woman, 
q, is given by the ratio 


number of women 
number in crowd 


i.e. 


33 

20 + 33 


33 

53 


or 0.6226 


thus the total probability, 


p + q 


20 33 

53 + 53 


hence no obvious error has been made.) 


Find the expectation of obtaining a 4 
upwards with 3 throws of a fair dice 


Expectation is the average occurrence of an event 
and is defined as the probability times the number of 
attempts. The probability, p, of obtaining a 4 upwards 
for one throw of the dice, is g. 

Also, 3 attempts are made, hence n — 3 and the 
expectation, E, is pn , i.e. 

E — l x 3 = - or 0.50 
6 2 


Calculate the probabilities of 
selecting at random: 

(a) the winning horse in a race in which 10 horses 
are running 

(b) the winning horses in both the first and second 
races if there are 10 horses in each race 


(a) Since only one of the ten horses can win, the 
probability of selecting at random the winning 
horse is 

number of winners 1 

-i.e. — or 0.10 

number of horses 10 


(b) The probability of selecting the winning horse 

1 

in the first race is —. The probability of selecting 

1 

the winning horse in the second race is — ■ The 
probability of selecting the winning horses in the 
first and second race is given by the multiplication 
law of probability. 


i.e. 


probability = 


1 

To : 

l 

loo 


l 

To 

or 


0.01 
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The probability of a component 
failing in one year due to excessive temperature is 
1 " 1 
—, due to excessive vibration is — and due to 
20 25 

1 

excessive humidity is —. Determine the 
probabilities that during a one-year period a 
component: (a) fails due to excessive (b) fails due 
to excessive vibration or excessive humidity, and 
(c) will not fail because of both excessive 
temperature and excessive humidity 


Let pa be the probability of failure due to excessive 
temperature, then 

1 „ - 19 

Pa = — and pa = — 

1 20 20 

(where pX is the probability of not failing.) 

Let pb be the probability of failure due to excessive 
vibration, then 

1 _ 24 

Pb — — and pp — — 

1 25 25 

Let pc be the probability of failure due to excessive 
humidity, then 

1 _ 49 

Pc — — and pc = — 

50 50 


(a) 


The probability of a component failing due to 
excessive temperature and excessive vibration is 
given by: 

1 

20 25 500 


1 1 

Pa x p B = — x — = 


or 0.002 


(b) 


The probability of a component failing due to 
excessive vibration or excessive humidity is: 


1 


1 


PB+PC-- + --- 


0.06 


(c) 


The probability that a component will not fail due 
to excessive temperature and will not fail due to 
excess humidity is: 


_ _ 19 49 931 

Pa x pc = — x — = - 

y 1 20 50 1000 


or 0.931 


A batch of 100 capacitors contains 73 
that are within the required tolerance values, 17 
which are below the required tolerance values, and 
the remainder are above the required tolerance 
values. Determine the probabilities that when 
randomly selecting a capacitor and then a second 


capacitor: (a) both are within the required tolerance 
values when selecting with replacement, and (b) the 
first one drawn is below and the second one drawn 
is above the required tolerance value, when 
selection is without replacement 


(a) The probability of selecting a capacitor within the 

73 

required tolerance values is . The first capac¬ 
itor drawn is now replaced and a second one is 
drawn from the batch of 100. The probability of 
this capacitor being within the required tolerance 
73 

values is also-. 

100 

Thus, the probability of selecting a capacitor 
within the required tolerance values for both the 
first and the second draw is: 


73 73 

Too x Too 


5329 

10000 


or 0.5329 


(b) The probability of obtaining a capacitor below the 

17 

required tolerance values on the first draw is-. 

4 100 
There are now only 99 capacitors left in the batch, 

since the first capacitor is not replaced. The proba¬ 
bility of drawing a capacitor above the required tol- 

10 

erance values on the second draw is —, since there 

99 

are (100 — 73 — 17), i.e. 10 capacitors above the 
required tolerance value. Thus, the probability of 
randomly selecting a capacitor below the required 
tolerance values and followed by randomly select¬ 
ing a capacitor above the tolerance values is 


17 

10 

170 

— 

x — = 


100 

99 

9900 


17 

990 


or 0.0172 


Now try the following exercise 


Exercise 141 Further problems on 
probability 

1. In a batch of 45 lamps there are 10 faulty 
lamps. If one lamp is drawn at random, 
find the probability of it being (a) faulty and 
(b) satisfactory. 

T 2 1 

(a) - or 0.2222 
9 

7 

(b) - or 0.7778 

. 9 
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2. A box of fuses are all of the same shape and 
size and comprises 23 2 A fuses, 47 5 A fuses 
and 69 13 A fuses. Determine the probability 
of selecting at random (a) a 2 A fuse, (b) a 5 A 
fuse and (c) a 13 A fuse. 


23 

(a)- 

139 

or 

0.1655 

47 

(b) 139 

or 

0.3381 

(c) — 
139 

or 

0.4964 


3. 


(a) Find the probability of having a 2 upwards 
when throwing a fair 6-sided dice, (b) Find 
the probability of having a 5 upwards when 
throwing a fair 6-sided dice, (c) Determine the 
probability of having a 2 and then a 5 on two 
successive throws of a fair 6-sided dice. 





4. 


Determine the probability that the total score 
is 8 when two like dice are thrown. 

' 5 ' 
36 


5. 


The probability of event A happening is | and 
the probability of event B happening is |. Cal¬ 
culate the probabilities of (a) both A and B 
happening, (b) only event A happening, i.e. 
event A happening and event B not happening, 
(c) only event B happening, and (d) either A, 
or B, or A and B happening. 





6. When testing 1000 soldered joints, 4 failed 
during a vibration test and 5 failed due to 
having a high resistance. Determine the prob¬ 
ability of ajoint failing due to (a) vibration, (b) 
high resistance, (c) vibration or high resistance 
and (d) vibration and high resistance. 


(a) 

250 

(b) 

200 

(O 

9 

(d) 

1 

1000 

50 000 J 


39.4 Further worked problems on 
probability 


A batch of 40 components contains 5 
which are defective. A component is drawn at 
random from the batch and tested and then a second 
component is drawn. Determine the probability that 
neither of the components is defective when drawn 
(a) with replacement, and (b) without replacement. 


(a) With replacement 

The probability that the component selected on the first 
35 7 

draw is satisfactory is —, i.e. -. The component is now 

replaced and a second draw is made. The probability 

7 

that this component is also satisfactory is -. Hence, the 
probability that both the first component drawn and the 
second component drawn are satisfactory is: 


7 7 49 

— x - = — or 0.7656 

8 8 64 


(b) Without replacement 

The probability that the first component drawn is sat- 

7 

isfactory is -. There are now only 34 satisfactory 

8 

components left in the batch and the batch number is 39. 
Hence, the probability of drawing a satisfactory compo- 
34 

nent on the second draw is —. Thus the probability that 
the first component drawn and the second component 
drawn are satisfactory, i.e. neither is defective, is: 


7 34 238 

- x — = - or 0.7628 

8 39 312 


A batch of 40 components contains 5 
that are defective. If a component is drawn at 
random from the batch and tested and then a second 
component is drawn at random, calculate the 
probability of having one defective component, 
both with and without replacement 


The probability of having one defective component can 
be achieved in two ways. If p is the probability of draw¬ 
ing a defective component and q is the probability of 
drawing a satisfactory component, then the probability 
of having one defective component is given by drawing 
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a satisfactory component and then a defective compo¬ 
nent or by drawing a defective component and then a 
satisfactory one, i.e. by q x p + p x q 

With replacement: 


on the first draw and the second draw and the third 
draw is: 

86 85 84 _ 614040 
200 X 199 X 198 ~~ 7 880400 

= 0.0779 


P = 


5 

40 


1 

- and q 

8 1 


35 _ 7 
40 “ 8 


Hence, probability of having one defective component 
is: 


1 

8 


x 


7 

8 



1 

8 


i.e. 


7 7 _ 7 

64 + 64 _ 32 


or 0.2188 


Without replacement: 

1 7 

pi = - and q\ = g on the first of the two draws. The 
batch number is now 39 for the second draw, thus, 


pm 



5 



P2 = 

39 

and 

qi = 


1 

35 

i 

qm = 

X 

1 oo 

39 + 

- X ■ 
8 


35 + 35 
312 

70 
312 


35 
' 39 
5 

39 


or 0.2244 


A box contains 74 brass washer, 86 
steel washers and 40 aluminium washers. Three 
washers are drawn at random from the box without 
replacement. Determine the probability that all 
three are steel washers 


Assume, for clarity of explanation, that a washer is 
drawn at random, then a second, then a third (although 
this assumption does not affect the results obtained). 
The total number of washers is 74 + 86 + 40, i.e. 200. 
The probability of randomly selecting a steel washer 
86 

on the first draw is-. There are now 85 steel washers 

200 

in a batch of 199. The probability of randomly selecting 

85 

a steel washer on the second draw is-. There are now 

199 

84 steel washers in a batch of 198. The probability of 
randomly selecting a steel washer on the third draw is 


84 
T98' 


Hence the probability of selecting a steel washer 


For the box of washers given in 
Problem 8 above, determine the probability that 
there are no aluminium washers drawn, when three 
washers are drawn at random from the box without 
replacement 


The probability of not drawing an aluminium washer on 


the first draw is 1 — 


40 \ 160 

- , i.e. -. There are now 

200/ 200 

199 washers in the batch of which 15 9 are not aluminium 
washers. Hence, the probability of not drawing an alu- 

159 

minium washer on the second draw is . Similarly, 

the probability of not drawing an aluminium washer on 
158 

the third draw is yyy. Hence the probability of not draw¬ 
ing an aluminium washer on the first and second and 
third draw is 


160 159 158 

200 X 199 X 198 


4019520 
“ 7 880400 

= 0.5101 


For the box of washers in Problem 8 
above, find the probability that there are two brass 
washers and either a steel or an aluminium washer 
when three are drawn at random, without 
replacement 


Two brass washers (A) and one steel washer (B) can be 
obtained in any of the following ways: 



ABA 

BAA 

Two brass washers and one aluminium washer (C) can 
also be obtained in any of the following ways: 



A C A 

C A A 
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Thus there are six possible ways of achieving the com¬ 
binations specified. If A represents a brass washer, B 
a steel washer and C an aluminium washer, then the 
combinations and their probabilities are as shown: 


Draw 
First Second 

Third 

Probability 

A 

A 

B 

74 73 86 

-x-x-=0.0590 

200 199 198 

A 

B 

A 

74 86 73 

-x-x-=0.0590 

200 199 198 

B 

A 

A 

86 74 73 

-x-x-=0.0590 

200 199 198 

A 

A 

C 

74 73 40 

-x-x-=0.0274 

200 199 198 

A 

C 

A 

74 40 73 

-x -x-=0.0274 

200 199 198 

C 

A 

A 

40 74 73 

-x-x-=0.0274 

200 199 198 

The probability of having the first combination or the 

second, or the third, and so 

on, is given by the sum of 

the probabilities, 



i.e. 

by 3 x 0.0590 + 3 x 0.0274, that is 0.2592 


Now try the following exercise 

Exercise 142 Further problems on 
probability 

1. The probability that component A will operate 
satisfactorily for 5 years is 0.8 and that B will 
operate satisfactorily over that same period 
of time is 0.75. Find the probabilities that in 
a 5 year period: (a) both components operate 
satisfactorily, (b) only component A will 
operate satisfactorily, and (c) only component 
B will operate satisfactorily. 

[(a) 0.6 (b) 0.2 (c) 0.15] 

2. In a particular street, 80% of the houses have 

telephones. If two houses selected at random 
are visited, calculate the probabilities that (a) 
they both have a telephone and (b) one has 
a telephone but the other does not have a 
telephone. [(a) 0.64 (b) 0.32] 

3. Veroboard pins are packed in packets of 20 
by a machine. In a thousand packets, 40 have 


less than 20 pins. Find the probability that 
if 2 packets are chosen at random, one will 
contain less than 20 pins and the other will 
contain 20 pins or more. [0.0768] 

4. A batch of 1 kW fire elements contains 16 
which are within a power tolerance and 4 
which are not. If 3 elements are selected 
at random from the batch, calculate the 
probabilities that (a) all three are within the 
power tolerance and (b) two are within but 
one is not within the power tolerance. 

[(a) 0.4912 (b) 0.4211] 

5. An amplifier is made up of three transistors, 
A, B and C. The probabilities of A, B or C 

1 1 1 

being defective are —. — and —. respec- 
20 25 50 

tively. Calculate the percentage of amplifiers 
produced (a) which work satisfactorily and 
(b) which have just one defective transistor. 

[(a) 89.38% (b) 10.25%] 

6 . A box contains 14 40 W lamps, 28 60 W 
lamps and 58 25 W lamps, all the lamps being 
of the same shape and size. Three lamps are 
drawn at random from the box, first one, 
then a second, then a third. Determine the 
probabilities of: (a) getting one 25 W, one 
40 W and one 60 W lamp, with replacement, 
(b) getting one 25 W, one 40 W and one 60 W 
lamp without replacement, and (c) getting 
either one 25 W and two 40 W or one 60 W 
and two 40 W lamps with replacement. 

[(a) 0.0227 (b) 0.0234 (c) 0.0169] 


39.5 Permutations and combinations 


Permutations 

If n different objects are available, they can be arranged 
in different orders of selection. Each different ordered 
arrangement is called a permutation. For example, 
permutations of the three letters X, Y and Z taken 
together are: 

XYZ, XZY, YXZ, YZX, ZXY and ZYX 

This can be expressed as 3 P 3 = 6 , the upper 3 denoting 
the number of items from which the arrangements are 
made, and the lower 3 indicating the number of items 
used in each arrangement. 
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If we take the same three letters XYZ two at a time 
the permutations 

XY,YZ,XZ,ZX,YZ,ZY 

can be found, and denoted by 1 P 2 = 6 
(Note that the order of the letters matter in permutations, 
i.e. YX is a different permutation from AT). In general, 
n P r — n(n — 1) (« — 2) ... (n — r + 1) or 

n\ 

P r = as stated in Chapter 15 

(n - r)[ 

For example, 5 P 4 = 5(4)(3)(2) = 120 or 

5jP4 = ( 5 Z^i = l| = (5)( 4 )(3)(2) = 120 

, n\ 

Also, J P 3 = 6 from above; using P r =- gives 

(n — r)\ 

, 3! 6 

P 3 =-= —. Since this must equal 6 , then 

(3-3)! 0! 4 

0 ! = 1 (check this with your calculator). 


(a) 5 C 2 = 


5! 


5! 


(b) 4 C 2 = 


2!(5 — 2)! 2!3! 

5x4x3x2x 1 
(2 x 1)(3 x 2 x 1) 
4! 4! 


10 


2!(4 — 2)! 2!2! 


= 6 


A class has 24 students. 4 can 
represent the class at an exam board. How many 
combinations are possible when choosing this group 


Number of combinations possible, 
n\ 


’c r = 


i.e. 24 C 4 = 


rl(n — r!) 
24! 


24! 


4! (24 — 4)! 4!20! 


= 10626 


Combinations 

If selections of the three letters X, Y, Z are made with¬ 
out regard to the order of the letters in each group, i.e. 
XY is now the same as YX for example, then each group 
is called a combination. The number of possible com¬ 
binations is denoted by n C r , where n is the total number 
of items and r is the number in each selection. 

In general, 


r!(« - r)! 

For example, 

s 5! 5! 

4_ 4!(5 -4)! ~ 4! 
5x4x3x2xl 
_ 4 x 3 x 2 x 1 


Calculate the number of 
permutations there are of: (a) 5 distinct objects 
taken 2 at a time, (b) 4 distinct objects taken 
2 at a time 


(a) 

(b) 


5 Pi = 
4 P 2 = 


5! 

(5-2)! 

4! 

(4-2)! 


5! 

3! 

4! 

2 ! 


5 x 4 x 3 x 2 
3~x2 


= 12 


= 20 


Calculate the number of 

combinations there are of: (a) 5 distinct objects taken 
2 at a time, (b) 4 distinct objects taken 2 at a time 


In how many ways can a team of 
eleven be picked from sixteen possible players? 


Number of ways = "C r = 16 Cn 


16! 

11 ! (16 — 11 )! 


16! 

11!5! 


= 4368 


Now try the following exercise 


Exercise 143 Further problems on 
permutations and 
combinations 

1. Calculate the number of permutations there are 
of: (a) 15 distinct objects taken 2 at a time, 
(b) 9 distinct objects taken 4 at a time. 

[(a) 210 (b) 3024] 

2. Calculate the number of combinations there 
are of: (a) 12 distinct objects taken 5 at a time, 
(b) 6 distinct objects taken 4 at a time. 

[(a) 792 (b) 15] 

3. In how many ways can a team of six be picked 

from ten possible players? [210] 

4. 15 boxes can each hold one object. In how 

many ways can 10 identical objects be placed 
in the boxes? [3003] 





























Revision Test 10 


This Revision test covers the material in Chapters 37 to 39. The marks for each question are shown in brackets at the 
end of each question. 


1. A company produces five products in the follow¬ 
ing proportions: 

Product A 24 Product B 16 Product C 15 
Product Dll Product E 6 
Present these data visually by drawing (a) a ver¬ 
tical bar chart (b) a percentage bar chart (c) a pie 
diagram. (13) 

2. The following lists the diameters of 40 compo¬ 
nents produced by a machine, each measured 
correct to the nearest hundredth of a centimetre: 


1.39 

1.36 

1.38 

1.31 

1.33 

1.40 

1.28 

1.40 

1.24 

1.28 

1.42 

1.34 

1.43 

1.35 

1.36 

1.36 

1.35 

1.45 

1.29 

1.39 

1.38 

1.38 

1.35 

1.42 

1.30 

1.26 

1.37 

1.33 

1.37 

1.34 

1.34 

1.32 

1.33 

1.30 

1.38 

1.41 

1.35 

1.38 

1.27 

1.37 




(a) Using 8 classes form a frequency distribution and 
a cumulative frequency distribution. 

(b) For the above data draw a histogram, a frequency 

polygon and an ogive. (21) 

3. Determine for the 10 measurements of lengths 
shown below: 

(a) the arithmetic mean, (b) the median, (c) the 
mode, and (d) the standard deviation. 

28 m, 20 m, 32 m, 44 m, 28 m, 30 m, 30 m, 26 m, 
28 m and 34 m (9) 


4. The heights of 100 people are measured correct to 
the nearest centimetre with the following results: 


150-157 cm 

5 

158-165 cm 

18 

166-173 cm 

42 

174-181 cm 

27 

182-189 cm 

8 




Determine for the data (a) the mean height and (b) 
the standard deviation. (10) 

5. Determine the probabilities of: 

(a) drawing a white ball from a bag containing 
6 black and 14 white balls 

(b) winning a prize in a raffle by buying 6 tickets 
when a total of 480 tickets are sold 

(c) selecting at random a female from a group 
of 12 boys and 28 girls 

(d) winning a prize in a raffle by buying 8 tickets 

when there are 5 prizes and a total of 800 
tickets are sold. (8) 

6. In a box containing 120 similar transistors 70 are 
satisfactory, 37 give too high a gain under normal 
operating conditions and the remainder give too 
low a gain. 

Calculate the probability that when drawing two 
transistors in turn, at random, with replacement, 
of having (a) two satisfactory, (b) none with low 
gain, (c) one with high gain and one satisfactory, 
(d) one with low gain and none satisfactory. 

Determine the probabilities in (a), (b) and 

(c) above if the transistors are drawn without 
replacement. (14) 
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Chapter 40 


The binomial and Poisson 

distribution 


40.1 The binomial distribution 


The binomial distribution deals with two numbers only, 
these being the probability that an event will happen, 
p, and the probability that an event will not happen, q. 
Thus, when a coin is tossed, if p is the probability of the 
coin landing with a head upwards, q is the probability of 
the coin landing with a tail upwards, p + q must always 
be equal to unity. A binomial distribution can be used 
for finding, say, the probability of getting three heads in 
seven tosses of the coin, or in industry for determining 
defect rates as a result of sampling. One way of defining 
a binomial distribution is as follows: 


‘if p is the probability that an event will happen and 
q is the probability that the event will not happen, 
then the probabilities that the event will happen 0, 
1, 2, 3, ..n times in n trials are given by the 
successive terms of the expansion of(q+ p)" taken 
from left to right’. 

The binomial expansion of (q + p) n is: 


nq 


n —l , n{n- D 2 . 


2 ! 


n(n - 1)(« - 2) 3 3 

-3!- “ P 


a family of 4 children, assuming equal probability 
of male and female birth 

The probability of a girl being born, p, is 0.5 and the 
probability of a girl not being born (male birth), q , is 
also 0.5. The number in the family, n, is 4. From above, 
the probabilities of 0, 1, 2, 3, 4 girls in a family of 4 
are given by the successive terms of the expansion of 
(q + p) 4 taken from left to right. 

From the binomial expansion: 

(q + pf =q 4 + 4q 3 p + 6 q 2 p 2 + Aqp 3 + p 4 

Flence the probability of no girls is q 4 , 

i.e. 0.5 4 = 0.0625 

the probability of 1 girl is 4 q 3 p, 

i.e. 4 x 0.5 3 x 0.5 = 0.2500 

the probability of 2 girls is 6 q 2 p 2 , 

i.e. 6 x 0.5 2 x 0.5 2 = 0.3750 

the probability of 3 girls is Aqp^ , 

i.e. 4 x 0.5 x 0.5 3 = 0.2500 

the probability of 4 girls is p 4 , 

i.e. 0.5 4 = 0.0625 


from Chapter 16 

This concept of a binomial distribution is used in 
Problems 1 and 2. 

Determine the probabilities of having 
(a) at least 1 girl and (b) at least 1 girl and 1 boy in 


Total probability, (q + p) 4 = 1.0000 


(a) The probability of having at least one girl is the 
sum of the probabilities of having 1, 2, 3 and 4 
girls, i.e. 


0.2500 + 0.3750 + 0.2500 + 0.0625 = 0.9375 
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(Alternatively, the probability of having at least 1 
girl is: 1 - (the probability of having no girls), i.e. 
1 -0.0625, giving 0.9375, as obtained previously). 

(b) The probability of having at least 1 girl and 1 boy 
is given by the sum of the probabilities of having: 

1 girl and 3 boys, 2 girls and 2 boys and 3 girls and 

2 boys, i.e. 

0.2500 + 0.3750 + 0.2500 = 0.8750 

(Alternatively, this is also the probability of having 
1 — (probability of having no girls + probability of 
having no boys), i.e. 1 — 2 x 0.0625 = 0.8750, as 
obtained previously). 

A dice is rolled 9 times. Find the 
probabilities of having a 4 upwards (a) 3 times and 
(b) less than 4 times 

Let p be the probability of having a 4 upwards. Then 
p = 1/6, since dice have six sides. 

Let q be the probability of not having a 4 upwards. 
Then q = 5/6. The probabilities of having a 4 upwards 
0, 1, 2... n times are given by the successive terms of 
the expansion of (q + pf. taken from left to right. From 
the binomial expansion: 

(q + qf = q 9 + 9q % p + 36 q 1 p 2 + 84 q 6 p 3 + . .. 
The probability of having a 4 upwards no times is 
q 9 = (5/6) 9 = 0.1938 

The probability of having a 4 upwards once is 
9 q*p = 9(5/6) 8 (l/6) = 0.3489 
The probability of having a 4 upwards twice is 
36 q'p 1 = 36(5/6) 7 (1 /6) 2 = 0.2791 
The probability of having a 4 upwards 3 times is 
84 q 6 p 3 = 84(5/6) e (l/6) 3 = 0.1302 

(a) The probability of having a 4 upwards 3 times is 

0.1302 

(b) The probability of having a 4 upwards less than 4 
times is the sum of the probabilities of having a 4 
upwards 0, 1,2, and 3 times, i.e. 

0.1938 + 0.3489 + 0.2791 + 0.1302 = 0.9520 


Industrial inspection 

In industrial inspection, p is often taken as the prob¬ 
ability that a component is defective and q is the 
probability that the component is satisfactory. In this 
case, a binomial distribution may be defined as: 

‘the probabilities that 0, 1, 2,3, ..., n components 
are defective in a sample of n components, drawn 
at random from a large batch of components, are 
given by the successive terms of the expansion of 
(q +p)", taken from left to right’. 

This definition is used in Problems 3 and 4. 

A machine is producing a large 
number of bolts automatically. In a box of these 
bolts, 95% are within the allowable tolerance values 
with respect to diameter, the remainder being 
outside of the diameter tolerance values. Seven 
bolts are drawn at random from the box. Determine 
the probabilities that (a) two and (b) more than two 
of the seven bolts are outside of the diameter 
tolerance values 

Let p be the probability that a bolt is outside of the 
allowable tolerance values, i.e. is defective, and let q be 
the probability that a bolt is within the tolerance values, 
i.e. is satisfactory. Then p = 5%, i.e. 0.05 per unit and 
q = 95%, i.e. 0.95 per unit. The sample number is 7. 

The probabilities of drawing 0, 1,2,... ,n defective 
bolts are given by the successive terms of the expansion 
of ( q + pf, taken from left to right. In this problem 

(q + pf = (0.95 + 0.05) 7 

= 0.95 7 + 7 x 0.95 6 x 0.05 
+ 21 x 0.95 s x 0.05 2 + ... 

Thus the probability of no defective bolts is: 

0.95 7 = 0.6983 

The probability of 1 defective bolt is: 

7 x 0.95 6 x 0.05 = 0.2573 
The probability of 2 defective bolts is: 

21 x 0.95 s x 0.05 2 = 0.0406, and so on. 

(a) The probability that two bolts are outside of the 
diameter tolerance values is 0.0406 

(b) To determine the probability that more than two 
bolts are defective, the sum of the probabilities 
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of 3 bolts, 4 bolts, 5 bolts, 6 bolts and 7 bolts 
being defective can be determined. An easier way 
to find this sum is to find 1 — (sum of 0 bolts, 1 bolt 
and 2 bolts being defective), since the sum of all 
the terms is unity. Thus, the probability of there 
being more than two bolts outside of the tolerance 
values is: 

1 - (0.6983 + 0.2573 + 0.0406), i.e. 0.0038 

A package contains 50 similar 
components and inspection shows that four have 
been damaged during transit. If six components are 
drawn at random from the contents of the package 
determine the probabilities that in this sample 
(a) one and (b) less than three are damaged 

The probability of a component being damaged, p, is 
4 in 50, i.e. 0.08 per unit. Thus, the probability of a 
component not being damaged, q, is 1 — 0.08, i.e. 0.92 
The probability of there being 0, 1, 2, ..., 6 damaged 
components is given by the successive terms of (q + p) ( \ 
taken from left to right. 

(q + pf = q 6 + 6q 5 p + 15 q 4 p 2 + 20 q 3 p 3 H- 

(a) The probability of one damaged component is 

6 q 5 p = 6 x 0.92 5 x 0.08 = 0.3164 

(b) The probability of less than three damaged com¬ 
ponents is given by the sum of the probabilities of 
0, 1 and 2 damaged components. 

q 6 + 6 q 5 p + 15 q 4 p 2 

= 0.92 6 + 6 x 0.92 5 x 0.08 
+ 15 x 0.92 4 x 0.08 2 
= 0.6064 + 0.3164 + 0.0688 = 0.9916 


Histogram of probabilities 

The terms of a binomial distribution may be repre¬ 
sented pictorially by drawing a histogram, as shown 
in Problem 5. 

The probability of a student 
successfully completing a course of study in three 
years is 0.45. Draw a histogram showing the 
probabilities of 0 , 1 , 2 ,..., 10 students successfully 
completing the course in three years 


Let p be the probability of a student successfully com¬ 
pleting a course of study in three years and q be the 
probability of not doing so. Then p — 0.45 and q — 0.55. 
The number of students, n, is 10. 

The probabilities of 0, 1,2,..., 10 students success¬ 
fully completing the course are given by the successive 
terms of the expansion of (q+p) 10 , taken from left 
to right. 

(q + p) W — q W + 10 q 9 p + 45 q 8 p 2 + 120 q 7 p 3 
+ 210 q 6 p 4 + 252 q 5 p 5 + 210 q 4 p 6 
+ 120 q 3 p 7 + 45 q 2 p 8 + 10 qp 9 + p 10 

Substituting q = 0.55 and p — 0.45 in this expansion 
gives the values of the success terms as: 

0.0025, 0.0207, 0.0763, 0.1665, 0.2384, 0.2340, 
0.1596, 0.0746, 0.0229, 0.0042 and 0.0003. The 
histogram depicting these probabilities is shown in 
Fig. 40.1. 



Figure 40.1 
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Now try the following exercise 

Exercise 144 Further problems on the 
binomial distribution 

1. Concrete blocks are tested and it is found 
that, on average, 7% fail to meet the required 
specification. For a batch of 9 blocks, deter¬ 
mine the probabilities that (a) three blocks 
and (b) less than four blocks will fail to meet 
the specification. 

[(a) 0.0186 (b) 0.9976] 


7. An automatic machine produces, on average, 
10% of its components outside of the tolerance 
required. In a sample of 10 components from 
this machine, determine the probability of hav¬ 
ing three components outside of the tolerance 
required by assuming a binomial distribution. 

[0.0574] 


40.2 The Poisson distribution 


2. If the failure rate of the blocks in Problem 1 
rises to 15%, find the probabilities that (a) no 
blocks and (b) more than two blocks will fail 
to meet the specification in a batch of 9 blocks. 

[(a) 0.2316 (b) 0.1408] 

3. The average number of employees absent 
from a firm each day is 4%. An office within 
the firm has seven employees. Determine the 
probabilities that (a) no employee and (b) three 
employees will be absent on a particular day. 

[(a) 0.7514 (b) 0.0019] 

4. A manufacturer estimates that 3% of his 
output of a small item is defective. Find the 
probabilities that in a sample of 10 items (a) 
less than two and (b) more than two items will 
be defective. 

[(a) 0.9655 (b) 0.0028] 

5. Five coins are tossed simultaneously. Deter¬ 
mine the probabilities of having 0, 1, 2, 3, 4 
and 5 heads upwards, and draw a histogram 
depicting the results. 

Vertical adjacent rectangles, 

whose heights are proportional to 
0.0313,0.1563,0.3125,0.3125, 
0.1563 and 0.0313 


When the number of trials, n, in a binomial distribution 
becomes large (usually taken as larger than 10), the cal¬ 
culations associated with determining the values of the 
terms become laborious. If n is large and p is small, and 
the product np is less than 5, a very good approximation 
to a binomial distribution is given by the corresponding 
Poisson distribution, in which calculations are usually 
simpler. 

The Poisson approximation to a binomial distribution 
may be defined as follows: 

‘the probabilities that an event will happen 0, 1, 2, 
3, ..n times in n trials are given by the successive 
terms of the expression 


-x 


' X 1 X i 

1 + x+ v. + u + ' 


taken from left to right’ 

The symbol X is the expectation of an event happening 
and is equal to np. 


If 3% of the gearwheels produced 
by a company are defective, determine the 
probabilities that in a sample of 80 gearwheels 
(a) two and (b) more than two will be defective. 


6. If the probability of rain falling during a 
particular period is 2/5, find the probabilities 
of having 0, 1,2, 3, 4, 5, 6 and 7 wet days in 
a week. Show these results on a histogram. 

Vertical adjacent rectangles, 
whose heights are proportional 
to 0.0280,0.1306,0.2613, 
0.2903,0.1935,0.0774, 

0.0172 and 0.0016 


The sample number, n, is large, the probability of a 
defective gearwheel, p , is small and the product np is 
80 x 0.03, i.e. 2.4, which is less than 5. Hence a Poisson 
approximation to a binomial distribution may be used. 
The expectation of a defective gearwheel, X = np — 2.4 
The probabilities of 0, 1,2,... defective gearwheels 
are given by the successive terms of the expression 




X L k 3 

1 +kH-1- 

2! 3! 
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taken from left to right, i.e. by 


—X , -X 

e ,Ae 


X 2 e~ x 
2 ! ’ 


Thus: 


probability of no defective gearwheels is 
e~ k = e~ 2A = 0.0907 
probability of 1 defective gearwheel is 
Xe~ k = 2.4e -2 ' 4 = 0.2177 
probability of 2 defective gearwheels is 


X 2 e~ x 2.4V 2 - 4 


= 0.2613 


2! 2x1 

(a) The probability of having 2 defective gearwheels 

is 0.2613 

(b) The probability of having more than 2 defective 
gearwheels is 1 — (the sum of the probabilities of 
having 0, 1, and 2 defective gearwheels), i.e. 

1 - (0.0907 + 0.2177 + 0.2613), 

that is, 0.4303 


The principal use of a Poisson distribution is to deter¬ 
mine the theoretical probabilities when p, the prob¬ 
ability of an event happening, is known, but q, the 
probability of the event not happening is unknown. For 
example, the average number of goals scored per match 
by a football team can be calculated, but it is not possi¬ 
ble to quantify the number of goals that were not scored. 
In this type of problem, a Poisson distribution may be 
defined as follows: 

‘the probabilities of an event occurring 0, 1, 2, 
3...times are given by the successive terms of the 
expression 


e 


-x 


(l + X + 



taken from left to right’ 


The symbol X is the value of the average occurrence of 
the event. 


A production department has 35 
similar milling machines. The number of 
breakdowns on each machine averages 0.06 per 
week. Determine the probabilities of having 
(a) one, and (b) less than three machines breaking 
down in any week 


Since the average occurrence of a breakdown is known 
but the number of times when a machine did not break 
down is unknown, a Poisson distribution must be used. 

The expectation of a breakdown for 35 machines is 
35 x 0.06, i.e. 2.1 breakdowns per week. The probabili¬ 
ties of a breakdown occurring 0,1,2,... times are given 
by the successive terms of the expression 


e 


-x 


1 + X H- 

2 ! 



taken from left to right. Hence: 
probability of no breakdowns 

e~ x = e~ 2A = 0.1225 


probability of 1 breakdown is 

Xe~ x = 2.1e~ 21 = 0.2572 


probability of 2 breakdowns is 


l 2 e- A 

2 ! 


2.1V 21 

2 x 1 


0.2700 


(a) The probability of 1 breakdown per week is 0.2572 

(b) The probability of less than 3 breakdowns per 
week is the sum of the probabilities of 0, 1 and 
2 breakdowns per week, 

i.e. 0.1225 + 0.2572 + 0.2700 = 0.6497 


Histogram of probabilities 

The terms of a Poisson distribution may be repre¬ 
sented pictorially by drawing a histogram, as shown 
in Problem 8. 


The probability of a person having an 
accident in a certain period of time is 0.0003. For 
a population of 7500 people, draw a histogram 
showing the probabilities of 0, 1, 2, 3, 4, 5 and 6 
people having an accident in this period. 


The probabilities of 0, 1, 2, ... people having an 
accident are given by the terms of the expression 


-x 


x L V 

■ X -\ -1- 

2! 3! 


taken from left to right. 

The average occurrence of the event, X , is 
7500 x 0.0003, i.e. 2.25 
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The probability of no people having an accident is 
= e~ 2 ' 25 = 0.1054 


The probability of 1 person having an accident is 
Xe~ x = 2.25e~ 2 ' 25 = 0.2371 


The probability of 2 people having an accident is 


2 ! 


2.25 2 e -225 

21 


0.2668 


and so on, giving probabilities of 0.2001, 0.1126, 
0.0506 and 0.0190 for 3, 4, 5 and 6 respectively hav¬ 
ing an accident. The histogram for these probabilities is 
shown in Fig. 40.2. 



Figure 40.2 


Now try the following exercise 


Exercise 145 Further problems on the 
Poisson distribution 

1. In problem 7 of Exercise 144, page 363, 
determine the probability of having three com¬ 
ponents outside of the required tolerance using 
the Poisson distribution. [0.0613] 


2. The probability that an employee will go to 
hospital in a certain period of time is 0.0015. 
Use a Poisson distribution to determine the 
probability of more than two employees going 
to hospital during this period of time if there 
are 2000 employees on the payroll. 

[0.5768] 

3. When packaging a product, a manufacturer 

finds that one packet in twenty is underweight. 
Determine the probabilities that in a box of 72 
packets (a) two and (b) less than four will be 
underweight. [(a) 0.1771 (b) 0.5153] 

4. A manufacturer estimates that 0.25% of his 
output of a component are defective. The com¬ 
ponents are marketed in packets of 200. Deter¬ 
mine the probability of a packet containing less 
than three defective components. 

[0.9856] 

5. The demand for a particular tool from a store 
is, on average, five times a day and the demand 
follows a Poisson distribution. How many of 
these tools should be kept in the stores so that 
the probability of there being one available 
when required is greater than 10%? 

The probabilities of the demand 
for 0, 1 , 2 ,... tools are 
0.0067, 0.0337, 0.0842, 0.1404, 
0.1755, 0.1755, 0.1462, 0.1044, 
0.0653,... This shows that the 
probability of wanting a tool 
8 times a day is 0.0653, i.e. 
less than 10%. Hence 7 should 
be kept in the store 

6. Failure of a group of particular machine tools 
follows a Poisson distribution with a mean 
value of 0.7. Determine the probabilities of 0, 
1, 2, 3, 4 and 5 failures in a week and present 
these results on a histogram. 

Vertical adjacent rectangles 
having heights proportional 
to 0.4966,0.3476, 0.1217, 
0.0284, 0.0050 and 0.0007 
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Chapter 41 


The normal distribution 


41.1 Introduction to the normal 
distribution 


When data is obtained, it can frequently be considered 
to be a sample (i.e. a few members) drawn at random 
from a large population (i.e. a set having many mem¬ 
bers). If the sample number is large, it is theoretically 
possible to choose class intervals which are very small, 
but which still have a number of members falling within 
each class. A frequency polygon of this data then has 
a large number of small line segments and approxi¬ 
mates to a continuous curve. Such a curve is called a 
frequency or a distribution curve. 

An extremely important symmetrical distribution 
curve is called the normal curve and is as shown in 
Fig. 41.1. This curve can be described by a mathemati¬ 
cal equation and is the basis of much of the work done 
in more advanced statistics. Many natural occurrences 
such as the heights or weights of a group of people, the 
sizes of components produced by a particular machine 
and the life length of certain components approximate 
to a normal distribution. 



Figure 41.1 

Normal distribution curves can differ from one another 
in the following four ways: 

(a) by having different mean values 

(b) by having different values of standard 
deviations 

(c) the variables having different values and 
different units 


and (d) by having different areas between the curve 
and the horizontal axis. 

A normal distribution curve is standardised as 
follows: 

(a) The mean value of the unstandardised curve is made 
the origin, thus making the mean value, x, zero. 

(b) The horizontal axis is scaled in standard deviations. 

x — x 

This is done by letting z =-, where z is called 

a 

the normal standard variate, x is the value of the 
variable, x is the mean value of the distribution and 
a is the standard deviation of the distribution. 

(c) The area between the normal curve and the hori¬ 
zontal axis is made equal to unity. 

When a normal distribution curve has been standard¬ 
ised, the normal curve is called a standardised normal 
curve or a normal probability curve, and any normally 
distributed data may be represented by the same normal 
probability curve. 

The area under part of a normal probability curve is 
directly proportional to probability and the value of the 
shaded area shown in Fig. 41.2 can be determined by 
evaluating: 

/ I /- 2 / 7 i x — x 

__ ' ; dz, where z = - 

n/ 27r er 


Probability 

density 



Figure 41.2 
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To save repeatedly determining the values of this func¬ 
tion, tables of partial areas under the standardised nor¬ 
mal curve are available in many mathematical formulae 
books, and such a table is shown in Table 41.1. 

The mean height of 500 people is 
170 cm and the standard deviation is 9 cm. 


Assuming the heights are normally distributed, 
determine the number of people likely to have 
heights between 150 cm and 195 cm 

The mean value, x, is 170 cm and corresponds to a nor¬ 
mal standard variate value, z, of zero on the standardised 
normal curve. A height of 150 cm has a z-value given 


Table 41.1 Partial areas under the standardised normal curve 



x — X 

0 

1 

2 

3 

4 

5 

6 

7 

8 

9 

G 

0.0 

0.0000 

0.0040 

0.0080 

0.0120 

0.0159 

0.0199 

0.0239 

0.0279 

0.0319 

0.0359 

0.1 

0.0398 

0.0438 

0.0478 

0.0517 

0.0557 

0.0596 

0.0636 

0.0678 

0.0714 

0.0753 

0.2 

0.0793 

0.0832 

0.0871 

0.0910 

0.0948 

0.0987 

0.1026 

0.1064 

0.1103 

0.1141 

0.3 

0.1179 

0.1217 

0.1255 

0.1293 

0.1331 

0.1388 

0.1406 

0.1443 

0.1480 

0.1517 

0.4 

0.1554 

0.1591 

0.1628 

0.1664 

0.1700 

0.1736 

0.1772 

0.1808 

0.1844 

0.1879 

0.5 

0.1915 

0.1950 

0.1985 

0.2019 

0.2054 

0.2086 

0.2123 

0.2157 

0.2190 

0.2224 

0.6 

0.2257 

0.2291 

0.2324 

0.2357 

0.2389 

0.2422 

0.2454 

0.2486 

0.2517 

0.2549 

0.7 

0.2580 

0.2611 

0.2642 

0.2673 

0.2704 

0.2734 

0.2760 

0.2794 

0.2823 

0.2852 

0.8 

0.2881 

0.2910 

0.2939 

0.2967 

0.2995 

0.3023 

0.3051 

0.3078 

0.3106 

0.3133 

0.9 

0.3159 

0.3186 

0.3212 

0.3238 

0.3264 

0.3289 

0.3315 

0.3340 

0.3365 

0.3389 

1.0 

0.3413 

0.3438 

0.3451 

0.3485 

0.3508 

0.3531 

0.3554 

0.3577 

0.3599 

0.3621 

1.1 

0.3643 

0.3665 

0.3686 

0.3708 

0.3729 

0.3749 

0.3770 

0.3790 

0.3810 

0.3830 

1.2 

0.3849 

0.3869 

0.3888 

0.3907 

0.3925 

0.3944 

0.3962 

0.3980 

0.3997 

0.4015 

1.3 

0.4032 

0.4049 

0.4066 

0.4082 

0.4099 

0.4115 

0.4131 

0.4147 

0.4162 

0.4177 

1.4 

0.4192 

0.4207 

0.4222 

0.4236 

0.4251 

0.4265 

0.4279 

0.4292 

0.4306 

0.4319 

1.5 

0.4332 

0.4345 

0.4357 

0.4370 

0.4382 

0.4394 

0.4406 

0.4418 

0.4430 

0.4441 


(Continued ) 
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Table 41.1 ( Continued ) 


x — X 

0 

1 

2 

3 

4 

5 

6 

7 

8 

9 

G 

1.6 

0.4452 

0.4463 

0.4474 

0.4484 

0.4495 

0.4505 

0.4515 

0.4525 

0.4535 

0.4545 

1.7 

0.4554 

0.4564 

0.4573 

0.4582 

0.4591 

0.4599 

0.4608 

0.4616 

0.4625 

0.4633 

1.8 

0.4641 

0.4649 

0.4656 

0.4664 

0.4671 

0.4678 

0.4686 

0.4693 

0.4699 

0.4706 

1.9 

0.4713 

0.4719 

0.4726 

0.4732 

0.4738 

0.4744 

0.4750 

0.4756 

0.4762 

0.4767 

2.0 

0.4772 

0.4778 

0.4783 

0.4785 

0.4793 

0.4798 

0.4803 

0.4808 

0.4812 

0.4817 

2.1 

0.4821 

0.4826 

0.4830 

0.4834 

0.4838 

0.4842 

0.4846 

0.4850 

0.4854 

0.4857 

2.2 

0.4861 

0.4864 

0.4868 

0.4871 

0.4875 

0.4878 

0.4881 

0.4884 

0.4887 

0.4890 

2.3 

0.4893 

0.4896 

0.4898 

0.4901 

0.4904 

0.4906 

0.4909 

0.4911 

0.4913 

0.4916 

2.4 

0.4918 

0.4920 

0.4922 

0.4925 

0.4927 

0.4929 

0.4931 

0.4932 

0.4934 

0.4936 

2.5 

0.4938 

0.4940 

0.4941 

0.4943 

0.4945 

0.4946 

0.4948 

0.4949 

0.4951 

0.4952 

2.6 

0.4953 

0.4955 

0.4956 

0.4957 

0.4959 

0.4960 

0.4961 

0.4962 

0.4963 

0.4964 

2.7 

0.4965 

0.4966 

0.4967 

0.4968 

0.4969 

0.4970 

0.4971 

0.4972 

0.4973 

0.4974 

2.8 

0.4974 

0.4975 

0.4976 

0.4977 

0.4977 

0.4978 

0.4979 

0.4980 

0.4980 

0.4981 

2.9 

0.4981 

0.4982 

0.4982 

0.4983 

0.4984 

0.4984 

0.4985 

0.4985 

0.4986 

0.4986 

3.0 

0.4987 

0.4987 

0.4987 

0.4988 

0.4988 

0.4989 

0.4989 

0.4989 

0.4990 

0.4990 

3.1 

0.4990 

0.4991 

0.4991 

0.4991 

0.4992 

0.4992 

0.4992 

0.4992 

0.4993 

0.4993 

3.2 

0.4993 

0.4993 

0.4994 

0.4994 

0.4994 

0.4994 

0.4994 

0.4995 

0.4995 

0.4995 

3.3 

0.4995 

0.4995 

0.4995 

0.4996 

0.4996 

0.4996 

0.4996 

0.4996 

0.4996 

0.4997 

3.4 

0.4997 

0.4997 

0.4997 

0.4997 

0.4997 

0.4997 

0.4997 

0.4997 

0.4997 

0.4998 

3.5 

0.4998 

0.4998 

0.4998 

0.4998 

0.4998 

0.4998 

0.4998 

0.4998 

0.4998 

0.4998 

3.6 

0.4998 

0.4998 

0.4999 

0.4999 

0.4999 

0.4999 

0.4999 

0.4999 

0.4999 

0.4999 

3.7 

0.4999 

0.4999 

0.4999 

0.4999 

0.4999 

0.4999 

0.4999 

0.4999 

0.4999 

0.4999 

3.8 

0.4999 

0.4999 

0.4999 

0.4999 

0.4999 

0.4999 

0.4999 

0.4999 

0.4999 

0.4999 

3.9 

0.5000 

0.5000 

0.5000 

0.5000 

0.5000 

0.5000 

05000 

0.5000 

0.5000 

0.5000 


The negative z-value shows that it lies to the left of the 
z = 0 ordinate. 

This area is shown shaded in Fig. 41.3(a). Similarly, 
195-170 

195 cm has a z-value of---that is 2.78 standard 

deviations. From Table 41.1, this value of z corresponds 


x — x 150—170 

by z =- standard deviations, i.e. - or 

a 9 

—2.22 standard deviations. Using a table of partial areas 

beneath the standardised normal curve (see Table 41.1), 

a z-value of —2.22 corresponds to an area of 0.4868 

between the mean value and the ordinate z = —2.22. 
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Figure 41.3 

to an area of 0.4973, the positive value of z showing 
that it lies to the right of the z = 0 ordinate. This area 

is show shaded in Fig. 41.3(b). The total area shaded 
in Fig. 41.3(a) and (b) is shown in Fig. 41.3(c) and is 
0.4868 + 0.4973, i.e. 0.9841 of the total area beneath 
the curve. 

However, the area is directly proportional to probabil¬ 
ity. Thus, the probability that a person will have a height 
of between 150 and 195 cm is 0.9841. For a group of 
500 people, 500 x 0.9841, i.e. 492 people are likely to 
have heights in this range. The value of 500 x 0.9841 
is 492.05, but since answers based on a normal proba¬ 
bility distribution can only be approximate, results are 
usually given correct to the nearest whole number. 


For the group of people given in 
Problem 1, find the number of people likely to have 
heights of less than 165 cm 


A height of 165 cm corresponds to ---, i.e. 

—0.56 standard deviations. The area between z = 0 and 
z= —0.56(fromTable41.1)is 0.2123, shown shaded in 
Fig. 41.4(a). The total area under the standardised nor¬ 
mal curve is unity and since the curve is symmetrical, it 



(a) 



(b) 


Figure 41.4 

follows that the total area to the left of the z = 0 ordinate 
is 0.5000. Thus the area to the left of the z = —0.56 ordi¬ 
nate (‘left’ means ‘less than’, ‘right’ means ‘more than’) 
is 0.5000 — 0.2123, i.e. 0.2877 of the total area, which 
is shown shaded in Fig. 41.4(b). The area is directly pro¬ 
portional to probability and since the total area beneath 
the standardised normal curve is unity, the probability of 
a person’s height being less than 165 cm is 0.2877. For 
a group of 500 people, 500 x 0.2877, i.e. 144 people 
are likely to have heights of less than 165 cm. 

For the group of people given in 
Problem 1 find how many people are likely to have 
heights of more than 194 cm 

194-170 

194 cm correspond to a z-value of--- that is, 

2.67 standard deviations. From Table 41.1, the area 
between z = 0, z = 2.67 and the standardised normal 
curve is 0.4962, shown shaded in Fig. 41.5(a). Since 
the standardised normal curve is symmetrical, the total 
area to the right of the z = 0 ordinate is 0.5000, hence the 
shaded area shown in Fig. 41.5(b) is 0.5000 — 0.4962, 
i.e. 0.0038. This area represents the probability of 
a person having a height of more than 194 cm, and 
for 500 people, the number of people likely to have 
a height of more than 194 cm is 0.0038 x 500, i.e. 
2 people. 


A batch of 1500 lemonade bottles 
have an average contents of 753 ml and the standard 
deviation of the contents is 1.8 ml. If the volumes of 
the content are normally distributed, find the 
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(a) 



Figure 41.5 

number of bottles likely to contain: (a) less than 
750 ml, (b) between 751 and 754 ml, (c) more than 
757 ml, and (d) between 750 and 751 ml 


(a) The z-value corresponding to 750 ml is given 

x-x 750-753 

by - i.e. -= —1.67 standard devi- 

ations. From Table 41.1, the area between z = 0 
and z = — 1-67 is 0.4525. Thus the area to the 
left of the z = —1.67 ordinate is 0.5000 — 0.4525 
(see Problem 2), i.e. 0.0475. This is the prob¬ 
ability of a bottle containing less than 750 ml. 
Thus, for a batch of 1500 bottles, it is likely that 
1500 x 0.0475, i.e. 71 bottles will contain less 
than 750 ml. 

(b) The z- value corresponding to 751 and 754 ml 

751 -753 754-753 

are - and - i.e. —1.11 and 

1.8 1.8 

0.56 respectively. From Table 41.1, the areas 
corresponding to these values are 0.3665 and 
0.2123 respectively. Thus the probability of a 
bottle containing between 751 and 754 ml is 
0.3665 + 0.2123 (see Problem 1), i.e. 0.5788. 
For 1500 bottles, it is likely that 1500 x 0.5788, 

i.e. 868 bottles will contain between 751 
and 754 ml. 

757-753 

(c) The z- value corresponding to 757 ml is-, 

1.8 

i.e. 2.22 standard deviations. From Table 41.1, the 
area corresponding to a "-value of 2.22 is 0.4868. 
The area to the right of the z = 2.22 ordinate is 


0.5000 - 0.4868 (see Problem 3), i.e. 0.0132 Thus, 
for 1500 bottles, it is likely that 1500x0.0132, 
i.e. 20 bottles will have contents of more 
than 750 ml. 

(d) The z- value corresponding to 750 ml is — 1.67 (see 
part (a)), and the z-value corresponding to 751 ml 
is — 1.11 (see part (b)). The areas corresponding to 
these z-values area 0.4525 and 0.3665 respectively, 
and both these areas lie on the left of the z = 0 ordi¬ 
nate. The area between z = — 1.67 and z = —1.11 
is 0.4525 — 0.3665, i.e. 0.0860 and this is the 
probability of a bottle having contents between 
750 and 751 ml. For 1500 bottles, it is likely that 
1500 x 0.0860, i.e. 129 bottles will be in this 
range. 


Now try the following exercise 

Exercise 146 Further problems on the 
introduction to the normal 
distribution 

1. A component is classed as defective if it has a 

diameter of less than 69 mm. In a batch of 350 
components, the mean diameter is 75 mm and 
the standard deviation is 2.8 mm. Assuming 
the diameters are normally distributed, deter¬ 
mine how many are likely to be classed as 
defective [6] 

2. The masses of 800 people are normally dis¬ 

tributed, having a mean value of 64.7 kg, and 
a standard deviation of 5.4 kg. Find how many 
people are likely to have masses of less than 
54.4 kg. [22] 

3. 500 tins of paint have a mean content of 
1010 ml and the standard deviation of the con¬ 
tents is 8.7 ml. Assuming the volumes of the 
contents are normally distributed, calculate 
the number of tins likely to have contents 
whose volumes are less than (a) 1025 ml (b) 
1000 ml and (c) 995 ml. 

[(a) 479 (b) 63 (c) 21] 

4. For the 350 components in Problem 1, if those 

having a diameter of more than 81.5 mm are 
rejected, find, correct to the nearest compo¬ 
nent, the number likely to be rejected due to 
being oversized. [4] 
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5. For the 800 people in Problem 2, determine 
how many are likely to have masses of more 
than (a) 70 kg, and (b) 62 kg. 

[(a) 131 (b) 553] 

6. The mean diameter of holes produced by a 
drilling machine bit is 4.05 mm and the stan¬ 
dard deviation of the diameters is 0.0028 mm. 
For twenty holes drilled using this machine, 
determine, correct to the nearest whole num¬ 
ber, how many are likely to have diame¬ 
ters of between (a) 4.048 and 4.0553 mm, 
and (b) 4.052 and 4.056 mm, assuming the 
diameters are normally distributed. 

[(a) 15 (b) 4] 

7. The intelligence quotients of 400 children 
have a mean value of 100 and a standard 
deviation of 14. Assuming that I.Q.’s are nor¬ 
mally distributed, determine the number of 
children likely to have I.Q.’s of between (a) 80 
and 90, (b) 90 and 110, and (c) 110 and 130. 

[(a) 65 (b) 209 (c) 89] 

8. The mean mass of active material in tablets 
produced by a manufacturer is 5.00 g and the 
standard deviation of the masses is 0.036 g. In 
a bottle containing 100 tablets, find how many 
tablets are likely to have masses of (a) between 
4.88 and 4.92 g, (b) between 4.92 and 5.04 g, 
and (c) more than 5.04 g. 

[(a) 1 (b) 85 (c) 13] 


41.2 Testing for a normal distribution 


It should never be assumed that because data is con¬ 
tinuous it automatically follows that it is normally 
distributed. One way of checking that data is normally 
distributed is by using normal probability paper, often 
just called probability paper. This is special graph 
paper which has linear markings on one axis and per¬ 
centage probability values from 0.01 to 99.99 on the 
other axis (see Figs. 41.6 and 41.7). The divisions on the 
probability axis are such that a straight line graph results 
for normally distributed data when percentage cumu¬ 
lative frequency values are plotted against upper class 
boundary values. If the points do not lie in a reasonably 
straight line, then the data is not normally distributed. 
The method used to test the normality of a distribution 


is shown in Problems 5 and 6. The mean value and 
standard deviation of normally distributed data may be 
determined using normal probability paper. For nor¬ 
mally distributed data, the area beneath the standardised 
normal curve and a z-value of unity (i.e. one standard 
deviation) may be obtained from Table 41.1. For one 
standard deviation, this area is 0.3413, i.e. 34.13%. An 
area of ± 1 standard deviation is symmetrically placed 
on either side of the z = 0 value, i.e. is symmetrically 
placed on either side of the 50 per cent cumulative 
frequency value. Thus an area corresponding to ±1 
standard deviation extends from percentage cumulative 
frequency values of (50 + 34.13)% to (50—34.13)%, 
i.e. from 84.13% to 15.87%. For most purposes, these 
values area taken as 84% and 16%. Thus, when using 
normal probability paper, the standard deviation of the 
distribution is given by: 

(variable value for 84% cumulative frequency) — 
(variable value for 16% cumulative frequency) 

2 

Use normal probability paper to 
determine whether the data given below, which 
refers to the masses of 50 copper ingots, is 
approximately normally distributed. If the data is 
normally distributed, determine the mean and 
standard deviation of the data from the graph drawn 

Class mid-point 

value (kg) 29.5 30.5 31.5 32.5 33.5 

Frequency 24689 

Class mid-point 

value (kg) 34.5 35.5 36.5 37.5 38.5 

Frequency 8 6 4 2 1 

To test the normality of a distribution, the upper class 
boundary/percentage cumulative frequency values are 
plotted on normal probability paper. The upper class 
boundary values are: 30, 31, 32, ... , 38, 39. The cor¬ 
responding cumulative frequency values (for Tess than’ 
the upper class boundary values) are: 2, (4 + 2) = 6, 
(6 + 4 + 2)= 12, 20, 29, 37, 43, 47, 49 and 50. The 
corresponding percentage cumulative frequency values 
2 6 

are — x 100 = 4, — x 100= 12, 24, 40, 58, 74, 86, 
50 50 

94, 98 and 100%. 

The co-ordinates of upper class boundary/percentage 
cumulative frequency values are plotted as shown in 
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Upper class boundary 



Figure 41.6 


Fig. 41.6. When plotting these values, it will always 
be found that the co-ordinate for the 100% cumulative 
frequency value cannot be plotted, since the maximum 
value on the probability scale is 99.99. Since the points 
plotted in Fig. 41.6 lie very nearly in a straight line, 
the data is approximately normally distributed. 

The mean value and standard deviation can be deter¬ 
mined from Fig. 41.6. Since a normal curve is sym¬ 
metrical, the mean value is the value of the variable 
corresponding to a 50% cumulative frequency value, 
shown as point P on the graph. This shows that the 
mean value is 33.6 kg. The standard deviation is deter¬ 
mined using the 84% and 16% cumulative frequency 
values, shown as Q and R in Fig. 41.6. The variable val¬ 
ues for Q and/? are 35.7 and 31.4 respectively; thus two 
standard deviations correspond to 35.7 — 31.4, i.e. 4.3, 
showing that the standard deviation of the distribution 


4.3 

is approximately i.e. 2.15 standard deviations. 
The mean value and standard deviation of the 


distribution can be calculated using mean, jr 


Ef x 

Ef 


and 


standard deviation, cr = 




Ef 


where/ is the 


frequency of a class and x is the class mid-point value. 
Using these formulae gives a mean value of the distri¬ 
bution of 33.6 (as obtained graphically) and a standard 
deviation of 2.12, showing that the graphical method of 
determining the mean and standard deviation give quite 
realistic results. 


Use normal probability paper to 
determine whether the data given below is normally 
distributed. Use the graph and assume a normal 
distribution whether this is so or not, to find 
approximate values of the mean and standard 
deviation of the distribution. 

Class mid-point 

Values 5 15 25 35 45 

Frequency 1 2 3 6 9 

Class mid-point 

Values 55 65 75 85 95 

Frequency 62211 


To test the normality of a distribution, the upper class 
boundary/percentage cumulative frequency values are 
plotted on normal probability paper. The upper class 
boundary values are: 10, 20, 30,..., 90 and 100. 
The corresponding cumulative frequency values are 1, 
1 + 2 = 3,1+2 + 3 = 6, 12, 21, 27, 29, 31, 32 and 
33. The percentage cumulative frequency values are 

— x 100 = 3, — x 100 = 9, 18, 36, 64, 82, 88, 94, 
33 33 

97 and 100. 

The co-ordinates of upper class boundary values/ 
percentage cumulative frequency values are plotted as 
shown in Fig. 41.7. Although six of the points lie approx¬ 
imately in a straight line, three points corresponding to 
upper class boundary values of 50, 60 and 70 are not 
close to the line and indicate that the distribution is 
not normally distributed. However, if a normal dis¬ 
tribution is assumed, the mean value corresponds to 
the variable value at a cumulative frequency of 50% 
and, from Fig. 41.7, point A is 48. The value of the 
standard deviation of the distribution can be obtained 
from the variable values corresponding to the 84% and 
16% cumulative frequency values, shown as B and C 
in Fig. 41.7 and give: 2er = 69 — 28, i.e. the standard 
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10 20 30 40 50 60 70 80 90 100110 


Upper class boundary 


Figure 41.7 


Class mid-point 


value 

27.2 27.4 27.6 

Frequency 

36 25 12 


Use normal probability paper to show that this 
data approximates to a normal distribution and 
hence determine the approximate values of the 
mean and standard deviation of the distribu¬ 
tion. Use the formula for mean and standard 
deviation to verify the results obtained. 


Graphically, x = 27.1, er = 0.3; by 
calculation, x = 27.079, a = 0.3001 

2. A frequency distribution of the class mid-point 
values of the breaking loads for 275 similar 
fibres is as shown below: 


Load(kN) 

17 

19 

21 

23 

Frequency 

9 

23 

55 

78 

Load (kN) 

25 

27 

29 

31 

Frequency 

64 

28 

14 

4 


deviation a — 20.5. The calculated values of the mean 
and standard deviation of the distribution are 45.9 and 
19.4 respectively, showing that errors are introduced if 
the graphical method of determining these values is used 
for data that is not normally distributed. 


Use normal probability paper to show that this 
distribution is approximately normally dis¬ 
tributed and determine the mean and standard 
deviation of the distribution (a) from the graph 
and (b) by calculation. 


Now try the following exercise 


Exercise 147 Further problems on testing 
for a normal distribution 

1. A frequency distribution of 150 measurements 
is as shown: 


(a) x — 23.5kN,a = 2.9kN 

(b) x — 23.364kN, a = 2.917kN 


Class mid-point 



value 

26.4 

26.6 26.8 27.0 

Frequency 

5 

12 24 36 
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Section 7 


Revision Test 11 


This Revision test covers the material contained in Chapters 40 and 41. The marks for each question are shown in 
brackets at the end of each question. 


1. A machine produces 15% defective components. 
In a sample of 5, drawn at random, calculate, using 
the binomial distribution, the probability that: 

(a) there will be 4 defective items 

(b) there will be not more than 3 defective items 

(c) all the items will be non-defective (14) 

2. 2% of the light bulbs produced by a company 
are defective. Determine, using the Poisson dis¬ 
tribution, the probability that in a sample of 80 
bulbs: 

(a) 3 bulbs will be defective, (b) not more than 3 
bulbs will be defective, (c) at least 2 bulbs will be 
defective. (13) 

3. Some engineering components have a mean length 
of 20 mm and a standard deviation of 0.25 mm. 
Assume that the data on the lengths of the compo¬ 
nents is normally distributed. 


In a batch of 500 components, determine the 
number of components likely to: 

(a) have a length of less than 19.95 mm 

(b) be between 19.95 mm and 20.15 mm 

(c) be longer than 20.54 mm. (12) 

4. In a factory, cans are packed with an average of 
1.0 kg of a compound and the masses are normally 
distributed about the average value. The standard 
deviation of a sample of the contents of the cans 
is 12 g. Determine the percentage of cans con¬ 
taining (a) less than 985 g, (b) more than 1030 g, 
(c) between 985 g and 1030 g. (11) 





Multiple choice questions on Chapters 28-41 


All questions have only one correct answer (answers on page 570). 


1. A graph of resistance against voltage for an electri¬ 
cal circuit is shown in Figure M3.1. The equation 
relating resistance R and voltage V is: 

(a)/? =1.457 +40 (b) R = 0.8 V + 20 

(c)R= 1.457 + 20 (d)tf= 1.257 + 20 



Figure M3.1 
5 

2. — is equivalent to: 

(a) j5 (b) —5 (0-75 (d) 5 

3. Two voltage phasors are shown in Figure M3.2. If 
7i = 40 volts and 7? = 100 volts, the resultant (i.e. 
length OA) is: 

(a) 131.4 volts at 32.55° to 7i 

(b) 105.0 volts at 32.55° to 7i 

(c) 131.4 volts at 68.30° to 7i 

(d) 105.0 volts at 42.31° to 7i 

4. Which of the straight lines shown in Figure M3.3 
has the equation y + 4 = 2x1 

(a) (i) (b) (ii) (c) (iii) (d) (iv) 


A 



7 = 40 volts 


y 

6 


\ 


-4/0 

4 x -6 

0 

\ 6 x 

7 -6 


-6 


(i) 


(ii) 

y 


y 


\ 6 


6 

/ 

-6 \0 

6 x -6 

0 

./2 6 x 

-6 


-6 

/ 

■ 

(iii) 

(iv) 

Figure M3.3 




5. A pie diagram is shown in Figure M3.4 where P, 
Q, R and S represent the salaries of four employees 
of a firm. P earns £24 000 p.a. Employee S earns: 

(a) £40 000 (b) £36 000 

(c) £20 000 (d) £24 000 



Figure M3.4 

6. A force of 4N is inclined at an angle of 45° to a 
second force of 7 N, both forces acting at a point, 
as shown in Figure M3.5. The magnitude of the 
resultant of these two forces and the direction of 
the resultant with respect to the 7 N force is: 

(a) 3 Nat 45° (b) 5 Nat 146° 

(c) 11 Nat 135° (d) 10.2 Nat 16° 



Figure M3.2 


Figure M3.5 
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Questions 7 to 10 relate to the following 
information: 

The capacitance (in pF) of 6 capacitors is as 
follows: {5, 6, 8, 5, 10, 2} 

7. The median value is: 

(a) 36 pF (b) 6 pF (c) 5.5 pF (d) 5 pF 

8. The modal value is: 

(a) 36 pF (b) 6 pF (c) 5.5 pF (d) 5 pF 

9. The mean value is: 

(a) 36 pF (b) 6 pF (c)5.5pF (d) 5 pF 

10. The standard deviation is: 

(a) 2.66 pF (b) 2.52 pF 

(c) 2.45 pF (d) 6.33 pF 

11. A graph of y against x, two engineering quantities, 
produces a straight line. 

A table of values is shown below: 

x 2 —1 p 

y 9 3 5 

The value of p is: 

(a) —I (b) —2 (c) 3 (d) 0 

Questions 12 and 13 relate to the following infor¬ 
mation. The voltage phasors V i and Vi are shown 
in Figure M3.6. 


I/, = 15 V 



Figure M3.6 

12. The resultant Vi + V 2 is given by: 

(a) 38.72 V at —19° to Vi 

(b) 14.16 Vat 62° to Vi 

(c) 38.72 Vat 161° to Vi 

(d) 14.16Vat 118° to V[ 

13. The resultant V\ — V 2 is given by: 

(a) 38.72 Vat-19° to Vi 

(b) 14.16 Vat 62° to Vi 

(c) 38.72 Vat 161° to V! 

(d) 14.16Vat 118° to Vj 


14. The curve obtained by joining the co-ordinates of 
cumulative frequency against upper class boundary 
values is called; 

(a) a historgram (b) a frequency polygon 

(c) a tally diagram (d) an ogive 

15. A graph relating effort E (plotted vertically) against 
load L (plotted horizontally) for a set of pul¬ 
leys is given by L + 30 = 6 E. The gradient of the 
graph is: 

(a) ] - (b) 5 (c) 6 (d) ^ 

6 5 

Questions 16 to 19 relate to the following 
information: 

x and y are two related engineering variables and p 
and q are constants. 

For the law y — p = - to be verified it is necessary 
x 

to plot a graph of the variables. 

16. On the vertical axis is plotted: 

(a) y (b) p (c) q (d) x 

17. On the horizontal axis is plotted: 

(a) x (b) - (c) 1 (d) p 

X X 

18. The gradient of the graph is: 

(a) y (b) p (c) q (d) x 

19. The vertical axis intercept is: 

(a) y (b) p (c) q (d) x 

Questions 20 to 22 relate to the following 
information: 

A box contains 35 brass washers, 40 steel washers 
and 25 aluminium washers. 3 washers are drawn at 
random from the box without replacement. 

20. The probability that all three are steel 
washers is: 

(a) 0.0611 (b) 1.200 (c) 0.0640 (d) 1.182 

21. The probability that there are no aluminium 
washers is: 

(a) 2.250 (b) 0.418 (c) 0.014 (d) 0.422 

22. The probability that there are two brass washers 
and either a steel or an aluminium washer is: 

(a) 0.071 (b) 0.687 (c) 0.239 (d) 0.343 

23. (—4 —j 3) in polar form is : 

(a) 5Z- 143.13° (b) 5Z126.87° 

(c) 5Z143.13° (d)5Z- 126.87° 






Multiple choice questions on Chapters 28-41 377 


24. The magnitude of the resultant of velocities of 3 m/s 
at 20° and 7 m/s at 120° when acting simultane¬ 
ously at a point is: 

(a) 21 m/s (b) 10 m/s 

(c) 7.12 m/s (d)4m/s 

25. Here are four equations in x and y. When x is 
plotted against y, in each case a straight line 
results. 

(i) y + 3 = 3x (ii) y + 3x = 3 

y 3 y 2 

fib> 2~2= X (,V) 3 = * + 3 

Which of these equations are parallel to each 
other? 

(a) (i) and (ii) (b) (i) and (iv) 

(c) (ii) and (iii) (d) (ii) and (iv) 

26. The relationship between two related engineering 
variables x and y is y — cx — bx 2 where b and c 
are constants. To produce a straight line graph it is 
necessary to plot: 

(a) x vertically against y horizontally 

(b) y vertically against x 2 horizontally 
v 

(c) - vertically against x horizontally 

x 

(d) y vertically against x horizontally 

27. The number of faults occurring on a production line 
in a 9-week period are as shown: 

32 29 27 26 29 39 33 29 37 
The third quartile value is: 

(a) 29 (b) 35 (c)31 (d) 28 

28. (1+y') 4 is equivalent to: 

(a) 4 (b) -j4 (c)./4 (d) —4 

29. 2% of the components produced by a manufacturer 
are defective. Using the Poisson distribution the 
percentage probability that more than two will be 
defective in a sample of 100 components is: 

(a) 13.5% (b) 32.3% 

(c) 27.1% (d) 59.4% 

30. The equation of the graph shown in Fig¬ 
ure M3.7 is: 

(a) x(x + 1) = — (b) 4x 2 — 4x —15 = 0 

(c) x 2 — 4x — 5 = 0 (d) 4x 2 + 4x — 15 = 0 



Figure M3.7 

31. In an experiment demonstrating Hooke’s law, the 
strain in a copper wire was measured for various 
stresses. The results included 

Stress 

(megapascals) 18.24 24.00 39.36 

Strain 0.00019 0.00025 0.00041 

When stress is plotted vertically against strain 
horizontally a straight line graph results. 

Young’s modulus of elasticity for copper, which is 
given by the gradient of the graph, is: 

(a) 96 x 10 9 Pa (b) 1.04 x 10“ H Pa 

(c) 96 Pa (d) 96 000 Pa 

Questions 32 and 33 relate to the following 
information: 

The frequency distribution for the values of resis¬ 
tance in ohms of 40 transistors is as follows: 

15.5- 15.9 3 16.0-16.4 10 

16.5- 16.9 13 17.0-17.4 8 

17.5- 17.9 6 

32. The mean value of the resistance is: 

(a) 16.75 ft (b) 1.0 ft 

(c) 15.85 ft (d) 16.95 ft 

33. The standard deviation is: 

(a) 0.335 ft (b) 0.251 ft 

(c) 0.682 ft (d) 0.579 ft 

34. The depict a set of values from 0.05 to 275, the 
minimum number of cycles required on logarithmic 
graph paper is: 

(a) 2 (b) 3 (c) 4 (d) 5 

35. A manufacturer estimates that 4% of components 
produced are defective. Using the binomial distri¬ 
bution, the percentage probability that less than two 
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components will be defective in a sample of 10 
components is: 

(a) 0.40% (b) 5.19% 

(c) 0.63% (d) 99.4% 

Questions 36 to 39 relate to the following 
information. 

A straight line graph is plotted for the equation 
y = ax n , where y and x are the variables and a and 
n are constants. 



36. On the vertical axis is plotted: 

(a) y (b) x (c) In y (d) a 

37. On the horizontal axis is plotted: 

(a) In x (b) x (c) x n (d) a 

38. The gradient of the graph is given by: 

(a) y (b) a (c) x (d) n 


Figure M3.8 

7X 71 

44. 2Z — + 3Z — in polar form is: 

3 6 

(a) 5z| (b) 4.84Z0.84 

(c) 6Z0.55 (d) 4.84Z0.73 


39. The vertical axis intercept is given by: 
(a) n (b) In a (c) x (d) In y 


Questions 40 to 42 relate to the following 
information. 

The probability of a component failing in one year 

1 

due to excessive temperature is —, due to exces- 
1 

sive vibration is — and due to excessive humidity 

1 

is —. 

40 

40. The probability that a component fails due to 
excessive temperature and excessive vibration is: 


(a)^ 

320 


1 9 

(b)- (c) — 

320 80 


1 

(d)- 

800 


41. The probability that a component fails due to 
excessive vibration or excessive humidity is: 

(a) 0.00125 (b) 0.00257 

(c) 0.0750 (d) 0.1125 


42. The probability that a component will not fail 
because of both excessive temperature and exces¬ 
sive humidity is: 

(a) 0.914 (b) 1.913 

(c) 0.00156 (d) 0.0875 


43. Three forces of 2N, 3N and 4N act as shown 
in Figure M3.8. The magnitude of the resultant 
force is: 


Questions 45 and 46 relate to the following 
information. 

Two alternating voltages are given by: 

i>i = 2 sin cot and vj — 3 sin (cot + —^ volts. 

45. Which of the phasor diagrams shown in 
Figure M3.9 represents vr = iq + i> 2 ? 

(a) (i) (b) (ii) (c) (iii) (d) (iv) 



(i) (ii) 




46. Which of the phasor diagrams shown represents 
vr = v i - i > 2 ? 

(a) (i) (b) (ii) (c) (iii) (d) (iv) 

47. The two square roots of (—3 +y4) are: 

(a) ±(l+y2) (b) ±(0.71+;'2.12) 

(c)±(l—y2) (d) ±(0.71-7-2.12) 


(a) 8.08 N (b)9N (c)7.17N (d) 1N 
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Questions 48 and 49 relate to the following 
information. 

A set of measurements (in mm) is as follows: 
{4,5,2, 11,7,6,5, 1,5,8, 12,6} 


48. The median is: 

(a) 6 mm (b) 5 mm (c) 72 mm 

(d) 5.5 mm 

49. The mean is: 

(a) 6 mm (b) 5 mm (c) 72 mm 

(d) 5.5 mm 

50. The graph of y= 2 tan 30 is: 

(a) a continuous, periodic, even function 


(b) a discontinuous, non-periodic, odd function 

(c) a discontinuous, periodic, odd function 

(d) a continuous, non-periodic, even function 

Questions 51 to 53 relate to the following 
information. 

The mean height of 400 people is 170 cm and 
the standard deviation is 8 cm. Assume a normal 
distribution. (See Table 41.1 on pages 367/368) 


51. The number of people likely to have heights of 
between 154 cm and 186 cm is: 

(a) 390 (b) 380 (c) 190 (d) 185 

52. The number of people likely to have heights less 
than 162 cm is: 

(a) 133 (b) 380 (c) 67 (d) 185 

53. The number of people likely to have a height of 
more than 186 cm is: 

(a) 10 (b) 67 (c) 137 (d) 20 

54. [2Z30 0 ] 4 in Cartesian form is: 

(a) (0.50 + y'0.06) (b) (-8+./13.86) 

(c) (—4+y6.93) (d) (13.86+78) 
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Chapter 42 


Introduction to 
differentiation 


42.1 Introduction to calculus 


Calculus is a branch of mathematics involving or lead¬ 
ing to calculations dealing with continuously varying 
functions. 

Calculus is a subject that falls into two parts: 

(i) differential calculus (or differentiation) and 

(ii) integral calculus (or integration). 

Differentiation is used in calculations involving velocity 
and acceleration, rates of change and maximum and 
minimum values of curves. 


42.2 Functional notation 


In an equation such as y = 3x 2 + 2x — 5, y is said to be 
a function of x and may be written as y —fix). 

An equation written in the form/(x) = 3x 2 + 2x — 5 
is termed functional notation. The value of /(x) 
when x = 0 is denoted by/(0), and the value of/(x) 
when x = 2 is denoted by /(2) and so on. Thus when 
fix) — 3x 2 + 2x — 5, then 

f(0) = 3(0) 2 + 2(0) - 5 = -5 
and /(2) = 3(2) 2 + 2(2) -5=11 and so on. 


If f(x) — 4x 2 — 3x + 2 find: 
/(0),/(3),/(—1) and /(3) —/(—1) 


fix) = 4x 2 - 3x + 2 

/(0) = 4(0) 2 - 3(0) + 2 = 2 


/(3) = 4(3) 2 — 3(3) + 2 
= 36 - 9 + 2 = 29 
/( — 1) = 4(— l) 2 — 3(— 1) + 2 
=4+3+2=9 
/(3) —/( — 1) = 29 — 9 = 20 


Given that/(x) = 5x 2 + x — 7 

determine: 


(i) /(2) +/(1) 

(iii) /(3 + a)-/(3) 

(ii) /(3 + a) 

/(3 + a)-/(3) 

(tv) 


a 


fix) = 5x 2 + x — 7 

(i) /(2) = 5(2) 2 + 2 — 7=15 
/(1) = 5(1) 2 +1 — 7 = —1 

/(2)-/(l)=-^- = -15 

(ii) /(3 + a) = 5(3 + a) 2 + (3 + a) — 7 

= 5(9 + 6a + a 2 ) + (3 + a) — 7 
= 45 + 30a + 5 a 2 + 3 + ci — 7 

= 41 + 31a + 5 a 1 


(iii) /(3) = 5(3) 2 + 3 — 7 = 41 

/(3 + a) —/(3) = (41 + 31a + 5a 2 ) - (41) 
= 31a + 5 a 2 
/(3 + a) — /(3) 3 la + 5a 2 


(iv) 


= 31 + 5a 
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Now try the following exercise 


Exercise 148 Further problems on 
functional notation 


1. If f(x ) = 6x 2 — 2x+\ find f(0), fi 1), /(2), 
/(—1) and/(—3). 

[1,5,21,9,61] 

2. If fix) = 2x 2 + 5x - 1 find /(1), /(2), /(-1), 

/( 2 ) —/(— 1 ). 

[ 0 , 11 , - 10 , 21 ] 


3. Given fix) = 3x 3 + 2x 2 — 3x + 2 prove that 
/(l) =7/(2) 

4. If /O) = — x 2 + 3x + 6 find /(2), /(2 + a), 


/(2 + a) —/(2) and 


/(2 + a )-/( 2 ) 


[8, —a 2 — a + 8, —a 2 — a, — a— 1] 


42.3 The gradient of a curve 


(a) If a tangent is drawn at a point / J on a curve, then 
the gradient of this tangent is said to be the gra¬ 
dient of the curve at P. In Fig. 42.1, the gradient 
of the curve at P is equal to the gradient of the 
tangent PQ. 




(c) For the curve fix) — x 2 shown in Fig. 42.3: 

(i) the gradient of chord AB 



Figure 42.1 

(b) For the curve shown in Fig. 42.2, let the points 
A and B have co-ordinates (xi, y\) and ix 2 , yi ), 
respectively. In functional notation, y 1 —fix 1 ) and 
V 2 — fix 2 ) as shown. 

The gradient of the chord AB 

_ BC _ BD - CD 
~ AC ~ ED 


_ /(3)-/(l) _ 9-1 

3-1 2 

(ii) the gradient of chord AC 

_ /(2)-/(l) _ 4-1 

2-1 1 

(iii) the gradient of chord AD 

_ , /(1.5)-/(l) _ 2.25 - 1 _ 

1.5-1 0.5 

(iv) if E is the point on the curve (1.1, /(1.1)) 
then the gradient of chord AE 

_ /(!.!)-/( 1 ) 

1.1 - 1 


/fe) -/(*i) 

(X 2 ~Xl) 


(v) if F is the point on the curve (1.01,/(1.01)) 
then the gradient of chord AF 
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/(l.oi) —/(l) 

1.01 - 1 


1.0201 - 1 

ool 


= 2.01 


Thus as point B moves closer and closer to point A the 
gradient of the chord approaches nearer and nearer to the 
value 2. This is called the limiting value of the gradient 
of the chord AB and when B coincides with A the chord 
becomes the tangent to the curve. 


Now try the following exercise 


Hence 


Sy _ fjx+8x)-fjx) 
8x 8x 


8y 

As 8x approaches zero, — approaches a limiting 
8x 

value and the gradient of the chord approaches 
the gradient of the tangent at A. 


(ii) When determining the gradient of a tangent to 
a curve there are two notations used. The gradi¬ 
ent of the curve at A in Fig. 42.4 can either be 
written as: 


8y 

limit — or limit 

Sx— >0 Sx 8x—* 0 


f(x + Sx) - f(x) 
Sx 


Exercise 149 A further problem on the 
gradient of a curve 

1. Plot the curve/(x) = 4x 2 — 1 for values of x 
from x = — I tox = +4. Label the co-ordinates 
(3, /(3)) and (1, /(1)) as J and K, respec¬ 
tively. Join points J and K to form the chord 
JK. Determine the gradient of chord JK. By 
moving J nearer and nearer to K determine 
the gradient of the tangent of the curve at K. 

[16,8] 


42.4 Differentiation from first 
principles 


(i) In Fig. 42.4, A and B are two points very close 
together on a curve, 8x (delta x ) and Sy (delta y) 
representing small increments in the x and y 
directions, respectively. 



Figure 42.4 


Gradient of chord AB — — 

Sx 

However, Sy —fix + Sx) — fix) 


dy Sy 

In Leibniz notation, — = limit — 

dx Sx-* o Sx 

In functional notation, 

fix + Sx)-fix) 


fix) — limit 

5x^-0 


Sx 


(iii) — is the same as / (x) and is called the differ- 
dx 

ential coefficient or the derivative. The process 
of finding the differential coefficient is called 

differentiation. 


Summarising, the differential coefficient, 


dy , Sy 

, =f(x)= limit 
dx o Sx 


= limit 

&r->0 


f(x+Sx)—f(x) 

Sx 


Differentiate from first principles 
f(x) = x 2 and determine the value of the gradient of 
the curve at x — 2 

To ‘differentiate from first principles’ means ‘to find 
f (x)’ by using the expression 


fix) = limit 

8x^0 

fix) = x 2 


fix + Sx) -fjx) 
Sx 


Substituting (x + Sx) for x gives 
fix + Sx) — (x + <5x) 2 = x 2 + 2x8x + Sx 2 , hence 


fix) = limit 

8x^0 


= limit 

Sx-* 0 


(x 2 + 2x<5x + 5x 2 ) — (x 2 ) 


Sx 


2xSx + Sx 2 
Sx 


= limit (2x + <5x} 

8x^0 


Section 8 



































Section 8 


386 Engineering Mathematics 


As Sx -» 0, [2x + Sx] -> [2.x + 0], Thus f'(x) = 2x, i.e. 
the differential coefficient of x 2 is 2x. At x = 2, the 
gradient of the curve, fix) — 2(2) = 4 


Find the differential coefficient of 
y — 5x 


By definition. 


dy 

dx 


=f(x) 


limit 

<5x->0 


f(x + Sx) -f(x) 
Sx 


The function being differentiated is y —fix) = 5x. Sub¬ 
stituting (x + Sx) for x gives: 
fix + Sx) — 5(x + Sx) — 5x + 55x. Hence 


dy 

dx 


= f(x) = limit 

Sxs-0 


(5x + 5Sx) — (5x) 
Sx 


= lim it 


55x1 

~sf1 


= limit {5} 

<5jc—>-0 


Since the term Sx does not appear in [5] the limiting 

dy 

value as Sx —*■ 0 of [5] is 5. Thus — = 5, i.e. the differen- 

dx 

tial coefficient of 5x is 5. The equation y = 5x represents 
a straight line of gradient 5 (see Chapter 28). The ‘differ- 
dy 

ential coefficient’ (i.e. — or/'(x)) means ‘the gradient 
dx 

of the curve’, and since the slope of the line v = 5x is 5 
this result can be obtained by inspection. Hence, in gen¬ 
eral, if y = Lx (where A: is a constant), then the gradient 
dy 

of the line is k and — or fix) = k. 
dx 

Find the derivative of y = 8 

y =f(x) — 8. Since there are no x-values in the orig¬ 
inal equation, substituting (x + Sx) for x still gives 
fix + Sx) — 8. Hence 


dy 

dx 


= f(x) = limit 
5x^0 


f(x + Sx) -f(x) 
Sx 


= limit 

Sx-)- 0 


8 — 81 
Sx J 


= 0 


Thus, when y = 8, — =0 
dx 

The equation y — 8 represents a straight horizontal line 
and the gradient of a horizontal line is zero, hence the 


result could have been determined by inspection. ‘Find¬ 
ing the derivative’ means ‘finding the gradient’, hence, 
in general, for any horizontal line if y — k (where A is a 
dx 

constant) then — = 0. 

dx 


Differentiate from first principles 
f(x) = 2x 3 


Substituting (x + <5x) for x gives 
fix + Sx) = 2(x + Sx) 3 

= 2(x + 8x)(x 2 + 2xSx + Sx 2 ) 
= 2(x 3 + 3x 2 Sx + 3x5x 2 + Sx 3 ) 
= 2x 3 + 6x 2 Sx + 6x5x 2 + 25x 3 


— =f'(x) — limit 
dx Sx-> o 


fix + Sx) -fix) 
Sx 


— limit 

8x^0 


= limit 

Sx-) 0 


(2x 3 + 6x 2 Sx + 6xSx 2 + 2Sx 3 ) — (2x 3 ) 
Sx 

6x 2 Sx + 6 xSx 2 + 25x 3 
Sx 


= limit{6x z + 6x5x + 2 Sx") 

Hence fix) — 6x 2 , i.e. the differential coefficient of 2x 3 
is 6x 2 . 


Find the differential coefficient of 
y = 4x 2 + 5x — 3 and determine the gradient of the 
curve atx = — 3 


y — f(x) — 4x 2 + 5x — 3 
f(x + Sx) — 4(x + Sx) 2 + 5(x + Sx) — 3 

= 4(x 2 + 2xSx + Sx 2 ) + 5x + 5Sx — 3 
= 4x 2 + 8x5x + 4Sx 2 + 5x + 5Sx — 3 


dy 

dx 


= f'(x) = limit 


f(x + Sx) -fix) 
Sx 


= limit 


(4x 2 + 8xSx + 4Sx 2 + 5x + 5Sx — 3) 
- (4x 2 + 5x - 3) 

Sx 
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8x<5x + 45x 2 + 55x | 

42.5 Differentiation of y = ax n by the 

Sx } 

general rule 


= limit 


= limit 18x + 4 Sx + 5} 

Sx-> 0 


dx 

i.e. — = fix) — 8x + 5 
dx 

At x = — 3, the gradient of the curve 
dy 


= -=/'(x) = 8(-3) + 5 = 

dx 


-19 


Now try the following exercise 

Exercise 150 Further problems on 

differentiation from first 
principles 

In Problems 1 to 12, differentiate from first 
principles. 


1. y = x 

2. y = lx 

3. y = 4x 2 

4. y = 5x 3 

5. y = — 2x 2 + 3x — 12 

6. y = 23 

7. f(x) = 9x 

2x 

8- /W=y 

9. fix) — 9x 2 

10. f(x) = -7x 3 

11. fix) —x 2 + 15x — 4 

12. fix) = 4 


[ 1 ] 

[7] 

[8x] 

[15x 2 ] 

-4x + 3] 

[ 0 ] 

[9] 

2 ' 

3 

118x] 
[-2 lx 2 ] 
[2x+ 15] 
[ 0 ] 


a ^ 

13. Determine —(4.>r) from first principles 
dx 

[12x 2 ] 


U ry 

14. Find —(3x“ + 5) from first principles 
dx 


[6x] 


From differentiation by first principles, a general rule 
for differentiating ax” emerges where a and n are any 
constants. This rule is: 

d y _ n-l 


if v = ax' 1 then — = anx 
dx 

or, if fix) = ax n then f\x) = anx 


n-l 


(Each of the results obtained in worked problems 3 to 7 
may be deduced by using this general rule). 

When differentiating, results can be expressed in a 
number of ways. 


For example: 


dy 


(i) if v = 3x z then — = 6x, 

dx 

(ii) if/(x) = 3x 2 then/'(x) = 6x, 

(iii) the differential coefficient of 3x 2 is 6x, 

(iv) the derivative of 3x 2 is 6x, and 

(v) — (3x 2 ) = 6x 
dx 


Using the general rule, differentiate 
the following with respect to x: 

(a) y = 5x 7 (b) y = 3^/x (c)y=4 


(a) Comparing y — 5x 7 with y = ax n shows that a = 5 
and n = 7. Using the general rule, 

^ = anx n ~ l = (5)(7)x 7-1 = 35x 6 
dx 

r~ - 1 

(b) y = 3^/x — 3x 2 . Hence a — 3 and n = - 


dy n-l h-i 

— = anx = (3)-x2 
dx 2 

_ 3 -i _ 3 _ 3 

- 2 X 2 - 7T _ 2^ 


2x2 


(c) y = — — 4x L . Hence a —4 and n = — 2 

x 1 

— = anx n ~ l = (4)( — 2)x -2-1 

dx 


= — 8x“ 3 = - 


8 
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Find the differential coefficient of 
2 , 4 , _ 

y — -x 3 -r + 4Vx 5 + 7 


y = jx 3 - t + 4-Vx 3 + 7 

5 x^ 

i.e. y = -x 3 — 4x -3 + 4x 5 / 2 + 7 
* 5 

| = (!)(V- I - ( 4,(-3 >t -=- 1 

+ (4)(j)*< 5m -'+0 

= j,2 + 12 ,-i + i o,’/; 

dy 6 2 12 r~x 

i.e. — = -x 2 + —r + lOVx 3 

dx 5 x 4 


If/(0 = 5f+ — find /■'(/) 
Vf 3 


/(r) — 5f H— -j= — 5t H— 5 - — 5t + t 2 

Vr 3 


Hence 


At) = (5)(1 )t 


1-1 


3 
1 2 

-I)*-*" 


i.e. 


= 5f° - -ri 


/(,, = 5 -^ = 5 -i7P 


11. Differentiate y = 
respect to x 

(x + 2) 2 x 2 + 4x + 4 


(x + 2) 2 


with 


y : 


i.e. 


Hence 


x 1 4x 4 

=-+—+- 
XXX 

y = x + 4 + 4x _1 
dy 

/ = 1+0 +(4)(- l)x 
dx 

= 1 - 4x“ 2 = 1 - 


- 1-1 


Now try the following exercise 


Exercise 151 Further problems on 

differentiation of y = ox” 
by the general rule 


In Problems 1 to 8, determine the differential 
coefficients with respect to the variable. 


1 . 

y = 7x 4 

[28x 3 


y = A 

" 1 1 

2. 

_2^/x_ 

3. 

y = Vt 3 

-A 

2 


1 

r 31 

4. 

y=6+ 

X 4 


5. 

6 . 

7. 

8 . 

9. 


1 1 

y = 3x - — + - 
Vx x 


1 

y= 3(r-2) 2 


y 


y=(x+ l) 3 


1 1' 

_ 3 + 27? “ ? 

'10 7 

[ 6 / - 12 ] 

[3x 2 + 6x + 3] 


Using the general rule for ax n check the 
results of Problems 1 to 12 of Exercise 150, 
page 387. 


10. Differentiate/(x) = 6x 2 — 3x + 5 and find the 
gradient of the curve at (a) x = — 1, and 
(b) x = 2. [12x-3 (a)-15 (b) 21] 


11. Find the differential coefficient of 
y = 2x 3 + 3x 2 — 4x — 1 and determine 
the gradient of the curve at x = 2. 

[6x 2 + 6x — 4, 32] 


12. Determine the derivative of 

y = —2x 3 + 4x + 7 and determine the gradi¬ 
ent of the curve at x = —1.5 

[—6x 2 + 4, -9.5] 


42.6 Differentiation of sine and 
cosine functions 


Figure 42.5(a) shows a graph of y = sin 9. The gradient 
is continually changing as the curve moves from O to 

dy 

A to B to C to D. The gradient, given by —, may be 

d9 
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Figure 42.5 

plotted in a corresponding position below y = sin 9, as 
shown in Fig. 42.5(b). 


(i) At 0, the gradient is positive and is at its steepest. 
Hence O' is the maximum positive value. 

(ii) Between 0 and A the gradient is positive but is 
decreasing in value until at A the gradient is zero, 
shown as A'. 

(iii) Between A and B the gradient is negative but is 
increasing in value until at B the gradient is at its 
steepest. Hence B' is a maximum negative value. 

(iv) If the gradient of y — sin 9 is further investigated 
between B and C and C and D then the resulting 

dy 

graph of — is seen to be a cosine wave. 
dO 

Hence the rate of change of sin 0 is cos 0, i.e. 

dy 

if y — sin 0 then — = cos 0 

do 


It may also be shown that: 


if 


and f 


y = sina0, — =acosa6 
J dO 

(where a is a constant) 

dy 

y = sin(«0 + a), — = a cos (aO + a ) 
d0 

(where a and a are constants). 


If a similar exercise is followed for y = cos 9 then the 

dy 

graphs of Fig. 42.6 result, showing — to be a graph of 

dO 

sin 0, but displaced by tc radians. If each point on the 
curve y= sin (9 (as shown in Fig. 42.5(a)) were to be 
7r tt 3tc 

made negative, (i.e. + — is made — —,-— is made 



Figure 42.6 
3tt 

+ —, and so on) then the graph shown in Fig. 42.6(b) 
would result. This latter graph therefore represents the 
curve of -sin 0. 

dy 

Thus, if v = cos 0 , — = — sm 0 
de 

It may also be shown that: 

dy 

if y = cos a 6, — = — a sin aO 

dO 

(where a is a constant) 

dy 

and if y = cos (ad + a), — = —a sin (aO + a) 

dO 

(where a and a are constants). 


Differentiate the following with 
respect to the variable: (a) y = 2 sin 50 

(b)/(t) = 3cos 2 1 

(a) y — 2 sin 59 

— =(2)(5)cos56>=lOcos50 
dO 

(b) f(t) = 3 cos 2r 

fit) = (3)(— 2) sin 2 1 = -6 sin 2 1 

Find the differential coefficient of 
y — 7 sin 2x — 3 cos 4x 

y = 7 sin 2x — 3 cos 4x 
dy 


dx 


= (7)(2) cos 2x - (3)( - 4) sin 4x 

— 14 cos 2x + 12 sin 4x 
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Differentiate the following with 
respect to the variable: 

(a) f(0) = 5 sin(lOCbrt? — 0.40) 

(b) f(t) = 2 cos(5f + 0.20) 


(a) Iff (9) = 5 sin(lOO7T0 - 0.40) 

f'ifi) = 5[1007rcos(100jr<9 - 0.40)] 

= SOOjt cos(1OOjt0 — 0.40) 

(b) If/(f) = 2cos(5r + 0.20) 

fit) = 2[—5 sin(5 1 + 0.20)] 

= — 10sin(5f + 0.20) 


An alternating voltage is given by: 
v = 100 sin 200 1 volts, where t is the time in 
seconds. Calculate the rate of change of voltage 
when (a) t — 0.005 s and (b) t — 0.01 s 


v — 100 sin 200 1 volts. The rate of change of v is given 
dv 

by ~di' 

— = (100)(200) cos 2001 = 20 000 cos 2001 
dt 

(a) When t — 0.005 s, 

— = 20 000 cos(200)(0.005) = 20 000 cos 1 
dt 

cos 1 means ‘the cosine of 1 radian’ (make sure 
your calculator is on radians — not degrees). 

dv 

Hence — = 10 806 volts per second 
dt 

(b) When t — 0.01 s, 

— = 20 000 cos(200)(0.01) = 20 000 cos 2. 
dt 

dv 

Hence — = —8323 volts per second 
dt 


Now try the following exercise 


Exercise 152 Further problems on the 
differentiation of sine and 
cosine functions 


1. Differentiate with respect to x: (a) y = 4 sin 3x 
(b) y = 2 cos 6x 

[(a) 12 cos 3x (b) —12 sin 6x] 


2. Given f (6) = 2 sin 39 — 5 cos 29, find f(9) 

[6 cos 30+10 sin 29] 

3. An alternating current is given by i = 5 sin 1 OOf 
amperes, where t is the time in seconds. 
Determine the rate of change of current when 
t = 0.01 seconds. 

[270.2 A/s] 

4. v — 50 sin 40 1 volts represents an alternating 

voltage where t is the time in seconds. At a time 
of 20 x 1 (r ’’ seconds, find the rate of change 
of voltage. [1393.4 V/s] 

5. If fit) = 3 sin(4f + 0.12) — 2cos(3f — 0.72) 
determine/'(f) 

[ 12 cos(4f + 0.12) + 6 sin (3 1 - 0.72)] 


42.7 Differentiation of e ax and In ax 


A graph of y = e x is shown in Fig. 42.7(a). The gradient 

dv 

of the curve at any point is given by — and is continually 

dx 

changing. By drawing tangents to the curve at many 
points on the curve and measuring the gradient of the 
dy 

tangents, values of — for corresponding values of x 
dx 

may be obtained. These values are shown graphically 




Figure 42.7 

















Introduction to differentiation 391 


dy 

in Fig. 42.7(b). The graph of — against x is identical to 

dx 

the original graph of y = e*. It follows that: 

if y = e*, then — = e* 
dx 


It may also be shown that 


dy 


iiy = e ax , then — — ae ax 
dx 

Therefore if y = 2e 6v , then — = (2)(6e fu ) = I2e ( ' x 

dx 

A graph of y = In x is shown in Fig. 42.8(a). The 

dy 

gradient of the curve at any point is given by — and is 

dx 

continually changing. By drawing tangents to the curve 
at many points on the curve and measuring the gradient 
dy 

of the tangents, values of — for corresponding values of 
dx 

x may be obtained. These values are shown graphically 

dy 

in Fig. 42.8(b). The graph of — against x is the graph 

dx 

dy 1 
of — = -. 
dx x 

dy 1 

It follows that: if y = In x, then — = - 

dx x 


(Note that in the latter expression ‘a does not appear in 
dy 

the — term). 

dx 

dy 1 

Thus if v = In 4.x:, then — = - 
dx x 


Differentiate the following with 
respect to the variable: (a) y = 3e 2x (b)/(f) = —— 


3e 5? 


(a) 

If y = 3e 2v then 

dy 

dx 


4 

if f( t \ ___ 

4 . 

_ p 

\ u / 

; 3e 5t 

3 


,,2a \ 


„2x 


- 51 


, 4 „ 20 c, 20 

fit ) = -(—5e“ 5 ') =- e~ 5 ‘ =- 

3 3 3e st 


Differentiate y = 5 In 3.x' 


dy (l \ 5 

If v = 5 In 3x, then — = (5) 

dx \x J x 


Now try the following exercise 




Figure 42.8 


It may also be shown that 


ify = lnajc, then 


dx 


1 

x 


Exercise 153 Further problems on the 

differentiation of e ax and In ax 


1. Differentiate with respect to x: 

(a) y = 5e 3x (b) y = ^ 

(a) 15e 3 * 

2. Given/(0) = 5 In 20 — 4 In 36, determine f(6) 

'5 4 _1' 

~6~~6~~6_ 

3. If/(t) = 4 In t + 2, evaluate f'(t) when t — 0.25 

[16] 

dy 

4. Evaluate — when x = 1, given 

dx 

y — 3e 4x - 5 - + 8 In 5x. Give the answer 

2e ix 

correct to 3 significant figures. [664] 
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Chapter 43 


Methods of differentiation 


43.1 Differentiation of common 
functions 


The standard derivatives summarised below were 
derived in Chapter 42 and are true for all real values of x. 


y or/(x) 

dy . 

of f(x) 
dx 

ax’ 1 

ax n ~ 1 

sin ax 

a cos ax 

cos ax 

—a sin ax 

e ax 

ae ax 


1 

In ax 

— 


X 


The differential coefficient of a sum or difference is 

the sum or difference of the differential coefficients of 
the separate terms. 

Thus, if f(x) = p(x) + q{x) — r(x), (where /, p, q 
and r are functions), then fix) — p'(x ) + q'{x) — r'(x) 
Differentiation of common functions is demonstrated 
in the following worked problems. 

Find the differential coefficients of: 
(a)y=12x 3 (b) y = ^ 

X 5 

If v = ax n then — = anx n ~ x 
dx 

(a) Since y=12x 3 , a= 12 and n = 3 thus 

— =(12) (3)x 3-1 =36x 2 
dx 

12 

(b) v = — 5 - is rewritten in the standard ax form as 

x J 

y = 12x -3 and in the general rule a =12 and 
n — —3 


Thus 


dy 

dx 


(12)(—3)x -3-1 



Differentiate: (a) y = 6 (b) y — 6x 


(a) v = 6 may be written as y = 6x°, i.e. in the general 
rule a = 6 and n = 0. 

Hence — = (6)(0)x 0_1 = 0 
dx 

In general, the differential coefficient of a con¬ 
stant is always zero. 

(b) Since y = 6x, in the general rule a — 6 and n— 1 

Hence — = (6)(l)x 1_1 = 6x° = 6 
dx 

In general, the differential coefficient of kx, where 
k is a constant, is always k. 


Problem 3. 

Find the derivatives of: 

(a)y=3v7v 



(a) 


y = 2>y/x is rewritten in the standard differential 
form as y = 3.C 1 / 2 


In the general rule, a — 3 and n — - 


dy 


Thus = (3) ( - )xi _1 = ^x 


1 

2 


3 _ 3 

2X 1 / 2 2^/x 


(b) 



5 


= 5x -4 / 3 
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In the general rale, a — 5 and n — — 

Ttas s= ( 5 , BK 4/3w 


4 

3 


-20 _ ln -20 -20 


Differentiate: 

, 1 1 

y = 5x + 4x- 7 T H—— — 3 with respect to x 

2x z fX 


y = 5x 4 + 4x -^ H —— — 3 is rewritten as 

2x- Jx, 


y = 5.r 4 + 4x - —x —2 + X” 1 / 2 - 3 
2 


When differentiating a sum, each term is differentiated 
in turn. 


Thus % = (5)(4)x 4-1 + (4)(1 )x'-’ - ^(-2 )x- 2 -‘ 
ax 1 


i.e. 


4y 

dx 


20x 3 +4 + x -3 



20x 3 + 4-4 
x - 5 


1 

2VX 3 


Find the differential coefficients of: 
(a) y = 3 sin 4x (b)/(f) = 2 cos 3f with respect 
to the variable 


dy 

(a) When v = 3 sin 4x then — = (3)(4 cos 4x) 

dx 

= 12 cos 4x 


(b) When/(f) = 2 cos 3 1 then 

f{t) = (2)(—3 sin 3f) = -6 sin 3f 


(c) 


dy 

When y — 6 In 2x then — = 6 

dx 



6 

x 


Find the gradient of the curve 
y = 3x 4 — 2x 2 + 5x — 2 at the points (0, —2) 
and (1,4) 


The gradient of a curve at a given point is 
given by the corresponding value of the deriva¬ 
tive. Thus, since y = 3x 4 — 2x 2 + 5x — 2 then the 

dy , 

gradient - 12x — 4x + 5 
dx 

At the point (0, —2), x = 0. 

Thus the gradient = 12(0) 3 — 4(0) + 5 = 5 
At the point (1, 4), x— 1. 

Thus the gradient = 12( 1 ) 3 — 4( 1) + 5 = 13 


Determine the co-ordinates of the 
point on the graph y = 3x 2 — 7x + 2 where the 
gradient is — 1 


The gradient of the curve is given by the derivative. 

When v = 3x 2 — 7x + 2 then — = 6x — 7 

dx 

Since the gradient is — 1 then 6x — 7 = — 1, from which, 
x = 1 

When x = 1, y = 3(1) 2 — 7(1) +2 =-2 

Hence the gradient is —1 at the point (1, —2) 


Now try the following exercise 

Exercise 154 Further problems on 

differentiating common 
functions 


Determine the derivatives of: 
(a) y — 3e 5x (b )/(#)= (c)y = 61n2x 


(a) When >■ = 3e 5v then — = (3)(5)e 5r = 15e 5jr 

dx 

(b) f(6) = = 2e“ 30 , thus 

f(0) = (2)(-3)c- 30 = — 6e -30 = ^ 


In Problems 1 to 6 find the differential coefficients 
of the given functions with respect to the variable. 


1. (a) 5x 5 (b)2.4x 3 - 5 (c) - 

X 

(a) 25x 4 (b) 8.4x 2 5 (c) — T 

x z 

2. (a)^ (b) 6 (c)2x 

x z 

(a) 4 ( b )° ( c )2 

L 
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3. (a) 2^/x (b) 3^x5 ( c ) -- 

s/x 


(a) 4= (c) 'j= 

V* Vx 3 J 


-3 


4. (a) —— (b) (x — 1 ) 2 (c) 2 sin 3x 
■s/x 

-3 

(a) —— (b) 2(x — 1) (c) 6 cos 3x 

Vi 4 


5. (a) —4 cos 2x (b) 2e 6x (c) 


? 5x 


(a) 8 sin 2x (b) 12e fa (c) 


-15 

ry5X 


6 . (a) 4 In 9x (b) 


(c) 


4 e x + e~ x -1 1 

(a) - (b)--- (cW + 


x 2 x 2 ' 2VX 3 . 

7. Find the gradient of the curve 

y — 2f 4 + 3f 3 — t + 4 at the points (0, 4) 
and (1,8). [-1,16] 

8 . Find the co-ordinates of the point on graph 
y — 5x 2 — 3x + 1 where the gradient is 2. 

13 


2’4 


9. (a) Differentiate 

2 2 

v = — + 2\n29 — 2(cos50 + 3 sin 29) -— 

9 2 e iH 

dy tv 

(b) Evaluate — when 0= —. correct to 4 
dO 2 

significant figures. 

(a) -2 + ^ + 10 sin 50 

— 12 cos 20 + (b) 22.30 

e 30 
ds 

10. Evaluate —, correct to 3 significant fig- 
dt 

71 f- 

ures, when t = — given s = 3 sin t — 3 + y/t 

6 

[3.29] 


43.2 Differentiation of a product 


When y — uv, and u and v are both functions of x, 

then 

This is known as the product rule. 


dy dv du 
Tx = u Tx + v dx 


Find the differential coefficient of: 
y = 3x 2 sin 2x 

3x 2 sin 2x is a product of two terms 3x 2 and sin 2x. Let 
u — 3x 2 and v = sin 2x 


Using the product rule: 


dv 


du 


dy 

— = u — + v — 

dx dx dx 

X 4 4 1 

gives: — = (3x 2 )(2 cos 2x) + (sin 2x)(6x) 
dx 

dy ? 

i.e. — = 6x cos 2x + 6x sin 2x 
dx 

= 6x(x cos 2x + sin 2x) 

Note that the differential coefficient of a product is 
not obtained by merely differentiating each term and 
multiplying the two answers together. The product rule 
formula must be used when differentiating products. 

Find the rate of change of y with 
respect to x given: y = 3 ,/r I n 2x 

dy 

The rate of change of v with respect to x is given by —. 

dx 

y = 3 s/x In 2x = 3x 172 In 2x, which is a product. 

Let u — 3x 172 and v = In 2x 


Then &= u - 


dx 


4 

= Ox 172 ) 


+ v 

4 

(In 2x) 




2 

- 1/2 


= 3x( I /2)- 1 +( in2x)0. 


= 3x“ 1/2 ( 1+ - In 2x 


l = ^( 1 + 5 1 " 2 ' 


Differentiate: y = x 3 cos 3x In x 


Let u = x 3 cos 3x (i.e. a product) and v = In x 

dv dv du 

Then — = u -b v — 

dx dx dx 

du n 9 

where — = (x 3 )(—3 sin 3x) + (cos 3x)(3x 2 ) 
dx 
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(i \ r 


e x 

—h In t ) cos t— In t sin t > 

- 


[\t J J. 

\xj 




dv l 
and — = - 
dx x 

Hence — = (x 3 cos 3x) I - 
dx 

+ (lnx)[—3x 3 sin 3x + 3x 2 cos 3x] 
= x 2 cos 3x + 3x 2 lnx(cos 3x — x sin 3x) 

i.e. ^ = x 2 {cos 3x + 3 Inxicos 3x — x sin 3x)} 
dx 


Determine the rate of change of 
voltage, given v = 5t sin 2 1 volts, when t — 0.2 s 

Rate of change of voltage 

= — = (50(2 cos 2 1) + (sin 20(5) 
dt 


5. e‘ In t cos t 


= lOf cos 2t + 5 sin 2 1 

When t = 0.2, 

— = 10(0.2) cos 2(0.2)+ 5 sin 2(0.2) 
dt 

— 2 cos 0.4 + 5 sin 0.4 

(where cos 0.4 means the cosine of 0.4 radians = 
0.92106) 

Hence — = 2(0.92106) + 5(0.38942) 
dt 

= 1.8421 + 1.9471 = 3.7892 

i.e. the rate of change of voltage when t = 0.2 s is 
3.79 volts/s, correct to 3 significant figures. 


Now try the following exercise 


Exercise 155 Further problems on 

differentiating products 

In Problems 1 to 5 differentiate the given products 
with respect to the variable. 


1. 2x 3 cos 3x 

2. *Jx? In 3x 

3. e 3 ‘ sin At 

4. e 46 In 36 


[6x 2 (cos 3x — x sin 3x)] 


«Jx ( 1 + - In 3x 


[e 3 ' (4 cos 4r + 3 sin At)] 


e 4e | - +4 In 30 


di 

6. Evaluate —, correct to 4 significant figure, 
dt 


when t — 0.1, and i— 15f sin 3r 


dz 


[8.732] 


7. Evaluate —, correct to 4 significant figures, 
dt 


when t — 0.5, given that z = 2e 3 ' sin 2 1 


[32.31] 


Differentiation of a quotient 


When y = - , and u and v are both functions of x 
v 

du dv 

j v - u — 

then y - dx dx 


dx 


v 


This is known as the quotient rule. 

Find the differential coefficient of: 
4 sin 5x 

:v : 


5x 4 


4 sin 5x 
5x 4 


is a quotient. Let u — A sin 5x and v = 5x 4 


(Note that v is always the denominator and u the 
numerator) 

du dv 

dy _ dx dx 

dx 


i’- 


du 


where — = (4)(5) cos 5x = 20 cos 5x 
dx 


and 

Hence 


i.e. 


dv ^ q 

— = (5)(4)x 3 = 20x 3 

dx 

dy (5x 4 )(20 cos 5x) — (4 sin 5x)(20x 3 ) 
dx (5x 4 ) 2 

100x 4 cos 5x — 80x 3 sin 5x 
25x 8 

20x 3 [5x cos 5x — 4 sin 5x] 

25.v 8 

dy 4 

— = — j(5x cos 5x — 4 sin 5x) 

dx 5x s 


Note that the differential coefficient is not obtained 
by merely differentiating each term in turn and then 
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dividing the numerator by the denominator. The 
quotient formula must be used when differentiating 
quotients. 

Determine the differential 
coefficient of: y = tan ax 

sin ax 

y — tan ax — -. Differentiation of tan ax is thus 

COS (XT 

treated as a quotient with u = sin ax and v = cos ax 

du dv 

dy _ dx dx 

dx v 2 

(cos ax)(a cos ax) — (sin ax)(—a sin ax) 

(cos ax) 2 

a cos 2 ax + a sin 2 ax 


(cos ax) 2 

a( cos 2 ax + sin 2 ax) 


dy r. , 

Hence — = a sec ax since sec-ax — 
dx 


Find the derivative of: y = sec ax 

1 


y = sec ax = 
v = cos ax 


(i.e. a quotient), Let u — 1 and 


cosax 

du dv 

a,. v - u — 

“y _ dx dx 

dx v 2 

(cosax)(0) — (1)(—a sin ax) 
(cos ax) 2 

a sin ax / 1 \ / sin ax 

cos 2 ax \ cos ax ) V cos ax 

dy . 

i.e. —=asecaxtanax 
dx 


Differentiate: y — 


te 


,21 


2 cos t 


2t 


te 

The function-is a quotient, whose numerator is 

2 cos t 

a product. 


Let u — te 2 ' and v — 2 cos t then 

du ,, dv 

— = (t)(2e 2t ) + (e 2, )(l) and — = -2 sin t 
dt dt 

du dv 

i v - u — 

Hence -= dx dx 


dx 


(2 cos t)[2te zt + e 2t ] - (te z, )(-2 sin t) 
(2 cos t) 2 

4 te 21 cos t + 2e 2 ' cos t + 2te 2t sin t 


4 cos 2 t 


2e~ 1 [21 cos t + cos t + t sin r] 

4 cos 2 t 

dy e 2t 

i.e. — = -r-(2fcosf+ cos/+ f sin/) 

dx 2 cos 2 / 


Determine the gradient of the curve 

5jc u ■ / m V3\ 

y = —-z -at the point ( V3, — 1 


2x 2 + 4 


sin 2 ax = 1 

Let y — 5x and v = 2x 2 + 4 


(see Chapter 26) 

du dv 


1 

dy _ dx dx _ (2* 

+ 4)(5) - (5x)(4x) 

cos 2 ax 

dx v 2 

(2x 2 + 4) 2 

(see Chapter 22) 

10 x 2 + 20 - 20x 2 

20 - 10x 2 


(2x 2 + 4) 2 

(2x 2 + 4) 2 


At the point | >/3, j, x = V3, 


u A t dy 20-10(V3) 2 

hence the gradient = — =-—- 

dx [2(V3) 2 +4] 2 

20- 30 1 

“ 100 _ “To 


Now try the following exercise 

Exercise 156 Further problems on 

differentiating quotients 

In Problems 1 to 5, differentiate the quotients with 
respect to the variable. 


1. 


2 cos 3x 


—6 

—j-(x sin 3x + cos 3x) 
x 4 
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2 . 


3. 


4. 


5. 


2x 

x 2 + 1 

3V0 3 

2 sin 26 

In 2 1 


2xe 


Ax 


sinx 


2(1 -x 2 )' 
(x 2 + l) 2 

3\/0(3 sin 26 — 46 cos 20) 


4 sin 2 20 


1 - -ln2 1 
2 

V? 


2e 4x 

—^—{(1 + 4x) sinx — x cosx] 
sin - x 


1 


2x 

x 2 — 5 


at the 
[-18] 


6. Find the gradient of the curve y = 
point (2, —4) 

dy 

7. Evaluate — at x = 2.5, correct to 3 significant 

dx 

2x 2 + 3 

figures, given y = ——— [3.82] 

\n2x 


43.4 Function of a function 


It is often easier to make a substitution before differen¬ 
tiating. 


If y is a function of x then 


dy_ 

dx 


dy dn 

- X - 

du dx 


This is known as the ‘function of a function’ rule (or 
sometimes the chain rule). 


For example, if y = (3x — l) 9 then, by making the sub¬ 
stitution u = (3x — 1), y — u 9 , which is of the ‘standard’ 
from. 


dy o du 
Hence — = 9ir and — = 3 
du dx 

dy dy du „ „ 

Then — = — x — = (9m 8 )(3) = 27m 8 
dx du dx 


Rewriting u as (3x — 1) gives: — = 27(3x — l) 8 

dx 

Since y is a function of w, and u is a function of x, then 
y is a function of a function of x. 


Differentiate: y = 3 cos (5x 2 + 2) 


Let u = 5x 2 + 2 then y = 3 cos u 

du dy 

Hence — = lOx and — = —3 sin u 
dx du 


Using the function of a function rule, 
dy dy du 

— — — x — = (—3 sin m)(10x) = — 30x sin u 
dx du dx 

Rewriting u as 5x 2 + 2 gives: 

= — 30x sin(5x 2 + 2) 
dx 


Find the derivative of: 
y = (4? 3 - 3f) 6 


Let u = 4r 3 — 3f, then y = u 6 

du i dy r 

Hence — = 12f- — 3 and — = 6 u 5 

dt dt 

Using the function of a function rule, 

— = — x — = (6 w 5 )(12/ 2 — 3) 

dx du dx 

Rewriting u as (4f 3 — 3r)gives: 

— = 6(4r 3 - 3r) 5 (12r - 3) 

dt 

= 18(4 1 2 - l)(4f 3 - 3f) 5 

Determine the differential 
coefficient of: y — V3x 2 + 4x — 1 


y = V3x 2 + 4x — 1 = (3x 2 + 4x - l) 1 / 2 

Let u = 3x 2 + 4x — 1 then y — m 1 / 2 

du dy 1 , „ 1 

Hence— = 6x + 4 and - = -u 1/2 =—— 
dx du 2 2 yju 


Using the function of a function rule, 

1 


i.e. 


dy dy du 

dx du dx \2 *Ju 

dy 3x + 2 

dx V3x 2 + 4x - 1 


(6x + 4) = 


3x + 2 
s/u 


Differentiate: y — 3 tan 4 3x 


Let u = tan 3x then y = 3 m 4 
du r. 

Hence — = 3 sec 3x, (from Problem 14), 
dx 

and — = 12m 3 

du 
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Then 


dy 

dx 


ay au ■x 9 

-fx- = (12n 3 )(3 sec 2 3x) 
du dx 


43.5 Successive differentiation 


= 12(tan 3x) 3 (3 sec 2 3x) 

i.e. ^ = 36 tan 3 3x sec 2 3x 
dx 

Find the differential coefficient of: 
2 

y ~ (2? 3 - 5) 4 


>’ = (2f 3 2 _5)4 = 2 ^ 2f3 “ 5 ' ) 4 ’ Let U = ^ ~ 5) ’ thSn 
y = 2u~ 4 


du 7 dy _<■ 

Hence — = 6 t and — = — 8 u a — 
dt du 



Then 


dy dy du 
dt du dt 



(6t 2 ) = 


-48 1 2 
(2 1 3 - 5) s 


Now try the following exercise 


When a function y —fix) is differentiated with respect 

dy 

to x the differential coefficient is written as — or/' (x). 

dx 

If the expression is differentiated again, the second dif- 

d 2 y 

ferential coefficient is obtained and is written as —- 

dx 1 

(pronounced dee two y by dee x squared) or/"(x) (pro¬ 


nounced f double-dash x). By successive differentiation 

d 3 y d 4 y 

further higher derivatives such as and —j- may be 


obtained. 


Thus if y = 3x 4 


/ = 
dx 

d3 y 79 
±? =72x - 


dy ^ 2 

d 4 V d 5 y 

—/ = 72 and —^ 
dx 4 dx 73 


= 0 


lf/(x) = 2x 5 — 4x 3 + 3x — 5, find 

fix) 


Exercise 157 Further problems on the 
function of a function 

In Problems 1 to 8, find the differential coefficients 
with respect to the variable. 


(2x 3 — 5x) 5 

[5(6x 2 

- 5)(2x 3 - 5x) 4 ] 

2 sin(30 - 2) 


[6 cos(30 — 2)] 

2 cos 5 a 

[- 

-10 cos 4 a sin a' 

1 


' 5(2 -3x 2 ) " 

(x 3 -2x+l) 5 


_ (x 3 — 2x + 1 ) 6 _ 

5e 2r+1 


[10e 2?+1 ] 

2 cot(5r 2 + 3) 

[—20? cosec 2 (5r 2 + 3)] 

6 tan(3y + 1) 


[18sec 2 (3v+ 1)] 

2e tan 9 

/ 7t\ 

[2 sec 2 de tane ] 

Differentiate: 6 sin 

i s -- 3 ) 

with respect to 0, 


and evaluate, correct to 3 significant figures, 


when(9=— [1.86] 


f{x) — 2x 5 — 4x 3 + 3x — 5 
fix) = 10x 4 - 12x 2 + 3 
fix) = 40x 3 —24x = 4x(10x 2 - 6) 


If y = cos x — sin x, evaluate x, in 
7r d 2 y 

the range 0 < x < —, when —/ is zero 
2 dx- 


Since ^ = cos;t — sinx, and 

dx 

d 2 y 

—/ = — cos x + sin x 
dx- 

d 2 y 

When —- is zero, — cosx + sinx = 0, 
dx 1 

sinx 

i.e. sinx = cos x or -= 1 

cosx 

_i K 

Hence tan x = 1 and x — tan 1 = 45° or — rads 

4 

it 

in the range 0 < x < — 


Problem 25. 


Given y = 2xe M show that 

d 2 y dy 

^i+6-+9y = 0 
dx 1 dx 
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y — 2xe 3x (i.e. a product) 


(2x)(— 3e _3 ' T ) + (e~ 3x )(2) 

—6xe~ 3x + 2e _3 ‘ 

[(—6x)(—3e _3A ) + (e _3jc )(—6)] 

+ (—6<? _3a ) 

18xe _3A - 6e _3A - 6e~ 3x 
I8xe~ 3x - I2e~ 3x 
d 2 y dy 

Substituting values into —— + 6— + 9v gives: 

c/x 2 c/x 

(18xe _3A — 12e _3v ) + 6(— 6xe~ 3x + 2e~ 3x ) 

+ 9(2xe~ 3x ) 

= I8xe~ 3x - 12e~ 3x - 36xe~ 3x 

+ I2e~ 3x + I8xe~ 3x = 0 


Hence — 


d\ 

dx 


d 2 y 

dx 2 


i.e. 


dry 

dx 2 


Thus when y = 2xe 3x 


—+ 6 — 
dx 2 dx 


+ 9 v = 0 


Problem 26, 

y = 4 sec 26 


Evaluate 


dry 

dO 2 


when 0 = 0 given: 


Since y = 4 sec 26, then 
dy 

— = (4)(2) sec 26 tan 26 (from Problem 15) 
dd 

= 8 sec 26 tan 26 (i.e. a product) 

d 2 y 2 

= (8 sec 20)(2 sec 2 20) 

+ (tan 20)[(8)(2) sec 20 tan 20] 
= 16 sec 3 20+ 16 sec 20 tan 2 20 


Now try the following exercise 


Exercise 158 Further problems on 

successive differentiation 

1. If y — 3x 4 + 2x 3 — 3x + 2 find 
, , d 2 y d 3 y 
(a) dx 2 (b) dx 3 

[(a) 36x 2 + 12x (b) 72x +12] 


determine/"(t) 


2. (a) Given 

line 

(b) Evaluate /"(f) when t— 1. 


4 12 6 

(a) 5 “ 7^ + ? 

(b) -4.95 


4V? 


In Problems 3 and 4, find the second differen¬ 
tial coefficient with respect to the variable. 

3. (a) 3 sin 2 1 + cos t (b) 2 In 40 

-2 

(a) — (12 sin 2t + cos f) (b) 

0 ‘ 

4. (a) 2 cos 2 x (b) (2x — 3) 4 

[(a) 4(sin 2 x - cos 2 x) (b) 48(2x - 3) 2 ] 

5. Evaluate f"(6) when 0 = 0 given 


/(0) = 2 sec 30 


[18] 


6. Show that the differential equation 
dry dy 

—tt — 4— + 4y = 0 is satisfied when 
dx 1 dx 


2 x 

y = xe 

7. Show that, if P and Q are constants and 
y — P cos(ln t) + Q sin(ln t), then 

2 d 2 y dy 

1 + t^-+y = 0 
dt z dt 


When 0 = 0, 

—^ = 16 sec 3 0 + 16 sec 0 tan 2 0 
dO 2 

= 16(1) + 16(1)(0) = 16 
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Chapter 44 


Some applications of 
differentiation 


44.1 Rates of change 


If a quantity y depends on and varies with a quantity x 

dy 

then the rate of change of y with respect to x is —. 

dx 

Thus, for example, the rate of change of pressure p with 
dp 

height h is —. 

dh 

A rate of change with respect to time is usually just 
called ‘the rate of change’, the ‘with respect to time’ 
being assumed. Thus, for example, a rate of change of 
di 

current, i, is — and a rate of change of temperature, 0, 
dt 
d9 

is —, and so on. 
dt 


The length / metres of a certain metal 
rod at temperature 9 °C is given by: 

/ = 1 + 0.000050 + O.OOOOOO40 2 . Determine the 
rate of change of length, in mm/°C, when the 
temperature is (a) 100°C and (b) 400°C 


The rate of change of length means — 

d9 

Since length 1= 1 + 0.000050 + O.OOOOOO40 2 , 
dl 

then — = 0.00005 + 0.00000080 
d0 

(a) When 0 = 100°C, 

— = 0.00005 + (0.00000081(100) 
d9 

= 0.00013 m/°C = 0.13mm/°C 


(b) When 0 = 400° C, 

— = 0.00005 + (0.0000008X400) 
d9 

= 0.00037 m/°C = 0.37mm/°C 

The luminous intensity I candelas of 
a lamp at varying voltage V is given by: 

I = 4 x 10“ 4 V 2 . Determine the voltage at which 
the light is increasing at a rate of 0.6 candelas per 
volt 

The rate of change of light with respect to voltage is 
.,dl 

glven by dv 

Since / = 4 x 10“ 4 V 2 , — = (4 x 10“ 4 )(2)V 
dV 

= 8 x 10~ 4 V 

When the light is increasing at 0.6 candelas per 

volt then +0.6 = 8 x 10' 4 V, from which, voltage 

V = 0,6 , = 0.075 x 10+ 4 = 750 volts 

8 x 10 -4 


Newtons law of cooling is given by: 
0 = 0 o e~ , where the excess of temperature at zero 
time is 0o°C and at time t seconds is 0°C. 
Determine the rate of change of temperature after 
40 s, given that 0 q = 16°C and k = —0.03 


The rate of change of temperture is 


d9 

dt 


Since 0 = 


-kt 


d9 

then — = (0o)(— k)e 
dt 

= -kd 0 e~ kt 


—kt 
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When 0o = 16, k = —0.03 and t — 40 then 

- = -(-0.03)(16) e -(- 003 ^ 
dt 

= 0.48e 12 = 1.594° C/s 

The displacement s cm of the end 
of a stiff spring at time t seconds is given by: 
s = ae~ kt sin 2rcft. Determine the velocity of the end 
of the spring after 1 s, if a — 2, k = 0.9 and / = 5 

ds 

Velocity v— — where s — ae~ kt sin 2 jt ft (i.e. a product) 
dt 

Using the product rule, 
ds 

— = (ae~ kt )(27tf cos 2nft) 
dt 

+ (sin 2 nft){—ake~ kt ) 
When a —2, k = 0.9,f = 5 and t — 1, 

velocity, v — (2e~ 0 ' 9 )(2tt5 cos 2tt5 ) 

+ (sin 27r5)(—2)(0.9)e -0 ' 9 
= 25.5455 cos IOtt — 0.7318 sin 107r 
= 25.5455(1)- 0.7318(0) 

= 25.55 cm/s 

(Note that cos 107T means ‘the cosine of I On radians’, 
not degrees, and cos 107T= cos27T = 1). 


Now try the following exercise 

Exercise 159 Further problems on rates 
of change 

1. An alternating current, i amperes, is given by 

i = 10 sin 2nft, where / is the frequency in 
hertz and t the time in seconds. Determine the 
rate of change of current when t — 20 ms, given 
that / = 150 Hz. [3000 tt A/s] 

2. The luminous intensity, I candelas, of a lamp 

is given by I = 6 x 10 -4 V * 1 2 * , where V is the 

voltage. Find (a) the rate of change of luminous 

intensity with voltage when V = 200 volts, and 
(b) the voltage at which the light is increasing 
at a rate of 0.3 candelas per volt. 

[(a) 0.24 cd/V (b)250V] 


3. The voltage across the plates of a capacitor at 
any time t seconds is given by v—Ve~'^ CR , 
where V, C and R are constants. Given 
V = 300 volts, C = 0.12xl0 -6 farads and 
S = 4x 10 6 ohms find (a) the initial rate of 
change of voltage, and (b) the rate of change 
of voltage after 0.5 s. 

[(a) -625 V/s (b) -220.5 V/s] 

4. The pressure p of the atmosphere at height h 
above ground level is given by p=poe~ l '/ c , 
where po is the pressure at ground level and 
c is a constant. Determine the rate of change 
of pressure with height when po — 1.013 x 10 5 
Pascals and c = 6.05 x 10 4 at 1450 metres. 

[-1.635 Pa/m] 


44.2 Velocity and acceleration 


When a car moves a distance x metres in a time t seconds 

along a straight road, if the velocity v is constant then 

x 

v= - m/s, i.e. the gradient of the distance/time graph 
shown in Fig. 44.1 is constant. 



Figure 44.1 

If, however, the velocity of the car is not constant then 
the distance/time graph will not be a straight line. It may 
be as shown in Fig. 44.2. 

The average velocity over a small time St and distance Sx 
is given by the gradient of the chord AB, i.e. the average 
Sx 

velocity over time <5r is —. As St —*■ 0, the chord AB 
St 

becomes a tangent, such that at point A, the velocity is 
dx 

given by: v — — 
dt 

Hence the velocity of the car at any instant is given by 
the gradient of the distance/time graph. If an expression 
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Figure 44.2 

for the distance x is known in terms of time t then the 
velocity is obtained by differentiating the expression. 


Summarising, if a body moves a distance x metres 
in a time f seconds then: 

(i) distance jc = /(f) 

dx 

(li) velocity v = / (f) or —, which is the gradient 

dt 

of the distance/time graph 

dv d 2 x 

(lii) acceleration a = — =/ or — T , which is the 
dt dt 2 

gradient of the velocity/time graph. 

The distance x metres moved by a car 
in a time t seconds is given by: 
x = 3f 3 — 2t 2 + At — 1. Determine the velocity and 
acceleration when (a) f = 0, and (b) f = 1.5 s 



Figure 44.3 


The acceleration a of the car is defined as the rate 
of change of velocity. A velocity/time graph is shown 
in Fig. 44.3. If Sv is the change in v and St the corre¬ 
ct; 

sponding change in time, then a — —. As St —>• 0, the 

St 

chord CD becomes a tangent, such that at point C, the 
acceleration is given by: a = — 

Hence the acceleration of the car at any instant is 
given by the gradient of the velocity/time graph. If 
an expression for velocity is known in terms of time 
t then the acceleration is obtained by differentiating the 
expression. 


Acceleration 


However, 




Hence 


d (dx\ 
dt \dt) 


d 2 x 
dx 2 


The acceleration is given by the second differential 
coefficient of distance x with respect to time t 


Distance 

Velocity 

Acceleration 


x = 3 f 3 — 2t 2 + 4t — 1 m. 

v = — — 9t 2 — At + 4 m/s 
dt 



18f — 4 m/s 2 


(a) When time f = 0, 

velocity i; = 9(0) 2 — 4(0) + 4 = 4 m/s 
and acceleration a — 18(0) — 4 = —4 m/s 2 

(i.e. a deceleration) 

(b) When time t— 1.5 s, 

velocity v = 9(1.5) 2 —4(1.5) + 4= 18.25m/s 
and acceleration a — 18(1.5) — 4 = 23 m/s 2 

Supplies are dropped from a 
helicopter and the distance fallen in a time t 
seconds is given by: x = \gt 2 , where g — 9.8 m/s 2 . 
Determine the velocity and acceleration of the 
supplies after it has fallen for 2 seconds 

Distance x = ^ gt 2 = ^(9.8)f 2 = 4.9rm 

dv 

Velocity v = — = 9.81 m/s 

dt 

drx 7 

and acceleration a = —y = 9.8 m/s 

dx 1 

When time f = 2 s, 

velocity v = (9.8)(2) = 19.6 m/s 

and acceleration a = 9.8 m/s 2 (which is acceleration 

due to gravity). 

The distance x metres travelled by a 
vehicle in time t seconds after the brakes are 
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J 9 

applied is given by: x = 20 1 — - t . Determine 


(a) the speed of the vehicle (in km/h) at the instant 
the brakes are applied, and (b) the distance the 
car travels before it stops 


(a) Distance, x — 20/-/ 2 

3 

dx 10 

Hence velocity v = — = 20-f 

dt 3 

At the instant the brakes are applied, time = 0 
Hence 

20 x 60 x 60 

velocity v = 20 m/s = -km/h 

J 1000 

= 72 km/h 


(Note: changing from m/s to km/h merely involves 
multiplying by 3.6). 

(b) When the car finally stops, the velocity is zero, i.e. 
10 10 
v — 20 —— / = 0, from which, 20= —/, giving 

f = 6 s. Hence the distance travelled before the car 
stops is given by: 

.v = 20/ - ^/ 2 = 20(6) - ^(6) 2 

= 120-60 = 60m 


The angular displacement 6 radians 
of a flywheel varies with time / seconds and follows 
the equation: 0 = 9/ 2 — 2/ 3 . Determine (a) the 
angular velocity and acceleration of the flywheel 
when time, / = 1 s, and (b) the time when the 
angular acceleration is zero 


(a) Angular displacement 0 = 9/ 2 — 2/ 3 rad. 

d9 r. 

Angular velocity co = — = 18/ — 6/ rad/s. 
dt 

When time / = 1 s, 

(o= 18(1) -6(1) 2 = 12 rad/s. 

d 2 0 

Angular acceleration a = —= 18 — 12/ rad/s. 
dt 1 

When time / = 1 s, a = 18 — 12(1) 

= 6 rad/s 2 

(b) When the angular acceleration is zero, 18 — 12/ = 0, 
from which, 18 = 12/, giving time, t = 1.5 s 


The displacement x cm of the slide 
valve of an engine is given by: 
x = 2.2 cos 57r/ +3.6 sin 5nt. Evaluate the velocity 
(in m/s) when time / = 30 ms 


Displacement x — 2.2 cos 5itt + 3.6 sin 5itt 


Velocity v = 


dx 

dt 


(2.2)(—57r) sin 5 jt/ 


+ (3.6)(57t)cos57T/ 
= — 1 lit sin 57r/ + 1 87T cos 57T/cm/s 
When time / = 30 ms, 
velocity = — ll7rsin(57r x 30 x 10“ 3 ) 

+ 187rcos(57r x 30 x 10 -3 ) 
= — 1 Itt sin 0.4712 + 18ttcos0.4712 
= -1 Itt sin 27° + 18ttcos27 0 


= -15.69 + 50.39 


= 34.7 cm/s = 0.347 m/s 


Now try the following exercise 


Exercise 160 Further problems on velocity 
and acceleration 

1. A missile fired from ground level rises 
x metres vertically upwards in / seconds and 

25 , 

x = 100/— — t . Find (a) the initial velocity 
of the missile, (b) the time when the height of 
the missile is a maximum, (c) the maximum 
height reached, (d) the velocity with which the 
missile strikes the ground. 

(a) lOOm/s (b) 4 s 

(c) 200m (d)-lOOm/s 

2. The distance s metres travelled by a car in / 
seconds after the brakes are applied is given by 
s = 25/ — 2.5/ 2 . Find (a) the speed of the car 
(in km/h) when the brakes are applied, (b) the 
distance the car travels before it stops. 

[(a) 90 km/h (b) 62.5 m] 

3. The equation 0= 107T + 24/ — 3/ 2 gives the 
angle 0, in radians, through which a wheel 
turns in / seconds. Determine (a) the time the 
wheel takes to come to rest, (b) the angle turned 
through in the last second of movement. 

[(a) 4 s (b) 3 rads] 
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4. At any time t seconds the distance x metres of a 
particle moving in a straight line from a fixed 
point is given by: x — 41+ ln( 1 — t). Deter¬ 
mine (a) the initial velocity and acceleration, 

(b) the velocity and acceleration after 1.5 s, and 

(c) the time when the velocity is zero. 

(a) 3 m/s; —1 m/s 2 

(b) 6 m/s;—4 m/s 2 (c) | s 


5. 


The angular displacement 6 of a rotating disc 


is given by: 9 — 6 sin 


t 

4’ 


where t is the time in 


seconds. Determine (a) the angular velocity of 
the disc when t is 1.5 s, (b) the angular accel¬ 
eration when t is 5.5 s, and (c) the first time 
when the angular velocity is zero. 

(a) co = 1.40 rad/s 

(b) a = —0.37 rad/s 2 

(c) t = 6.28 s 



a valley’. Points such as P and Q are given the general 
name of turning points. 

It is possible to have a turning point, the gradient on 
either side of which is the same. Such a point is given 
the special name of a point of inflexion, and examples 
are shown in Fig. 44.5. 


20 f 3 23 1 2 

6. x= — --—f 6t + 5 represents the dis¬ 

tance, x metres, moved by a body in t seconds. 
Determine (a) the velocity and acceleration at 
the start, (b) the velocity and acceleration when 
t — 3 s, (c) the values of t when the body is at 
rest, (d) the value of t when the acceleration 
is 37 m/s 2 , and (e) the distance travelled in the 
third second. 


(a) 6 m/s, —23 m/s 2 

(b) 117 m/s, 97 m/s 2 

(c) | s or | s 

.(d) lj s (e) 75g m 


44.3 Turning points 


In Fig. 44.4, the gradient (or rate of change) of the 
curve changes from positive between O and P to nega¬ 
tive between P and Q, and then positive again between 
Q and R. At point P, the gradient is zero and, as x 
increases, the gradient of the curve changes from posi¬ 
tive just before P to negative just after. Such a point is 
called a maximum point and appears as the ‘crest of 
a wave’. At point Q, the gradient is also zero and, as x 
increases, the gradient of the curve changes from nega¬ 
tive just before Q to positive just after. Such a point is 
called a minimum point, and appears as the ‘bottom of 



Maximum and minimum points and points of inflexion 
are given the general term of stationary points. 


Procedure for finding and distinguishing between 
stationary points. 


0 ) 

(ii) 

(iii) 


Given y —f(x), determine 


dy 

dx 


(i.e./'(*)) 


dy 

Let — = 0 and solve for the values of x 
dx 


Substitute the values of x into the original 
equation, y=f(x), to find the corresponding 
y-ordinate values. This establishes the co¬ 
ordinates of the stationary points. 


To determine the nature of the stationary points: 
Either 
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dry 

(iv) Find —- and substitute into it the values of x 

dx 1 

found in (ii). 

If the result is: (a) positive — the point is a 
minimum one, 

(b) negative — the point is a 
maximum one, 

(c) zero — the point is a point 
of inflexion 

or 

(v) Determine the sign of the gradient of the curve 
just before and just after the stationary points. If 
the sign change for the gradient of the curve is: 

(a) positive to negative — the point is a maxi¬ 
mum one 

(b) negative to positive — the point is a mini¬ 
mum one 

(c) positive to positive or negative to negative — 
the point is a point of inflexion. 

Locate the turning point on the 
curve y = 3x 2 — 6x and determine its nature by 
examining the sign of the gradient on either side 


Following the above procedure: 


points, and (b) determining the sign of the second 
derivative 


Since y = x 3 


■ 3x + 5 then — = 3x 2 ■ 
dx 


For a maximum or minimum value — = 0 

dx 

Hence 3x 2 — 3 = 0 

from which, 3x 2 = 3 


and x = ± 1 

When x = 1, y = (l) 3 - 3(1) + 5 = 3 
When x= —l, y= (— 1 ) 3 — 3(— 1) + 5 = 7 


Hence (1, 3) and (—1, 7) are the co-ordinates of the 
turning points. 


(a) Considering the point (1,3): 

If x is slightly less than 1, say 0.9, then 

— = 3(0.9) 2 — 3, which is negative. 
dx 

If x is slightly more than 1, say 1.1, then 
dy 7 

— — 3(1.1) — 3, which is positive. 
dx 

Since the gradient changes from negative to posi¬ 
tive, the point (1,3) is a minimum point. 

Considering the point (—1, 7): 


9 u y 

(i) Since y — 3x~ — 6x, — — 6x — 6 

dx 

dy 

(ii) At a turning point, — = 0, hence 6x — 6 — 0, 

dx 

from which, x = 1 . 

(iii) When x=l,y= 3(1) 2 — 6(1) = —3 

Hence the co-ordinates of the turning point is 

(1, -3) 

(v) If x is slightly less than 1, say, 0.9, then 
dy 

— = 6(0.9) — 6 = —0.6, i.e. negative 
dx 

If x is slightly greater than 1, say, 1.1, then 
dy 

— = 6(1.1) — 6 = 0.6, i.e. positive 
dx 

Since the gradient of the curve is negative just 
before the turning point and positive just after (i.e. 

—V+), (1, —3) is a minimum point 


If x is slightly less than —1, say —1.1, then 
dy o 

— = 3(—1.1)" — 3, which is positive. 
dx 

If x is slightly more than —1, say —0.9, then 
dy o 

— = 3(—0.9) 2 — 3, which is negative. 
dx 

Since the gradient changes from positive to nega¬ 
tive, the point (—1,7) is a maximum point. 

dy r. d 2 y 

(b) Since — = 3x 2 — 3, then —— 6x 
dx dx 1 

d 2 y 

When x= 1, —» is positive, hence (1, 3) is a 
dx 1 

minimum value. 

dry 

When x = — 1, —y is negative, hence (— 1, 7) is a 
dx 1 

maximum value. 

Thus the maximum value is 7 and the minimum 
value is 3. 


Find the maximum and minimum 
values of the curve y = x 3 — 3x + 5 by (a) exam¬ 
ining the gradient on either side of the turning 


It can be seen that the second differential method of 
determining the nature of the turning points is, in this 
case, quicker than investigating the gradient. 
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Locate the turning point on the 
following curve and determine whether it is a 
maximum or minimum point: y — 49 + e~ e 


Since y — 49 + e 9 then — = 4 — e 0 = 0 for a maxi- 
7 d6 

mum or minimum value. 

Hence 4 = e~ 9 and - = e 9 
4 

1 

giving 9 — In - = —1.3863 
When 9 — —1.3863, 

y = 4(— 1.3863) + e _( “ 13863) = 5.5452 + 4.0000 

= -1.5452 


Thus (—1.3863, 
turning point. 


-1.5452) are the co-ordinates of the 

dd 2 

d 2 y 

When 9 = -1.3863, = e+ 13863 = 4.0, which is 

d0 z 

positive, hence 

(—1.3863, —1.5452) is a minimum point. 


Determine the co-ordinates of the 
maximum and minimum values of the graph 

x 3 x 2 5 

y = —--— 6x + and distinguish between 

them. Sketch the graph 


Following the given procedure: 


x 3 x 1 5 

(i) Since y =-6x-|— then 

7 3 2 3 

dy 2 A 

— = x — x — 6 
dx 

dy 

(ii) At a turning point, — = 0. 

dx 


Hence 

i.e. 

from which 


x 2 — x — 6 — 0 
(x + 2)(x - 3) = 0 
x = —2 orx = 3 


(iii) Whenx=—2 


.V = 


(— 2)3 (- 2)2 


6(—2) +j=9 


(3) 3 (3) 2 5 

Whenx = 3,y = — - — - 6(3) + - 
3 2 3 

= -n* 

6 

Thus the co-ordinates of the turning points 
are (—2, 9) and (3,-11^ 

dy 1 dry 

(iv) Since — = x~ — x — 6 then —^ = 2x — 1 
dx dx~ 

d 2 y 

When x = —2, —by — 2(—2) — 1 = —5, which is 
dx- 

negative. 

Hence (—2, 9) is a maximum point. 

d 2 y 

When x = 3, —^ = 2(3) — 1 = 5, which is 

Ex¬ 
positive. 


Hence ^3, —11 - J is a minimum point. 

Knowing (—2, 9) is a maximum point (i.e. crest 
of a wave), and ^3,-11-^ is a minimum point 

5 

(i.e. bottom of a valley) and that when x = 0, y = -, 
a sketch may be drawn as shown in Fig. 44.6. 



Figure 44.6 


Determine the turning points on the 
curve y = 4 sin x — 3 cos x in the range x = 0 to 
x = 2ix radians, and distinguish between them. 
Sketch the curve over one cycle 
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Since y = 4 sin x — 3 cos x then 
dy 

— = 4 cos a- + 3 sin x — 0, for a turning point, 
dx 

—4 sinx 

from which, 4 cosx = —3 sinx and — =- 

3 cosx 

= tanx. 

Hence x = tan” 1 (-y) = 126.87° or 306.87°, since 

tangent is negative in the second and fourth 
quadrants. 



Figure 44.7 


When x = 126.87°, 


y — A sin 126.87° - 3 cos 126.87° = 5 
When x = 306.87° 

y — A sin 306.87° - 3 cos 306.87° = -5 

126.87° = ( 125.87° x —) radians 

V 180/ 

= 2.214 rad 

306.87° = (306.87° x radians 


= 5.356 rad 


Hence (2.214,5) and (5.356, —5) are the co-ordinates 
of the turning points. 

d 2 y 

—tt = —4 sinx + 3 cosx 
dx- 

When x = 2.214 rad, 

d 2 y 

—= —4 sin 2.214+3 cos 2.214, which is negative. 
dx~ 

Hence (2.214, 5) is a maximum point. 

When x = 5.356 rad, 


dry 
dx 2 


= —4 sin 5.356 + 3 cos 5.356, which is positive. 


Hence (5.356, —5) is a minimum point. 

A sketch of y — A sinx — 3 cosx is shown in Fig. 44.7. 


Now try the following exercise 


Exercise 161 Further problems on turning 
points 

In Problems 1 to 7, find the turning points and 
distinguish between them. 


1. y = 3x 2 — 4x + 2 


Minimum at 



2. x = 9(6 — 6) [Maximum at (3, 9)] 

3. y = 4x 3 + 3x 2 — 60x — 12 

'Minimum (2, -88) 
Maximum (—2.5,94.25) 


4. y = 5x — 21nx 

[Minimum at (0.4000, 3.8326)] 

5. y = 2x-e x 

[Maximum at (0.6931, —0.6136)] 


6 . y = t 3 


2 


2t + A 


Minimum at (1, 
Maximum at I 


2.5) 

2 22 \ 
_ 3’ 4 27 / 


1 

7. x = 8 1 + ^ [Minimum at (0.5, 6)] 

8 . Determine the maximum and minimum values 
on the graph y = 12 cos 9 — 5 sin 6 in the range 
0 = 0 to 9 = 360°. Sketch the graph over one 
cycle showing relevant points. 

Maximum of 13 at 337.38°, 
Minimum of —13 at 157.38° 
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9. Show that the curve y — -(t — l) 3 + 2t(t — 2) 

2 

has a maximum value of - and a minimum 
3 

value of —2. 


44.4 Practical problems involving 

maximum and minimum values 


There are many practical problems involving maxi¬ 
mum and minimum values which occur in science and 
engineering. Usually, an equation has to be determined 
from given data, and rearranged where necessary, so 
that it contains only one variable. Some examples are 
demonstrated in Problems 15 to 20. 


A rectangular area is formed having 
a perimeter of 40 cm. Determine the length and 
breadth of the rectangle if it is to enclose the 
maximum possible area 


Let the dimensions of the rectangle be x and y. Then the 
perimeter of the rectangle is (2x + 2v). Hence 

2x + 2y = 40, or x + y = 20 (1) 


Since the rectangle is to enclose the maximum possible 
area, a formula for area A must be obtained in terms of 
one variable only. 

Area A = xy. From equation (1), x = 20 — y 
Hence, area A = (20 — y)y — 20 y — y 2 


dA 

— = 20 — 2y = 0 for a turning point, from which, 
dy 

y— 10 cm. 
d 2 A 

—=- = —2, which is negative, giving a maximum point. 

dy 1 


When v = 10 cm, x = 10 cm, from equation (1). 


Hence the length and breadth of the rectangle are 
each 10 cm, i.e. a square gives the maximum possible 
area. When the perimeter of a rectangle is 40 cm, the 
maximum possible area is 10 x 10 = 100 cm 2 . 


upwards to form an open box. Determine the 
maximum possible volume of the box 


The squares to be removed from each corner are shown 
in Fig. 44.8, having sides x cm. When the sides are 
bent upwards the dimensions of the box will be: length 
(20 — 2x) cm, breadth (12 — 2x) cm and height, x cm. 


12 cm 


1 

1 

1 

1 

1 

1 

1 

1 

1 

X | , 

' 1 x 

(20 - 2x) 

(12 - 2x) 

-: 

y// x 

y//i 

> i 

i 

i 

i \ * 



20 cm 


Figure 44.8 

Volume of box, V = (20 — 2x)(12 — 2x)(x) 

= 240x — 64x 2 + 4x 3 
dV 

— = 240 — 128x + 12x- = 0 for a turning point. 
dx 

Hence 4(60 — 32x + 3x 2 ) = 0, i.e. 3x 2 — 32x + 60 = 0 
Using the quadratic formula, 

32 ± v/(-32) 2 - 4(3)(60) 

A_ 2(3) 

= 8.239 cm or 2.427 cm. 


Since the breadth is (12 — 2x) cm then x = 8.239 cm is 
not possible and is neglected. 

Hence x — 2.427 cm. 

d 2 V 

= —128 + 24x 


When x = 2.427, 
value. 


d 2 V 

—Y is negative, giving a maximum 
dx 1 


The dimensions of the box are: 
length = 20-2(2.427)= 15.146 cm, 
breadth = 12 — 2(2.427) = 7.146 cm, and 
height = 2.427 cm. 


Maximum volume = (15.146)(7.146)(2.427) 
= 262.7 cm 3 


A rectangular sheet of metal having 
dimensions 20 cm by 12 cm has squares removed 
from each of the four corners and the sides bent 


Determine the height and radius of a 
cylinder of volume 200 cm 3 which has the least 
surface area 























Some applications of differentiation 409 


Let the cylinder have radius r and perpendicular 
height h. 


Volume of cylinder, 
Surface area of cylinder. 


V — icrh = 200 
A — litrh + 2jtr 2 


(1) 


Least surface area means minimum surface area and a 
formula for the surface area in terms of one variable 
only is required. 


200 

From equation (1), h — —. 

— r l 




( 2 ) 


Hence surface area, 

A — 2nr 

_ 400 
r 


200 

itr 2 


■ 2 nr 


■ 2jtr~ = 400r -1 


■ 2nr z 


dA _ -400 
dr r 2 

Hence 

and 

from which, 


- Anr — 0, for a turning point. 
400 


47IT = 


r 3 = 


/- 

400 

4tt 


J100 

r = J -= 3.169cm. 

V 7r 


d 2 A 

dr 2 r 


800 

~1T 


■ 4 n 


d z A 


When r — 3.169 cm, —is positive, giving a minimum 
dr 1 

value. 

From equation (2), when r — 3.169 cm, 

200 


h = 


tt(3.169) 2 


= 6.339 cm. 


Hence for the least surface area, a cylinder of vol¬ 
ume 200 cm 3 has a radius of 3.169 cm and height of 
6.339 cm. 


Determine the area of the largest 
piece of rectangular ground that can be enclosed by 
100 m of fencing, if part of an existing straight wall 
is used as one side 

Let the dimensions of the rectangle be x and y as shown 
in Fig. 44.9, where PQ represents the straight wall. 


From Fig. 44.9, x + 2y= 100 
Area of rectangle, A = xy 


(1) 

( 2 ) 



Figure 44.9 

Since the maximum area is required, a formula for area 
A is needed in terms of one variable only. 

From equation (1), x = 100 — 2 y 

Hence, area A = xy — (100 — 2 ,y)y = 1 OOv — 2y 2 

dA 

— = 100 — 4y = 0, for a turning point, from which, 
dy 

y = 25 m. 
d 2 A 

—— —4, which is negative, giving a maximum value. 
dy- 

Wheny = 25m, x = 50m from equation (1). 

Hence the maximum possible area 

= xy = (50)(25) = 1250 m 2 


An open rectangular box with 
square ends is fitted with an overlapping lid which 
covers the top and the front face. Determine the 
maximum volume of the box if 6 m 2 of metal are 
used in its construction 

A rectangular box having square ends of side x and 
length y is shown in Fig. 44.10. 



Figure 44.10 

Surface area of box, A, consists of two ends and live 
faces (since the lid also covers the front face). 


Hence A = 2x z + 5xy = 6 


( 1 ) 


Since it is the maximum volume required, a formula 
for the volume in terms of one variable only is needed. 
Volume of box, V = x 2 y 
From equation (1), 


6 — 2x~ 


y = 


5x 


6 

5x 


2x 

~5 


( 2 ) 
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2 2 / u 2. t 

Hence volume V = x y = x (- 

V 5x 5 


6 x 

T 


2 x 3 


t/y 


6 x 2 


— =-= 0 for a maximum or minimum value. 

dx 5 5 

Hence 6 = 6x 2 , giving x = 1 m (x = — 1 is not possible, 
and is thus neglected). 

d 2 V — 12x 
dx 2 5 

d 2 V 

When x — 1, —— is negative, giving a maximum value. 

dx 1 


_2d) = 4 

5(1) 5 5 

Hence the maximum volume of the box is given by 


From equation (2), when x — 1, y = 


V — x y — (l) - I - ) = - m 


Find the diameter and height of a 
cylinder of maximum volume which can be cut 
from a sphere of radius 12 cm 

A cylinder of radius r and height li is shown enclosed 
in a sphere of radius R = 12 cm in Fig. 44.11. 

Volume of cylinder, V — jtr 2 h (1) 


Using the right-angled triangle OPQ shown in 
Fig. 44.11, 



Figure 44.11 


Since the maximum volume is required, a formula for 
the volume V is needed in terms of one variable only. 

-> h 2 

From equation (2), r~ — 144 —— 

Substituting into equation (1) gives: 

h 2 \ 7th 3 

144- )h = 144tt/7- 

4 ) 4 



dV 

— = 144tt - 
dh 

value. 



for a maximum or minimum 


3ith 2 

Hence 144jr = -, from which, 


h = 


(144)(4) 


= 13.86cm. 


d 2 V 
dh 2 


-67th 


d 2 V 

When h— 13.86, —is negative, giving a maximum 
dh~ 

value. 

From equation (2), 


2 

r 2 = 144-= 144- 

4 

r = 9.80 cm 


13.86 2 


from which, radius 


Diameter of cylinder = 2 r = 2(9.80) = 19.60 cm. 

Hence the cylinder having the maximum volume that 
can be cut from a sphere of radius 12 cm is one in 
which the diameter is 19.60 cm and the height is 
13.86 cm. 


Now try the following exercise 


Exercise 162 Further problems on practical 
maximum and minimum 
problems 

1. The speed, v, of a car (in m/s) is related to time 
t s by the equation v = 3 + 1 2t — 3r 2 . Deter¬ 
mine the maximum speed of the car in km/h. 

[54 km/h] 

2. Determine the maximum area of a rectan¬ 

gular piece of land that can be enclosed by 
1200 m of fencing. [90 000 m 2 ] 

3. A shell is fired vertically upwards and 
its vertical height, x metres, is given 































Some applications of differentiation 411 


by: x = 24t — 3t 2 , where t is the time in 
seconds. Determine the maximum height 
reached. [48 m] 

4. A lidless box with square ends is to be made 

from a thin sheet of metal. Determine the 
least area of the metal for which the volume 
of the box is 3.5 m 3 . [11.42m 2 ] 

5. A closed cylindrical container has a surface 
area of 400 cm 2 . Determine the dimensions 
for maximum volume. 

[radius = 4.607 cm, height = 9.212 cm] 

6. Calculate the height of a cylinder of maxi¬ 
mum volume that can be cut from a cone of 
height 20 cm and base radius 80 cm. 

[6.67 cm] 

7. The power developed in a resistor R by a 
battery of emf E and internal resistance r is 

E 2 R 

given by P — --. Differentiate P with 

° y ( R+rj 2 

respect to R and show that the power is a 
maximum when R=r. 


44.5 Tangents and normals 


Tangents 

The equation of the tangent to a curve y —f{x) at the 
point (xi, y \) is given by: 

y-y\ = mix - xi) 


dy 

where m = — = gradient of the curve at (x \, y [ ). 
dx 


Find the equation of the tangent to 
the curve y = x 2 — x — 2 at the point (1, —2) 


dy 

Gradient, m = — = 2x — 1 
dx 

At the point (1, —2), x = 1 and m — 2(1) —1 = 1 
Hence the equation of the tangent is: 


v - yi = m(x-x i) 

i.e. y -2 = \(x — 1) 

i.e. y + 2 = x — 1 
or y — x — 3 


8. Find the height and radius of a closed cylinder 
of volume 125 cm 3 which has the least surface 
area. [height = 5.42 cm, radius = 2.71 cm] 


The graph of y — xr — x — 2 is shown in Fig. 46.12. The 
line AB is the tangent to the curve at the point C, i.e. 
(1, —2), and the equation of this line is v = x — 3. 


9. Resistance to motion, F, of a moving vehicle, 
5 

is given by: F ——b lOO.v. Determine the 

x 

minimum value of resistance. [44.72] 

10. An electrical voltage E is given by: 
E = (15 sin 50jrf + 40 cos 507rt) volts, where 
t is the time in seconds. Determine the 
maximum value of voltage. [42.72 volts] 

11. The fuel economy £ of a car, in miles per 
gallon, is given by: 

£ = 21 + 2.10 x 10“V - 3.80 x 10“V 

where v is the speed of the car in miles per 
hour. 

Determine, correct to 3 significant figures, 
the most economical fuel consumption, and 
the speed at which it is achieved. 

[50.0 miles/gallon, 52.6 miles/hour] 



Figure 44.12 


Normals 

The normal at any point on a curve is the line that passes 
through the point and is at right angles to the tangent. 
Hence, in Fig. 44.12, the line CD is the normal. 

It may be shown that if two lines are at right angles 
then the product of their gradients is — 1. Thus if m is the 
gradient of the tangent, then the gradient of the normal 
1 

is- 

m 
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Hence the equation of the normal at the point (x i, y i) 
is given by: 

1 

y -y\ = — (x -x\) 
m 

Find the equation of the normal to 
the curve y = x~ — x — 2 at the point (1, —2) 


m= 1 from Problem 21, hence the equation of the 
1 

normal is y — y\ = -(x — xi) 


i.e. 


-2 = — j(jc— 1) 


i.e. y + 2 = — x + 1 or y = — x — 1 

Thus the line CD in Fig. 44.12 has the equation 
y — —x — 1 


Determine the equations of the 

x 3 

tangent and normal to the curve y = — at the point 


(-1,-4) 


Gradient m of curve y = — is given by 

dy 3x 2 
dx 5 


At the point (—1, — ^), x = — 1 and 

3(-l) 2 


Equation of the tangent is: 



y-y i 

= m(x — xi) 


l 

3 

i.e. 

Vd 

1 

1 

cnl 

= 5 ( ^--l) 


1 

3 

i.e. 

" + 5 

= 5 * + 1 

or 

5y+ 1 

= 3x + 3 

or 

5y — 3x 

= 2 


Equation of the normal is: 


1 


y-y i = — (x-xi) 

in 


i.e. 


-1 

”T” 

5 


(x--l) 


1 5 

i.e. y+- = --(x+l) 

1 5 5 

i.e. vH— = —x - 

5 3 3 

Multiplying each term by 15 gives: 

15y + 3 = —25x - 25 

Hence equation of the normal is: 

15y + 25x + 28 = 0 


Now try the following exercise 

Exercise 163 Further problems on tangents 
and normals 

For the following curves, at the points given, find 
(a) the equation of the tangent, and (b) the equation 
of the normal 

1 . y = 2x 2 at the point (1,2) 

[(a) y = 4x — 2 (b)4y + x = 9] 

2. y = 3x 2 — 2x at the point (2, 8) 

[(a) y= 1 Ox — 12 (b) lOy + x = 82] 

x 3 / 1 

3. y — — at the point I — 1, — - 

[(a)y=|x+l (b) 6y + 4x + 7 = 0] 

4. y — 1 +x — x 2 at the point (—2, — 5) 

[(a) y = 5x + 5 (b) 5y+ x + 27 = 0] 

5. 6— - at the point ^3, 

"(a) 90 + t — 6 

2 

(b) 0 = 91- 26- or 30 = 27? - 80 

L 3 J 


44.6 Small changes 


If v is a function of x, i.e. y =/(x), and the approximate 
change in y corresponding to a small change <$x in x is 
required, then: 

<5y dy 
<Sx dx 

dy 

and Sy » — • Sx or Sy& f'(x) ■ Sx 
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Given y — 4x 2 — x, determine the 
approximate change in y if a changes from 1 to 1.02 


dy 

Since y = 4x~ — x, then — = 8a — 1 
dx 

Approximate change in y, 
dy 

&y ss — • Sx (8a — 1 )<5a 
dx 

When a = 1 and Sx = 0.02, Sy « [8(1) - 1](0.02) 

Ri0.14 

[Obviously, in this case, the exact value of Sy may 
be obtained by evaluating y when a = 1.02, i.e. 
y = 4(1.02) 2 — 1.02 = 3.1416 and then subtracting from 
it the value of y when a = 1, i.e. y = 4(l) 2 —1 = 3, giv- 

dy 

ing<Sy = 3.1416 — 3 = 0.1416. Using Sy = — • Sx above 

dx 

gave 0.14, which shows that the formula gives the 
approximate change in y for a small change in a] . 


The time of swing T of a pendulum 
is given by T — k-Jl, where A' is a constant. 
Determine the percentage change in the time of 
swing if the length of the pendulum / changes from 
32.1 cm to 32.0 cm 


If 


T = AV7 = kl l/2 


7-1/2 _ 


dT 

then — = k | -/ 
dl 


Approximate change in T, 


dT 

ST » —81 i 
dl 


2v7 




a v7, 

(negative since / decreases) 


Percentage error 

' approximate change in T 
original value of T 


x 100% 
- 0.1 


100 % 


277 , (-01) 


kVl 


- 0.1 


21 

= -0.156% 


100 % = 


2(32.1) 


100 % 


Hence the percentage change in the time of swing is 
a decrease of 0.156% 


A circular template has a radius of 
10 cm (±0.02). Determine the possible error in 
calculating the area of the template. Find also the 
percentage error 


Area of circular template, A = nr 2 , hence 


dA 

— = 2nr 
dr 

Approximate change in area, 


M«! — • Sr ( 2nr)8r 

dr 

When r = 10 cm and Sr = 0.02, 
SA = (2?r 10)(0.02)« 0.4 tt cm 2 


i.e. the possible error in calculating the template area 
is approximately 1.257cm 2 . 


Percentage error as 



100% = 0.40% 


Now try the following exercise 


Exercise 164 Further problems on small 
changes 

1. Determine the change in v if x changes from 

, 5 

2.50 to 2.51 when (a) y = 2a — a 2 (b) y = - 

A 

[(a) -0.03 (b) -0.008] 

2. The pressure p and volume v of a mass of 
gas are related by the equation pv = 50. If the 
pressure increases from 25.0 to 25.4, deter¬ 
mine the approximate change in the volume 
of the gas. Find also the percentage change in 
the volume of the gas. [—0.032, —1.6%] 

3. Determine the approximate increase in (a) the 

volume, and (b) the surface area of a cube 
of side a cm if a increases from 20.0 cm to 
20.05 cm. [(a) 60 cm 3 (b) 12 cm 2 ] 

4. The radius of a sphere decreases from 
6.0 cm to 5.96 cm. Determine the approximate 
change in (a) the surface area, and (b) the 
volume. 

[(a)-6.03cm 2 (b)-18.10cm 3 ] 
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5. The rate of flow of a liquid through a tube is 

4 

pirr 

given by Poiseuilles’s equation as: Q =- 

8 r]L 

where Q is the rate of flow, p is the pressure 
difference between the ends of the tube, r is 
the radius of the tube, L is the length of the 
tube and 77 is the coefficient of viscosity of the 


liquid. 77 is obtained by measuring Q, p, r and 
L. If Q can be measured accurate to ±0.5%, 
p accurate to ±3%, r accurate to ±2% and 
L accurate to ±1%, calculate the maximum 
possible percentage error in the value of ij. 

[12.5%] 







Revision Test 12 


This Revision test covers the material contained in Chapters 42 to 44. The marks for each question are shown in 
brackets at the end of each question. 


1 . 


Differentiate the following with respect to the 
variable: 


(a) y — 5 + 2 — 


(c) 


3 In 5? 
cos 2 1 


1 

x 2 


(b) 

(d) 


s = 4e 26 sin 36 
X ~ Vf 2 — 3f + 5 


(15) 


2. If/Or) = 2 .5a' 2 — 6x + 2 find the co-ordinates at the 
point at which the gradient is — 1. (5) 


3. The displacement s cm of the end of a stiff spring 
at time t seconds is given by: s = ae~ kt sin 2tz f t. 
Determine the velocity and acceleration of the end 
of the spring after 2 seconds if a — 3, k — 0.75 and 
/ = 20 . ( 10 ) 


4. Find the co-ordinates of the turning points on 
the curve y = 3a 3 + 6a 2 + 3a — 1 and distinguish 
between them. (9) 


5. The heat capacity C of a gas varies with absolute 
temperature 6 as shown: 

C = 26.50 + 7.20 x W~ 3 9- 1.20 x 10“ 6 <9 2 

Determine the maximum value of C and the tem¬ 
perature at which it occurs. (7) 

6. Determine for the curve y = 2x 2 — 3a at the point 

(2, 2): (a) the equation of the tangent (b) the 
equation of the normal. (7) 

7. A rectangular block of metal with a square cross- 

section has a total surface area of 250 cm 2 . Find 
the maximum volume of the block of metal. (7) 


Section 8 








Chapter 45 


Differentiation of parametric 

equations 


45.1 Introduction to parametric 
equations 


Certain mathematical functions can be expressed more 
simply by expressing, say, x and y separately in terms 
of a third variable. For example, y = r sin 9, x — r cos 9. 
Then, any value given to 9 will produce a pair of values 
for x and y, which may be plotted to provide a curve of 

y =/(*)• 

The third variable, 9, is called a parameter and the 
two expressions for y and x are called parametric 
equations. 

The above example of y = r sin 9 and x — r cos 9 are the 
parametric equations for a circle. The equation of any 
point on a circle, centre at the origin and of radius r is 
given by: x 2 + y 2 — r 2 , as shown in Chapter 19. 

To show that y — r sin 0 and x=r cos 9 are suitable 
parametric equations for such a circle: 

Left hand side of equation 

2 , 2 
= x +y 

= (r cos 9) 2 + (r sin 0) 2 
= r 2 cos 2 9 + r 2 sin 2 9 
= r 2 (cos 2 0 + sin 2 9) 

= r 2 = right hand side 

(since cos 2 0 + sin 2 9 — 1, as shown in 

Chapter 26) 


45.2 Some common parametric 
equations 


The following are some of the most common parametric 
equations, and Figure 45.1 shows typical shapes of these 



(a) Ellipse 



(c) Hyperbola 




(b) Parabola 




(f) Astroid 


Figure 45.1 


(a) 

Ellipse 

X 

(b) 

Parabola 

X 

(c) 

Hyperbola 

X 

(d) 

Rectangular 

hyperbola 

X 


(g) Cycloid 


= a cos 9, y — b sin 9 

= at 2 , y — 2at 

= a sec 9,y=b tan 9 
c 


curves. 
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(e) 

Cardioid 

x — a(2 cos 0 — cos 20), 
y = a(2 sin 0 — sin 20) 

(a) 

(f) 

Astroid 

x = acos 3 0 , y — a sin 3 0 


(g) 

Cycloid 

x = a(9 — sin 0), y = a (1 — cos 0) 



Differentiation in parameters 


When x and y are given in terms of a parameter say 0, 
then by the function of a function rule of differentiation 
(from Chapter 43): 

dy dy dO 
dx dO dx 

It may be shown that this can be written as: 

dy 
d0_ 

dx dx 
df) 

For the second differential, 

d 2 y d / dy\ d / dy\ dO 

dx 2 dx \dx I d6 \dx) dx 


(1) 


d 2 y 

dx 2 


d f dy 
dO 

dx 

d9 


( 2 ) 


Given x = 59 — 1 and y = 29(9 — 1), 
dy 

determine — in terms of 9 
dx 


dy 

x — 59 — 1. hence — = 5 
d9 

y = 29(9 — 1) = 29 2 — 29, 

hence -=40-2 = 2(20-1) 
dO 

From equation (1), 

* = f or 2 (2 ,_ 1} 

dx dx 5 5 

d9 


dy 

y = 3 cos 2 t, hence — = —6 sin 2 t 
dt 

dx 

x — 2 sin t, hence — =2 cos t 
dt 

From equation (1), 
dy 

dy — 6 sin 2 f — 6(2 sin t cost) 

dx dx 2 cos t 2 cos t 

dt 

from double angles, Chapter 27 

dy . 

i.e. — = —6 sin t 
dx 

(b) From equation (2), 

d (dy\ d 

dry dt\dx) dt^~^ S ^ nt ^ — 6 cos t 


2 cos t 2 cos t 


dx 2 dx 
dt 

d 2 y 

i.e. —^ = —3 

dx 2 


The equation of a tangent drawn to a 
curve at point (x\ , yi) is given by: 

dy \, , 

y-y i = —(x-x\) 
dx i 

Determine the equation of the tangent drawn to the 
parabola x = 2f 2 , y — At at the point t. 


9 dx [ 

At point t, x\ = 2 1 , hence-= At 

dt 

dy i 

and yi = At, hence — = 4 

dt 


From equation (1), 


dy 


(fy = dL = 1 = I 

dx dx At t 
dt 

Hence, the equation of the tangent is: 


y-4t=-(x- It 1 ) 


The parametric equations of a 
function are given by y = 3 cos 2t,x = 2 sin t. 

dy d 2 y 

Determine expressions for (a) — (b) —„ 

dx dx 2 


The parametric equations of a cycloid 

are x = 4(0 — sin 0), y = 4(1 — cos 0). 

dy dry 

Determine (a) — (b) —„ 
dx dx 2 
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(a) x = 4(0 — sin 0) 
dx 

hence — =4 — 4 cos 0 = 4( 1 — cos 0) 
dd 

dy 

y = 4(1 — cos 0), hence — = 4 sin 0 
dO 

From equation (1), 


dy_ 

dy de 4 sin 0 


sin 0 


t/x t/r 4(1- cos 0) (1 — cos0) 

rf0 


(b) From equation (2), 


d / dy\ d / sin 


t/~y dO \dx J dO \ 1 — cos 


dx 2 dx 4(1— cos 0) 

dO 

(1 — cos 0)( cos 0) — ( sin 0)( sin 0) 
_ (1 — cos 0) 2 

4(1 — cos0) 

cos 0 — cos 2 0 — sin 2 0 
~~ 4(1 -cos0) 3 

cos 0 — (cos 2 0 + sin 2 0) 

~~ 4(1 - cos 0) 3 

COS0 — 1 


4(1 -cos0) 3 

— (1 — COS0) 


-1 


4(1— cos 0) 3 4(1 — cos 0) 2 


Now try the following exercise 

Exercise 165 Further problems on 
differentiation of 
parametric equations 

1. Given x = 3t — 1 and y = t(t — 1), determine 

1 


dy 

— in terms of t. 
dx 


-(2r — 1) 


2. A parabola has parametric equations: x — t 2 , 
dy 

y = 21. Evaluate — when t = 0.5 [2] 

dx 


3. The parametric equations for an ellipse 

dy 

are x = 4cos0, y = sin0. Determine (a) — 

dx 

rh , c fz 

(b) dx 2 

1 1 , ■ 

(a)-cot 0 (b)-cosec J 0 

4 16 

dy jt 

4. Evaluate — at 6 — — radians for the 

dx 6 

hyperbola whose parametric equations are 


x = 3 sec 0, y = 6 tan 0. 


[4] 


5. The parametric equations for a rectangular 

2 dy 

hyperbola are x = 2 1, y = -. Evaluate — 

t dx 

when t = 0.40 

[-6.25] 

The equation of a tangent drawn to a curve at 
point (xi, yi) is given by: 

dyi, , 
y-y i = -y— (x-x\) 

dx i 

Use this in Problems 6 and 7. 


6. Determine the equation of the tangent drawn 

7 r 

to the ellipse x = 3 cos 0,y — 2 sin 0 at 0 = —. 

[y = — 1.155x + 4] 

7. Determine the equation of the tangent drawn 

5 

to the rectangular hyperbola x = 5 t,y = - at 
t = 2. 

1 

y = --x + 5 


45.4 Further worked problems on 
differentiation of parametric 
equations 


The equation of the normal drawn to 
a curve at point (xi, yi) is given by: 

dx i 

Determine the equation of the normal drawn to the 
astroid x = 2 cos 3 0, y = 2 sin 3 0 at the point 0 = — 
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■3 dx 7 

x — 2 cos 9, hence — = —6 cos" 9 sin l 
dQ 

s dy 2 

y — 2 sin 9, hence — = 6 sin“ 0 cos 0 
dd 


From equation (1), 

dy dQ 6 sin 2 9 cos 9 sin 9 

dx dx — 6 cos 2 0 sin 0 cos0 

d9 


n dy tc 

When 9——, — — — tan — = — 1 

4 dx 4 


= — tan f 


jt 


jt 


x\ — 2 cos — = 0.7071 and vi = 2 sin — = 0.7071 
Hence, the equation of the normal is: 

y- 0.7071 =-^(x-0.7071) 

i.e. y — 0.7071 = x — 0.7071 
i.e. y — x 


The parametric equations for a 
hyperbola are x — 2 sec 9,y = 4 tan 9. Evaluate 
dy d 2 y 

(a) — (b) — -r, correct to 4 significant figures, 
dx dx 1 

when 9 — 1 radian. 


dx 

(a) x — 2 sec 9, hence — —2 sec 9 tan 9 
d9 

dy 7 

y = 4 tan 9, hence — —4 sec 9 
d9 

From equation (1), 
dy 

dy _ d9 _ ^ sec 2 9 


2 sec 9 

dx dx 2 sec 9 tan 9 tan 9 
d9 

2 


cos 9 


sin 9 
cos 9 


sin (9 


or 2cosect 


dy 2 

When 9 = 1 rad, — =-= 2.377, correct to 

dx sin 1 
4 significant figures. 


(b) From equation (2), 


d 2 y 

dx 2 


d / dy 
d9 \dx 
dx 
d9 


d 

—(2 cosec 9) 
dtT _ 

2 sec 9 tan 9 

—2 cosec 9 cot 9 
2 sec 9 tan 9 
1 \ / cos 9 


9 ) V sin 9 


1 


cos 9 

cos 9 
sin 2 9 

cos 3 9 


sin0 

COS0 

cos 2 9 
sin(9 


= — cot 9 


dry 


When 0=1 rad, ——cot 3 1 =- T 

dx 2 (tan l) 3 

-0.2647, correct to 4 significant figures. 

When determining the surface 
tension of a liquid, the radius of curvature, p, of 
part of the surface is given by: 


N 


l + f£ 

dx 


n3 


y ,2 

d y 

dx 2 

Find the radius of curvature of the part of the 
surface having the parametric equations x — 3t 2 , 
y = 6r at the point t = 2. 


2 dx 

x = 3 1~, hence — = 6 1 
dt 

dy 


y = 6 1 , hence — = 6 
dt 


dy 


1 


dy r /f 6 

From equation (1), — = =3- = — — 

4 dx dx 6 1 t 


From equation (2), 


d 2 y 

dx 2 


d f dy 
dt \dx 
dx 
dt 


dt 

d 

dt 


6 1 


6 1 


1 

'6f3 
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Hence, radius of curvature, p 



d 2 y 


dx 2 



1 

6U 


When 


3 

_ 7(1.25)3 
1 

_ 48 

= -487(1.25)3 = -67.08 


t = 2, p = 



6(2)3 


Now try the following exercise 


Exercise 166 Further problems on 
differentiation of 
parametric equations 

1. A cycloid has parametric equations 
x — 2(0 — sin 0), y = 2(1 — cos 6). Evalu¬ 
ate, at 0 — 0.62 rad, correct to 4 significant 

dy d 2 y 

figures, (a) — (b) —^ 
dx dx 

[(a) 3.122 (b)-14.43] 

The equation of the normal drawn to a curve 
at point (xi, y \) is given by: 

y-y 1= -^-( X - Xl) 

dx i 

Use this in Problems 2 and 3. 


2 . 


3. 


4. 


Determine the equation of the normal drawn 
1 , 1 

to the parabola x = -t ,y— -t at t = 2. 


\y — —2x + 3] 

Find the equation of the normal drawn to the 

cycloid x = 2(0 — sin 0), y — 2(1 — cos 0) at 
7r 

0 =— rad. [y = —x + tt] 

2 d 2 y 

Determine the value of —-, correct to 4 sig- 

dx z 


Tt 


nificant figures, at 0 = — rad for the cardioid 
6 


x = 5(20 — cos 20), y = 5(2 sin 0 — sin 20). 

[0.02975] 


5. The radius of curvature, p, of part of a sur¬ 
face when determining the surface tension of 
a liquid is given by: 


P = 




2h 3/2 


d 2 y 

dx 2 


Find the radius of curvature (correct to 4 sig¬ 
nificant figures) of the part of the surface 
having parametric equations 

3 1 

(a) x — 3t, y — - at the point t = - 

(b) x — 4 cos 3 f, y = 4 sin 3 r at t = — rad 

6 

[(a) 13.14 (b) 5.196] 




















Chapter 46 


Differentiation of implicit 

functions 


46.1 Implicit functions 


When an equation can be written in the form y —f(x) 
it is said to be an explicit function of x. Examples of 
explicit functions include 

y — 2x 3 — 3x + 4, y — 2x lnx 
3e v 

and y = - 

cosx 

In these examples y may be differentiated with respect 
to x by using standard derivatives, the product rule and 
the quotient rule of differentiation respectively. 

Sometimes with equations involving, say, y and x, 
it is impossible to make y the subject of the formula. 
The equation is then called an implicit function and 
examples of such functions include y 3 + 2x 2 = y 2 — x 
and sin y = x 2 + 2 xy. 


46.2 Differentiating implicit 
functions 


It is possible to differentiate an implicit function by 
using the function of a function rule, which may be 
stated as 

du du dy 
dx dy dx 

Thus, to differentiate y 3 with respect to x, the substitu- 

, du , 

tion u — y J is made, from which, — = 3y . 

dy 

d , , dy 

Hence, —(y ) = (3y ) x —, by the function of a 
dx dx 

function rule. 


A simple rule for differentiating an implicit function is 
summarised as: 


d d dy 

-p[/(y)] = 3~[/0)] x — 
dx dy dx 


(1) 


Differentiate the following functions 
with respect to x: 

(a) 2y 4 (b) sin 3 1 


(a) Let u = 2y , then, by the function of a function rule: 


du du dy 


dy 


— = — x — = —(2y ) x — 
dx dy dx dy ' dx 

= 

dx 

(b) Let u = sin 3 1, then, by the function of a func¬ 
tion rule: 

du du dt d dt 

— = — x — = —(sin3?) x — 

dx dt dx dt dx 

= 3 cos 3 1 — 
dx 


Differentiate the following functions 
with respect to x: 


(a) 4 In 5y 


(b) -e 30-2 
5 


(a) Let u = 4 In 5y, then, by the function of a function 
rule: 


du 

dx 


du dy d dy 

— x — = —(41n5v) x — 
dy dx dy " dx 

4 dy 

y dx 
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(b) Let u= -e 2fl 2 , then, by the function of a function 
rule: 


du du d6 
dx dO dx 


-LI 

1 30-2 

dO V 


_ 3 „39 

_2 dO 

— c 

5 

dx 


dd 

dx 


Now try the following exercise. 


Exercise 167 Further problems on 
differentiating 
implicit functions 

In Problems 1 and 2 differentiate the given func¬ 
tions with respect to x. 


1. (a) 3y 5 (b) 2 cos 40 (c) Vk 


,dy dO' 

(a) 15v 4 — (b) —8 sin 40— 

dx dx 


(c) 


1 dk 
2\fk dx 


2. (a) -In 3 1 (b) -e 2y+1 (c) 2 tan 3v 


(a)-- (b) -e 2>,+l — 

2 tdx 2 dx 

,, * 2 q d y 
(c) 6 sec 3v— 

' dx 


3. Differentiate the following with respect to y: 

n- 2 

(a) 3 sin 20 (b) 4 Vx 2 (c) — 

e' 

dO ^dx 

(a) 6 cos 20 — (b) 6^/x — 

dy dy 

—2 dt 

(c)- 

e' dy 

4. Differentiate the following with respect to u: 

2 2 
(a) —-— (b) 3 sec 20 (c) —— 


(3x + 1) 


(a) 


Vv 

—6 dx 
(3x + l) 2 du 


dO 

(b) 6 sec 20 tan 20 — 
du 


(c) 


— 1 dy 
dU 


Differentiating implicit 
functions containing products 
and quotients 


The product and quotient rules of differentiation must 
be applied when differentiating functions containing 
products and quotients of two variables. 

For example, - l -{x 2 y ) = (x 2 )L( y ) + (y)-^-(x 2 ), 
dx dx dx 

by the product rule 
= U' 2 ) ^1^ +y(2x), 
by using equation(l) 

2 d y L ~ 

= x — + 2 xy 
dx 


Determine —(2x 3 y 2 ) 
dx 


In the product rule of differentiation let u = 2x 3 and 

2 

v — y. 

Thus L(2x i y 1 ) = (2x 3 )^(y 2 ) + (y 2 W2x 3 ) 
dx dx dx 

= (2x 3 ) (2 y^j + (y 2 )(6x 2 ) 

= 4x 3 y— + 6x 2 y 2 
dx 

.. 2 .. (,.Ay 


= 2^[2*-+3, 


d ( 3y 
Find — I — 
dx V 2x 


In the quotient rule of differentiation let u — 3y and 
v — 2x. 

dx \ 2x J C2x) 2 

(2x) (3£) - (3y)(2) 

4x 2 


, dy 

6 *lh- 6y _ 3 l dy 


4x 2 2x 2 \ dx 


x— -y 
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Differentiate z — x 2 + 3x cos 3y with 

respect to y. 


dz 


— = —(x ) + — (3xcos3 y) 


dy dy 


d.x 

= 2x — 
dy 


dy 

( dx 
3 — 
dy 


dx „ . „ „ , dx 

= 2x - 9x sin 3y + 3 cos 3v — 

dy dy 


Now try the following exercise 


Exercise 168 Further problems on 
differentiating implicit 
functions involving products 
and quotients 


1. Determine —(3x 2 y 3 ) 
dx 


d (2y 
2. Find — — 

dx V 5x 


d / 3 u 

3. Determine — — 

du \4u 


4. Given z = 3Jy cos 3x find - 
v dx 


3 xy z ( 3x — + 2 y 
dy 

5x 2 \ dx 


dv 

, . v — u 
4v 2 \ du 

dz 


, cos 3x\ dy 

31 vf)*- 9 ^ 1 " 3 * 


dz t 

5. Determine — given z = 2x 4 In y 
dy 


dx 


2x 2 I - + 3 In v — 


dy) J 


Further implicit differentiation 


An implicit function such as 3x 2 + y 2 — 5x + y = 2, 
may be differentiated term by term with respect to x. 
This gives: 

d , d t d d d 

-Ox 2 ) + -Cv 2 ) - —(5*) + — (y) = —(2) 

dx dx dx dx dx 

dy dy 

i.e. 6x + 2 y— -5 + 1 — = 0, 

' dx dx 

using equation (1) and standard derivatives. 


dy 

An expression for the derivative — in terms of x and 

dx 

y may be obtained by rearranging this latter equation. 
Thus: 

dy 

(2y + 1)— = 5 - 6x 
dx 

dy 5 — 6x 

from which. — = - 

dx 2y + 1 


Given 2y 2 — 5x 4 — 2 — 7y 3 = 0, 

determine — 
dx 


Each term in turn is differentiated with respect to x: 


d o d a d d 'i 

Hence —(2y 2 ) - -(5x 4 ) - —(2) - -(7y 3 ) 

ax ax ax ax 

d 

=* <o » 

i.e. 4v— - 20x 3 - 0 - 21y 2 — = 0 

dx dx 

Rearranging gives: 

(4y — 21y 2 )— = 20x 3 
dx 

dy 20x 3 


i.e. 


dx (4 y - 21y 2 ) 


. dy 


Determine the values of — when 
dx 

x — 4 given that x 2 + y 2 = 25. 


Differentiating each term in turn with respect to x gives: 


d ^ d 'f d 
-r(* 2 )+-(/)= —(25) 
dx dx dx 

2x + 2y— = 0 
dx 


i.e. 


Hence 


dy 2x x 

dx 2y y 


Since x 2 +y 2 = 25, when x = 4,y = >J (25 — 4 2 ) = ±3 

dy 4 4 

Thus when x — 4 and y = ±3, — =-= ± - 

dx ±3 3 

x 2 + y 2 = 25 is the equation of a circle, centre at the 
origin and radius 5, as shown in Fig. 46.1. At x = 4, the 
two gradients are shown. 

Above, x 2 + y 2 = 25 was differentiated implic¬ 
itly; actually, the equation could be transposed to 
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Figure 46.1 


y — 7(25 — x 2 ) and differentiated using the function of 
a function rule. This gives 


dy 1 o -i 

— = -(25 — jc 2 )t(—2jc) = - 
dx 2 

dy 4 

and when x = 4, — =- - 

dx 7(25 - 4 2 ) 

above. 


7(25 - x 2 ) 


= ± - as obtained 
3 


Problem 8. 

dy 

(a) Find — in terms of x and y given 

dx 

4x 2 + 2 xy 3 — 5y 2 = 0. 
dy 

(b) Evalate — when x = 1 and y — 2. 

dx 


(a) Differentiating each term in turn with respect to x 
gives: 

d r. d 3 d 'j d 

-(4.7) + —(2x7) - -(5y 2 ) = — (0) 

ax ax ax ax 


i.e. 8x + 


(2x) ( 371) + (y 3 )(2) 


dy 

- 10 yf = 0 

dx 


n dy dy 

i.e. 8x + 6 xy 2 -- + 2v 3 — 10y— = 0 

dx ' dx 

Rearranging gives: 

8x + 2y 3 = (lOv - 6xv 2 ) — 
dx 


and 


dy _ 8x + 2y 3 4x + y 3 
dx lOy — 6xy 2 y(5 — 3 xy) 


(b) When x = 1 and y = 2, 

dy = 4(1) + (2) 3 = 12 

dx 2 [5 — (3)(1)(2)] -2 


Find the gradients of the tangents 
drawn to the circle x 2 + y 2 — 2x — 2y = 3 at x = 2. 


dy 

The gradient of the tangent is given by — 

dx 

Differentiating each term in turn with respect to x gives: 


-(x‘) + —(7) - ~r (2x) - — (2y) = —(3) 

dx dx dx dx dx 


i.e. 

Hence 

from which 


2x + 2y 




= 0 


(2y - 2)— = 2- 2x, 
dx 

dy 2 —2x 1 — x 
dx 2y — 2 y — 1 


The value of y when x — 2 is determined from the 
original equation 

Hence (2) 2 + y 2 - 2(2) - 2y = 3 
i.e. 4 + 7- 4 — 2y = 3 

or 7 — 2y — 3 = 0 


Factorising gives: (y + l)(y — 3) = 0, from which 

y — — 1 or y — 3 

When x — 2 and y = — 1, 

dy _ 1 - x _ 1-2 _ -1 _ 1 
dx ~ y- 1 “ -1 - 1 ~ ^2 _ 2 

When x = 2 and y = 3, 

dy _ 1 - 2 _ -1 
dx 3—1 2 



The circle having the given equation has its centre at 
(1,1) and radius 75 (see Chapter 19) and is shown in 
Fig. 46.2 with the two gradients of the tangents. 


Pressure p and volume v of a gas are 
related by the law pv y = k, where y and k are 
constants. Show that the rate of change of pressure 
dp p d v 

dt ^ v dt 
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Figure 46.2 


2. 2y 3 - y + 3x - 2 = 0 


3 

1 — 6 y 2 


3. 


? ? dy r 

Given x +y — 9 evaluate — when x — V5 

dx 


and y = 2 


V5 

2 


In Problems 4 to 7, determine 


4y 

dx 


4. x 2 + 2x sin 4 y = 0 


—(x + sin4v) 
4x cos 4y 


5. 3y 2 + 2xy — 4x 2 = 0 


4x — y 
3y±x 


Since pv y = k, then p — — = kv y 
v y 


dp dp dv 
dt dv dt 


6. 2x 2 y + 3x 2 = sin y 


x(4y + 9x) 
cos y — 2x 2 


1. 3y + 2x In y = y 4 + x 


1 — 2 In y 

3 + (2x/y) — 4y 3 


by the function of a function rule 

dv dv 


= —ykv y 1 = 


dp —yk dv 
dt v y+1 dt 


~Yk 

v y+x 


Since k = pv Y 

dp —y(pv Y ) dv —ypv Y dv 

dt v r+l dt v y v 1 dt 

dp p dv 

i.e. — = — y - 

dt v dt 


8 . If 3x z + 2x 2 y 3 - y l — 0 evaluate -f- when 


dy 


1 

x = - and y = 1 
2 y 


dx 


[5] 


9. Determine the gradients of the tangents 
drawn to the circle x 2 + y 2 = 16 at the point 
where x—2. Give the answer correct to 4 
significant figures [±0.5774] 

10. Find the gradients of the tangents drawn to the 

"> 2 

X 1’“ 

ellipse-1-= 2 at the point where x = 2 

[±1.5] 

11. Determine the gradient of the curve 

3xv±y 2 = — 2 at the point (1, — 2) [—6] 


Now try the following exercise 


Exercise 169 Further problems on 
implicit differentiation 


dy 

In Problems 1 and 2 determine — 

dx 


1. x 2 ±y 2 ±4x-3y± 1 = 0 


2x ± 4 
.3 — 2y_ 


Section 8 







































































































































































































































































Chapter 47 


Logarithmic differentiation 


47.1 Introduction to logarithmic 
differentiation 


With certain functions containing more complicated 
products and quotients, differentiation is often made 
easier if the logarithm of the function is taken before 
differentiating. This technique, called ‘logarithmic dif¬ 
ferentiation’ is achieved with a knowledge of (i) the 
laws of logarithms, (ii) the differential coefficients of 
logarithmic functions, and (iii) the differentiation of 
implicit functions. 


47.2 Laws of logarithms 


Three laws of logarithms may be expressed as: 

(i) log (Ax B) = log A + log B 


(ii) log y- \ = log A - log B 

(iii) logA" = n log A 


In calculus, Napierian logarithms (i.e. logarithms to a 
base of ‘e’) are invariably used. Thus for two func¬ 
tions f(x) and g(x) the laws of logarithms may be 
expressed as: 

(i) ln[/(x) ■ g(x)] = In f(x) + In g(x) 

(m 

V g(x) 

(iii) In [f(x)] n = n In f(x) 


(ii) In ) = In fix) - lng(x) 


which may be simplified using the above laws of 
logarithms, giving; 

In y — ln/(x) + In g{x) — In h{x ) 

This latter form of the equation is often easier to 
differentiate. 


47.3 Differentiation of logarithmic 
functions 


The differential coefficient of the logarithmic function 
In x is given by: 


d 

dx 


(In x) = 


1 

x 


More generally, it may be shown that: 


d 

dx 


[ln/(x)] = 


/'(*) 

f(x) 


For example, if y = ln(3x 2 + 2x — 1) then, 

dy 6x + 2 

dx 3x 2 + 2x — 1 
Similarly, if y — ln(sin 3x) then 


( 1 ) 


dy 

dx 


3 cos 3x 
sin 3x 


= 3 cot 3x. 


As explained in Chapter 46, by using the function of a 
function rule: 


d 

dx 


(In y) = 



dx 


( 2 ) 


Taking Napierian logarithms of both sides of the equa- 

.. fix) ■ g(x) . 

tion v =-gives : 

h(x) 


In y = In 


' fix) ■ g(x) \ 
, h(x) ) 


Differentiation of an expression such as 

(1 +x)V(* - 1) , , . , , 

y = -- may be achieved by using 

xv (x + 2) 

the product and quotient rules of differentiation; how¬ 
ever the working would be rather complicated. With 
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logarithmic differentiation the following procedure is 
adopted: 

(i) Take Napierian logarithms of both sides of the 
equation. 

(1 + X) 2 yJ(X — 1 ) 


Thus In y — In 

= In 


A'V (x + 2 ) 

(1 + JC) 2 (a- — 1)2 


l x(x + 2)2 J 

(ii) Apply the laws of logarithms. 

Thus lny = ln(l + x) 2 + ln(x — 1)2 

t 

— In x — ln(x + 2 ) 2 , by laws (i) 
and (ii) of Section 47.2 

1 

i.e. lny = 21 n(l + x) + — In (x — 1 ) 

1 

— lnx — -ln(x + 2 ), by law (iii) 
of Section 47.2 

(iii) Differentiate each term in turn with respect of x 
using equations ( 1 ) and ( 2 ). 


Thus = 


+ 


1 


y dx (1 + x) (x — 1 ) x (x + 2 ) 
dy 

(iv) Rearrange the equation to make — the subject. 

dx 


dy 

Thus — =y 
dx 


1 


( 1 +x) 2 (x — 1 ) 


1 

x 


1 


2 (x + 2 ) 


(v) Substitute for y in terms of x. 

dy (l+x) 2 (V(*- 1) 

Thus — =- . - 

dx xv (x 4- 2) 


(1+*) 

iii 

2(x — 1 ) x 2 (x + 2 ) 

Use logarithmic differentiation to 

_ (x + l)(x — 2) 3 

differentiate y =- 

(x- 3) 

Following the above procedure: 

(x+l)(x- 2) 3 


(i) Since y = 


(x - 3) 


(ii) In y — ln(x + 1) + ln(x — 2 ) 3 — ln(x — 3), 

by laws (i) and (ii) of Section 47.2, 
i.e. In y = ln(x + 1) + 3 ln(x — 2) — ln(x — 3), 

by law (iii) of Section 47.2. 

(iii) Differentiating with respect to x gives: 

1 dy 1 3 1 


+ 


y dx (x + 1) (x — 2) (x — 3) 

by using equations ( 1 ) and ( 2 ) 

(iv) Rearranging gives: 

1 3 1 


dy 

dx 


■y 


(x+l) (x — 2) (x — 3) 
(v) Substituting for y gives: 


dy (x + l)(x — 2 r 
dx 


(x — 3) 


1 3 

+ 


(x + l) (x-2) (x-3) 


Differentiate y — 


y^-2) 3 

(x+ l) 2 ( 2 x- 1 ) 
dy 

with respect to x and evalualte — when x = 3. 

dx 


Using logarithmic differentiation and following the 
above procedure: 


(i) 


Since 


y = 


then lny = In 


= ln 


V(x - 2) 3 

(x + l) 2 ( 2 x - 1 ) 
V(X ~ 2 ) 3 


(x + l) 2 ( 2 x - 1 ) 
(x - 2)1 

(x + l) 2 ( 2 x - 1 ) 


(ii) In y = ln(x - 2 ) 2 - ln(x + 1 ) 2 - ln( 2 x - 1 ) 


i.e. In y = =ln(x — 2 ) — 2 ln(x + 1 ) — ln( 2 x — 1 ) 


(iii) 

(iv) 


\ dy _ 5 2 2 

y dx (x — 2 ) (x + 1 ) ( 2 x — 1 ) 


dy 

dx 


, , dy 

(v) , = 


2 (x — 2 ) (x+l) ( 2 x — 1 ) 


V(^-2) 3 


dx (x + l) 2 ( 2 x — 1 ) 


2 (x — 2 ) 


then In y = In 


(x + l)(x — 2) 3 1 

2 

2 l 

(x-3) J 

(x + l) 

( 2 *- 1 )| 


Section 8 
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w , , dy vW (3 2 2 

When x = 3, — = 


dx (4) 2 (5) \2 4 5 


1 / 3 \ 3 

= ±— - = ±-or ± 0.0075 

80 V 5 / 400 


3e 20 sec 20 dy 

Given y = — determine — 

y/(0- 2) do 


Using logarithmic differentiation and following the 
procedure: 


(i) Since y = 


3e 29 sec 20 

2) 


II 

3e 20 sec 20 

y/(d~ 2) 

= In 

' 

3e 20 sec 20 

l 

(0-2)2 



(ii) In y = In 3e 2e + In sec 20 - In (0-2)2 

i.e. lny = In 3+ lne 20 + In sec 20 

— 2 In (0 — 2) 

i.e. lny = In 3 + 20 + In sec 20 — ^ In (0 — 2) 

(iii) Differentiating with respect to 0 gives: 


1 dy 2 sec 20 tan 20 s- 

-—=0 + 2 +- 2 — 

y dO sec 20 (0 - 2) 


from equations (1) and (2) 


(iv) Rearranging gives: 
dy 


dO 


= y 


2 + 2 tan 20 


1 


2(0 - 2 ) 


(v) Substituting for y gives: 

,. 2 + 


dy 3e sec2 0 
dO ~ 7(0 - 2) 


2 + 2 tan 20 — 


2(0 - 2 ) 


x 3 In 2x 

Differentiate y =-with respect 

e A sin x 

to x 


Using logarithmic differentiation and following the 
procedure gives: 


(i) lny= In 


x 3 In 2x 


e- Y sin x 

(ii) In y = In x 3 + In (In 2x) — In (e x ) — In (sin x) 
i.e. In y = 3 lnx + In (In 2x) — x — In (sinx) 
cosx 


(iii) 

(iv) 

(v) 


1 dy _ 3 
y dx x 


l 


dy 

dx 


--y 


ln2x 

1 


- 1 - 


dy x 3 In 2x 
dx t x sin x 


x In 2x 

3 


sinx 

— 1 — cotx 

1 


+ 

x xln 2x 


— 1 — cotx 


Now try the following exercise. 


Exercise 170 Further problems on 

differentiating logarithmic 
functions 

In Problems 1 to 6, use logarithmic differentiation 
to differentiate the given functions with respect to 
the variable. 


1. y = 


2. y = 


3. y = 


(x - 2)(x + 1) 
(x — l)(x + 3) 

(x — 2)(x +1) 
(x — l)(x + 3) 


(x + l)(2x + l) 3 
(x — 3) 2 (x + 2) 4 

"(x + l)(2x + l) 3 
(x — 3) 2 (x + 2) 4 

(2x— l)V(x + 2) 
(x - 3)V(x+ l) 3 
■(2x- OVG+I) 
(X - 3)-y/(x+ l) 3 


(x — 2) (x+1) 

1 1 


(x-1) 

(x + 3) J J 

1 

6 

(X+1) 

(2x + 1) 

2 

4 1 

(x — 3) 

(x + 2) j 

2 

1 

(2x — 1) 

2(x + 2) 

1 

3 


(x —3) 2(x+l)j_ 
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e 2v cos 3x 

VC* - 4 ) 


e 2x cos 3.x 

. V(* - 4) 


2 — 3 tan 3x- 

2(x - 4) 


5. y = 30 sin 0 cos 0 


" 

M „ .11 

39 sin 0 cos 6 

[0 Jj 


6 . 


2x 4 tan x 
e lv In 2x 


2x 4 tan x 
e 2jc In 2x 


4 1 

—I—:- 

x sin x cos x 

1 


xln2x 


from which, 
i.e. 


dy 

dx 

dy 

dx 


— y(l + lnx) 
= x*(l + lnx) 


Problem 6. 

y=(x + 2f 


Evaluate — when x = — 1 given 
dx 


Taking Napierian logarithms of both sides of 
y = (x + 2) x gives: 

In y — ln(x + 2) x = x ln(x + 2), by law (iii) 

of Section 47.2 

Differentiating both sides with respect to x gives: 


dy 

7. Evaluate — whenx= 1 given 
dx 


y= 


(x+l)V(2x— 1) 
\/ (x + 3) 3 


13 

16 


dy 

8. Evaluate - , correct to 3 significant figures, 
dO 


it 2e w sin f 

when 0 = — given y = -—— 

4 V05 


[-6.71] 


47.4 Differentiation of [f (x)] x 


Whenever an expression to be differentiated contains a 
term raised to a power which is itself a function of the 
variable, then logarithmic differentiation must be used. 
For example, the differentiation of expressions such as 
x x , (x + 2) x , V(* — 1) and x 3x+2 can only be achieved 
using logarithmic differentiation. 


dy 

Determine — given y = x x 
dx 


Taking Napierian logarithms of both sides of y — x x 
gives: 

In y— lnx r = xlnx, by law (iii) of Section 47.2 
Differentiating both sides with respect to x gives: 


'-f -« ('- 

y dx \x 

1 dy 

i.e.-= 1 

y dx 


(lnx)(l), using the product rule 


lnx 


= k l + w + w 

y dx \x + 2. 


dy / x 


Hence — — y 

dx V x + 2 


= (x + 2f 


by the product rule. 
+ ln(x + 2) 


x + 2 


+ ln(x + 2) 


dy 


When x = — 1, — = (1) 1 (-h In 1 

dx \ 1 

= (+!)(— 1 ) = -1 


-1 


Determine (a) the differential 

_ dy 

coefficient of y = V( x — 1) and (b) evaluate — 

dx 

whenx = 2. 


1 

(a) y = V(* — 1) = (x — l )*, since by the laws of 

_ m 

indices Vo™ = a « 

Taking Napierian logarithms of both sides gives: 

I 1 

lny = In (x — l)* = - In (x — 1), 
x 

bylaw (iii) of Section 47.2. 


Differentiating each side with respect to x gives: 


1 dy 
y dx 




+ [ In (x — 1)] 



by the product rule. 


Hence 



1 

x(x — 1) 


In (x — 1)1 

x 2 J 


Section 8 
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=^*=15 


1 

x(x -1) 


ln(x -1) | 

* 2 j 


(b) When x = 2, 



1 

2 ( 1 ) 




= ±1 




Differentiate x 3x+2 with respect to x. 


Let y = x 3x+1 

Taking Napierian logarithms of both sides gives: 
lny = lnx 3x+2 

i.e. In y = (3x + 2)lnx, by law (iii) of Section 47.2 
Differentiating each term with respect to x gives: 


1 dv /I 

~ =(3* + 2)( - 
y dx 


(lnx)(3), 

by the product rule. 


h dy 

Hence — = y 

dx 


3x + 2 


3 In x 


„3.t+2 


= x 3 *+ 2 


3x + 2 


+ 3 lnx 


3 H-1- 3 lnx 

x 


Now try the following exercise 


Exercise 171 Further problems on differen¬ 
tiating [f(x)] x type functions 

In Problems 1 to 4, differentiate with respect to x 
1. y = x 2r [2x^(1 + lnx)] 


to 

'■c 

II 

1o 

* 

1 

If 

\ 2x 11 


(2x- 1 Y 

l2x-l + ln(2 x- 1) |J 


3. 


y = </(x + 3) 


1 

x(x + 3) 


In (* + 3)1' 

x 2 J. 


4. y = 3x 4x+1 


3x 4x+1 

4+ - +41nxl 

_ 

* IJ 


dy 

5. Show that when y = 2x x and x = 1, — 

dx 


6. Evaluate- { J/(x — 2)} when x = 3. 


2. 


1 

3 


7. 


Show that if y — 9 0 and 9 = 2, 
coixect to 3 significant figures. 


dy 

d9 


6.77, 





































Revision Test 13 


This Revision test covers the material contained in Chapters 45 to 47. The marks for each question are shown in 
brackets at the end of each question. 


1. A cycloid has parametric equations given by: 
x — 5(6— sin0) and y = 5(l— cos 9). Evaluate 
dy d 2 y 

(a) — (b) when 0=1.5 radians. Give 


dx ' ' dx 2 

answers correct to 3 decimal places. 


( 8 ) 


2. Determine the equation of (a) the tangent, and 
(b) the normal, drawn to an ellipse x = 4 cos 0, 
y=sin0at0=- (8) 


3. Determine expressions for — for each of the 

dy 

following functions: 

(a) z = 5y 2 cos x (b) z = x 2 + 4xy — y 2 (5) 

4. If x 2 + y 2 + 6x + 8v + 1 = 0, find -p in terms of 

dx 

x and y. (4) 


5. Determine the gradient of the tangents drawn to 

the hyperbola x 2 — y 2 = 8 at x = 3. (4) 

6 . Use logarithmic differentiation to differentiate 

(x+ \) 2 y/{x — 2) 


(2x — l)^(x-3) 4 


with respect to x. 


( 6 ) 


3e e sin 20 

7. Differentiate y=-—— and hence evaluate 

dy it 

—, correct to 2 decimal places, when 0 — — 
dQ F 3 (9) 


8 . Evaluate — [f/(2t+ 1)] when r = 2, correct to 4 
dt 


significant figures. 


( 6 ) 


Section 8 
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Chapter 48 


Standard integration 


48.1 The process of integration 


48.2 The general solution of 

The process of integration reverses the process of 

integrals of the form ax n 


differentiation. In differentiation, if f(x) — 2x 2 then 
f'(x) — 4x. Thus the integral of 4x is 2x 2 , i.e. integration 
is the process of moving from fix) to fix). By similar 
reasoning, the integral of 21 is t 2 . 

Integration is a process of summation or adding parts 
together and an elongated S, shown as /, is used to 
replace the words ‘the integral of’. Hence, from above, 
f 4x= 2x 2 and / 2 1 is t 2 . 

dy 

In differentiation, the differential coefficient — indi- 

dx 

cates that a function of x is being differentiated with 
respect to x, the dx indicating that it is ‘with respect to 
x!. In integration the variable of integration is shown by 
adding d(the variable) after the function to be integrated. 


/■ 


Thus I 4xdx means ‘the integral of 4.v 

with respect to x , 

and / 2 1 dt means ‘the integral of 2 1 

with respect to t’ 


f 


As stated above, the differential coefficient of 2x 2 is 4x, 
hence / 4xdx = 2x 2 . However, the differential coeffi¬ 
cient of 2x 2 + 7 is also 4x. Hence / 4xdx is also equal 
to 2x 2 + 7. To allow for the possible presence of a con¬ 
stant, whenever the process of integration is performed, 
a constant ‘c’ is added to the result. 

Thus J 4x dx = 2x 2 + c and J 2tdt = t 2 + c 

‘c’ is called the arbitrary constant of integration. 


The general solution of integrals of the form f ax"dx, 
where a and n are constants is given by: 


f ax n+l 

/ ax dx =-1- 

J n +1 


This rule is true when n is fractional, zero, or a positive 
or negative integer, with the exception of n = — 1. 
Using this rule gives: 


/ 


(i) / 3 x*dx = 

(ii) 


3x 4+i 


. , + C = -x + c 

4+1 5 




. _ 7 2x _2+i 

= I 2x dx =-f c 

- 2+1 


2x~ l -2 

-b c =-b c, and 

— 1 JC 


(iii) 


J yfxdx= J 


= I x l ' 2 dx 


A ' 


1 + 1 


1 

2 + 1 


+ c 


x 2 2 .-j 

= -y +c= -vr + c 


Each of these three results may be checked by differen¬ 
tiation. 

(a) The integral of a constant k is kx + c. For example, 

J 8 dx — 8x + c 
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(b) When a sum of several terms is integrated the result 
is the sum of the integrals of the separate terms. 
For example. 


/ 


(3x + 2x" — 5 )clx 


3x 2 2x 3 

= , + ~z -5x + c 

2 3 


5 dx 


48.3 Standard integrals 


Since integration is the reverse process of differentia¬ 
tion the standard integrals listed in Table 48.1 may be 
deduced and readily checked by differentiation. 


Table 48.1 Standard integrals 


(i) , 

f ax +l 

ax dx= -— + c 

! n + 1 


(except when n = — 1) 

(ii) 

f 1 

/ cos ax dx = - sin ax + c 

' a 

(hi) ^ 

[ ■ 1 

/ sin ax dx— — cos ax + c 

' a 

(iV) , 

f 2 1 

/ sec" axdx— — tan ax + c 

' a 

(V) , 

[ 2 1 

/ cosec axdx— — cotax + c 

1 a 

(vi) 

f 1 

1 cosec ax cot ax dx — —cosec ax + c 
r a 

(vii) ^ 

[ 1 

/ sec ax tan ax dx= - sec ax + c 

' a 

(viii) 

f e ax dx= 1 e ax + c 

J a 

(ix) ^ 

f 1 

1 -dx= lnx + c 

! x 


Determine: 


(a) 


J 


5x 2 dx 


(b) 


J 2r’dt 


The standard integral, J ax" dx 

i a 1 When a — 5 and n — 2 then 
5x 2+1 


ax 


,n+1 


n + 1 


+ c 


f 


5x z dx = 


5x 3 


_ . + C = — + c 

2+1 3 


(b) When a —2 and n — 3 then 


/ 


2 fdt = 


2 r 3+1 


2r 


+ c = -t - c = -t +c 

3+1 4 2 


Each of these results may be checked by differentiating 
them. 


1 2. Determine 


ine/ 


4 + -x — 6x ) dx 


4 + -x — 6x~ ) dx may be written as 


/ 

J 4 dx+ j —xdx — J 


6x 2 dx 


i.e. each term is integrated separately. (This splitting 
up of terms only applies, however, for addition and 
subtraction). 

3 


Hence 


/ 


4 H— x — 6x \dx 


= Ax ■ 


= Ax ■ 


3\ x 1+1 

7 / m 


-( 6 ) 


y.2+1 


2+1 


+ C 


3\ x 2 _ x j 

- I-(6)-b c 

1 2 2 3 


= 4x4-x 2 - 2x' + c 

14 

Note that when an integral contains more than one term 
there is no need to have an arbitrary constant for each; 
just a single constant at the end is sufficient. 


Determine 

I" 2x 3 — 3x r 9 

(a) / —-- dx (b) / (1 — t) 2 dt 


(a) Rearranging into standard integral form gives: 
2x 3 — 3x 


f 2x 3 - 3x f 

I ~^ dx = J 


2x 3 3x 

dx = I - dx 

Ax Ax 


= I —— ^ dx = ( - 


/ 


4 

*3 3 


x 2+1 3 

-x + c 

2+1 4 


= 1. I T ~4* + c=-x -^x + c 
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(b) Rearranging f (1 — t) 2 dt gives: 


/ 


(1 — 2 1 + r)dt = t — 


2t 1+1 t 2+x 


+ 7-7 +C 


1+1 2+1 


2 r 2 r 3 

— 1 -t— b — + c 

2 3 


= t-r + -r + c 


This problem shows that functions often have to be rear¬ 
ranged into the standard form of f ax n dx before it is 
possible to integrate them. 


f 3 

Determine / dx 

J —dx= f 3x~ 2 . Using the standard integral, 
/ ax n dx when a = 3 and n = —2 gives: 


/ 


3x 2 dx = 


3x 2+1 


- 2+1 


+ c = 


3x 


-l 


-1 


+ c 


_3 

= —3x 1 + c =-1- c 

X 


1 5. Determine 


ine J 3 Vxdx 


For fractional powers it is necessary to appreciate 
/o'” = an 


J 3^/xdx = J 


= / 3 x l ^ 2 dx = 


3x2 


l+i 


1 

2 + 1 


+ c 


3 

3x2 3 _ rx 

= —^—bc = 2x 2 + c = 2y/x 3 + c 


16 . Determine 


ine/ 


-5 

9^ 


dt 




9f4 

5\ t-l+ [ 


5\ -S, 
-If A dt 
9 


9> -u 1 


+ c 


i 

1 4 

~9)J +C = 




20 4r 

--Vf + c 


, ( 1 + 0) 2 

Determine / - ——dO 




V 0 


(1 + 0) 2 f d + 20 + 0 2 ) 

-dO = I -—- dO 


r^-i 

-i 


Vo 

i 2 o e 2 \ 

— + T + — ) d0 

6 2 02 02, 


J (d ~ l 2 + 20 l Vk) + 0 2 “(i))d 0 




"2 + 202 + 02 W0 


)■ 


0( _ j) +1 20(i) +1 0(i) +1 

H —5 -b c 


1 


02 202 


1 


+ 1 


- ~ ~ + it + c 


1 4 3 2 5 

= 202 + -02 + -02 + c 

3 5 

= 2Vd+^/e 2 + 2 -Vi s + c 


Determine 

(a) / 4cos3xdx (b) J 5 sin 26 dO 
(a) From Table 48.1 (ii). 


/ 


4 cos 3x dx = (4) ( - ) sin 3x + c 


= -sin3x + c 


(b) From Table 48. l(iii). 


/ 


5 sin20cf0 = (5) ( — - ) cos 20 + c 


= —cos 20 + c 
2 
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Determine (a) / 7 seer At dt 


• / 


/ 


(b)3 cosec 2 20 d6 


(a) From Table 48.1 (iv), 


/ 


7 sec" 4f dt = (7) ( - ) tan 4t + c 


(b) From Table 48. l(v), 


= -tan At + c 
4 


■/' 


3 / cosec 20 d0 = (3) ( — - ) cot 20 + c 

= — -cot 20 + c 
2 


'/ 


f 


Determine (a) / 5e lx dx 


(b) 1 3^ dt 


(a) From Table 48.1 (viii), 


5e JJC dx = (5) ( ^ e 3jc + c = ^<? 3 * + c 


/ 

J^ d '=J 


(b) / Y^ dt= J 3 e A ' dt 

D(-l 


— 1 e 4 ' + c 


1 


= -r" 4?+c= -6^ +c 


11. Determine 

f 3 f (2m 1 + 1\ 

(a) / — dx (b) / ( - | dm 


(a) j j-dx = J (* V-'i ^ = rln* + c 


5 y \x/ 5 

(from Table 48.1(ix)) 
2m 2 1 


(b) J ( 2m + j dm = J ( — + - ) dm 


f 


2 nr 


2m H-) dm 

m, 


■ + In 777 + c 


2 

= m 2 + In m + c 


Now try the following exercise 

Exercise 172 Further problems on standard 
integrals 

Determine the following integrals: 

1. (a) / 4 dx (b) j* 2x dx 

r ix 2 

(a) 4 x + c (b) —- + c 


2. (a) J -x 2 dx (b) J -x 3 dx 


r 2 , 5 , 

(a) — x 3 + c (b) —x 4 + c 


15 


24 


3. (a) 


/ 


3x 2 - 5x 


J 


dx (b) / (2 + 0) 2 d0 


3x 2 

(a) — - 5x + c 

Q . 3 

(b) 40 + 20 2 + — + c 


a»J2 j* 


<a) 37 +c <b) 4? +c 


5. <a)2/r?* 

(a)-Vx 3 + c (b)-x/x9 + c 


6. (a) f —=dt (b) f ' _ dx 

1 # J iV7 


10 15 

(a) — + c (b) — 4^ + c 
Vf 7 


7. (a) 3 cos 2x dx (b) / 7 sin 30d0 


/ 


/ 7siI 


(a) - sin 2x + c 
2 

7 

(b) — - cos 30 + c 


8. (a) / - sec 2 3x dx (b) J 2 cosec 2 40 d0 


/ 


N 


1 


- tan 3x + c (b)-cot 40 + c 

4 2 
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9. (a) 5 cot 2 1 cosec 2 1 dt 


\f 

'/ 


(b) / - sec At tan At dt 


5 1 

-cosec 2r + c (b) - sec At + c 


[(a) - 

r 3 7r 2 f d.x 

10. (a) J -e*dx (b) - J ^ 


(a )^ 2jc + c (b) T^ + c 


11. (a) j ^-dx (b) j (^—- 


du 

,2 


2 w 

(a) — lnx + c (b) —— In zi + c 


12. (a) 


/ 


(2 + 3 x) 2 


'/(} 


dx (b) / I —h 2t I dt 


18 

(a) 8./* + &Vx* + — W + c 

1 4 r 3 

(b) _ _+4f+ —+ c 



r- 

Problem 12 

Evaluate (a) / 3x dx 

f 3 

(b) J , (4 “ 

x 2 )dx 


l 


(a) / 3 .t dx 


A. 


^(2) - 


yir 


(b) J (A — A z )<ix 


! 1 

=6—1-=4- 
2 2 


3 -i 3 

. ■* 

4x- 

3 


-2 


(3) 3 

4(3)-- 


= {12-9} 


4(—2) ■ 

-8 

IT 


(— 2) 3 


= {3} -^M 


i: 


f-4 ( 0 + 2 \ 

Evaluate / | —— \d0, taking 


positive square roots only 


Vo 


48.4 Definite integrals 


Integrals containing an arbitrary constant c in their 
results are called indefinite integrals since their precise 
value cannot be determined without further information. 
Definite integrals are those in which limits are applied. 
If an expression is written as [ x ] 1 ’, dr is called the upper 
limit and V the lower limit. 

The operation of applying the limits is defined as: 
[xt = (b) - (a) 

The increase in the value of the integral x 2 as x increases 
from 1 to 3 is written as J j x dx 
Applying the limits gives: 


l 


3 


x 2 dx = 




= (9 + c) — 




Note that the V term always cancels out when limits are 
applied and it need not be shown with definite integrals. 


j; 


d0= I (^ T + ^ T )d0 


j; 

j ' ( 0?+20 


02 0 2 


do 


0 < i ) +1 20 (“ 2) +1 

1 + ~ 

- + 1 — + 1 

L 2 2 -ii 


02 202 
T + “T“ 

L 2 2 J l 


-Vo 2 + a Vo 


= vW+4V4| - =7a^+4vT| 


16 

y + 8 


2 

3 +4 


1 2 2 

= 5-+ 8-4 = 8- 

3 3 3 
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f”/ 2 

r 3 

(b) / —du = 

r 3 , i 

- In u 

Evaluate: / 3 sin 2 xdx 

J l 4 m 

4 

Jo 

3 r „ 


r 


3 sin 2x dx 


= | (3) { -- )cos2x 


3 o i 71 
■ - cos 2 — 

2 V 2 


2 

' 3 

—: 

— cos 2x 

- 0 

2 


cos 2(0) 


— - COS 71 } — 




— cos 0 
2 


3 13 3 

—(1) = - + - = 3 
2 2 2 


Evaluate / 4cos3trfr 


j; 


f 2 

r /i '' 


2 

'4 

J 4 cos 3 tdt — 


■ 

| sin 3 1 

1 

- sin 3r 
_3 


sin 6 


sin 3 


Note that limits of trigonometric functions are always 
expressed in radians—thus, for example, sin 6 means 
the sine of 6 radians = —0.279415 ... 

r-2 


Hence 


j; 


4 cos 3 tdt = 


-(-0.279415...) 

3 


-(-0.141120...) 

3 


= (-0.37255) - (0.18816) = -0.5607 


16. Evaluate 

(a) [ 4e 2x dx (b) [ —du, 

J l J l 4 u 

each correct to 4 significant figures 


(a) 


i: 


4e 2x dx = 


2x 


2 6 


= 2[e lx ]\ = 2[e 4 - e 2 ) 

= 2[54.5982 - 7.3891] = 94.42 


= - [ In 4 — In 1] 


= -[1.3863-0] = 1.040 


Now try the following exercise 

Exercise 173 Further problems on definite 
integrals 

In Problems 1 to 8, evaluate the definite integrals 
(where necessary, correct to 4 significant figures). 


/ 4 n 1 

5 x 2 dx (b) J — ^ t 2 dt 


(a) 105 (b)-- 


2. (a) J (3 — x 2 )dx (b) ^ (x 2 - 4x + 3)dx 


[' 


(a) 6 (b) —1- 


3. (a) /; -cos Odd (b) J 4cos 6d6 

/" 3 2 sin 20 d6 (b) [ 

J - 6 

/ 5 cos 3 xdx (b) 

Jo Jo 


[(a) 0 (b) 4] 

4. (a) / 2 sin 2 0d6 (b) / 3 sin tdt 

[(a) 1 (b) 4.248] 


5. (a) / 5 cos 3x dx (b) J 3 sec 2x dx 
[(a) 0.2352 (b) 2.598] 

6. (a) / cosec 2 4 1 dt 


l 

■I; 


(b) / (3 sin 2x — 2 cos 3x)dx 

[(a) 0.2572 (b) 2.638] 

,2 2 


7. (a) jf 3 e 3, dt (b) j ^dx 


[(a) 19.09 (b) 2.457] 


3 2x 2 +1 


8. (a) f ^dx (b) ( 

J 2 3x Ji x 


dx 


[(a) 0.2703 (b) 9.099] 
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9. The entropy change AS, for an ideal gas is 
given by: 



where T is the thermodynamic temperature, 
V is the volume and R = 8.314. Determine the 
entropy change when a gas expands from 1 litre 
to 3 litres for a temperature rise from 100 K to 
400 K given that: 

C v = 45 + 6 X 10“ 3 r + 8 X 10“ 6 r 2 

[55.65] 


10. The p.d. between boundaries a and b of an 

r b Q 

electric held is given by: V = I - dr 

J a 27Tre 0 £ r 

If a =10, b — 20, <2 = 2 x 10” 6 coulombs, 
e 0 = 8.85 x 10~ 12 and e r — 2.11, show that 
V = 9kV. 

11. The average value of a complex voltage 
waveform is given by: 

1 f 71 

Vav = — I (10sin®f + 3sin3wr 

n Jo 

+ 2 sin 5 a>t)d(a>t) 

Evaluate Vav correct to 2 decimal places. 

[7.26] 
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Chapter 49 


Integration using algebraic 

substitutions 


49.1 Introduction 


Functions that require integrating are not always in the 
‘standard form’ shown in Chapter 48. However, it is 
often possible to change a function into a form which 
can be integrated by using either: 

(i) an algebraic substitution (see Section 49.2), 

(ii) trigonometric substitutions (see Chapter 50), 

(iii) partial fractions (see Chapter 51), 

(iv) the t = tan | substitution (see Chapter 52), or 

(v) integration by parts (see Chapter 53). 


49.2 Algebraic substitutions 


With algebraic substitutions, the substitution usually 
made is to let u be equal to /(x) such that/(n) du is a 
standard integral. It is found that integrals of the forms: 

k J \f(x)] n f'(x)dx and k J ^j^dx 

(where k and n are constants) can both be integrated by 
substituting u for /(x). 


49.3 Worked problems on 

integration using algebraic 
substitutions 


Problem 1. 


Determine 


J cos(3x + l)dx 


f cos(3x + 7) dx is not a standard integral of the form 
shown in Table 48.1, page 436, thus an algebraic 
substitution is made. 

du 

Let u — 3x + 7 then — = 3 and rearranging gives 


du 

dx = — 
3 

Hence 


dx 


/ 


cos (3x + 7) dx = / (cos u) 


/ 


du 


= I - cos u du, 

which is a standard integral 
1 

= - sin u + c 


Rewriting u as (3x + 7) gives: 

1 


/ 


cos(3x + l)dx — -sin(3x + 7) + c. 


which may be checked by differentiating it. 


1 2. Find 


ind: / (2x - 5 ) 7 dx 


(2x — 5) may be multiplied by itself 7 times and then 
each term of the result integrated. However, this would 
be a lengthy process, and thus an algebraic substitution 


is made. 

du du 

Let u — (2x — 5) then — = 2 and dx = — 
dx 2 

Hence 


f 7 f 7 du If 7 
/ (2x — 5) dx = I u — — — / u du 


1 

2 



1 8 

4“ c — — u + c 

16 
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Rewriting u as (2x — 5) gives: 


/ 


(2 x — 5 ) 7 dx — —{2x — 5) 8 + c 

16 


Problem 3 


Find: J 


(5x - 3) 


-dx 


du du 

Let m = (5.x: — 3) then — = 5 and dx = — 
dx 5 


f 4 f 4 du 4 f \ 

Flence / —-— dx =/-— = -/ -du 

J (5x - 3) J u 5 5 J u 


— - In u + c 
5 

4 

= — ln(5x — 3) + c 


Evaluate I 2e (n 1 dx, correct to 4 

Jo 

significant figures 


du du 

Let u — 6x — 1 then — —6 and dx — — 
dx 6 


Thus f 2e 6v X dx — - [e fa *]! 

Jo 3 


= -[e 5 -e _1 ] = 49.35, 

3 


correct to 4 significant figures. 


l 5. Determine: / 3x(4x 2 + 3 ) 5 dx 


du 


du 


Let u = (4.\~ + 3) then — = 8.r and dx — — 


Hence 


dx 


8.r 


J 3jr(4.v 2 + 3 ) 5 dx = J 3 x(u) 5 — 


du 

8.r 


-\i 


- 1 u du, by cancelling 


The original variable ‘x’ has been completely removed 
and the integral is now only in terms of u and is a 
standard integral. 


8 


/ 


3 (u 


Hence - / u du — - I — ) + c = — if + c 


8 \ 6 


1 


16 


= -(4* 2 +3) 6 + c 

16 



du du 

Let u — sin 0 then — = cos 9 and dO = - 

dO cos0 


/ 

= J 24m 5 cos0 


Hence / 24 sin 3 9 cos 9 d6 
du 


cos 9 


= 24 / 


ifdu, by cancelling 


= 24— + c = 4 m 6 + c = 4( sin 9) b + c 

6 

= 4 sin 6 9 + c 


Hence 

f 2e 6x x dx = f 2e 11 — = 

- f e lt du 

r 

Thus 


J J 6 

3 J 

Jo 


= le u + c = 

^e 6x_1 + c 



3 

3 



n /6 


24 sin 5 0 cos 9d9 


= [4 sin 6 0]p /6 = 4 ^sin ^ — (sin 0)' 


= 4 


= — or 0.0625 
16 


Now try the following exercise 


Exercise 174 Further problems on 

integration using algebraic 
substitutions 

In Problems 1 to 6, integrate with respect to the 
variable. 


1. 2sin(4r + 9) 

2. 3 cos(26> - 5) 


1 

- - cos (4x + 9) + c 


- sin (29 — 5) + c 

2 
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du 


du 


3. 4 sec 2 (3r + 1) 


4. -(5x — 3 ) 6 


5. 


(2.x — 1 ) 
6 . 3e 36 + s 


-tan(3f + l) + c 


-(5x-3 ) 7 + c 


-ln( 2 x — 1 ) + c 


[e 30 + 5 +c ] 


Let u — 4.x 2 — 1 then — = 8x and d.x = — 


dx 


8 x 


Hence 


/ 


2x 


V4x 2 — 1 


dx 


f 2.x du 1 f 1 

/ -p — = 7 / -p du, by cancelling 
J V w ° x 4 j 


=\s 


u U2 du 


In Problems 7 to 10, evaluate the definite integrals 
correct to 4 significant figures. 


,,(- 1 / 21+1 


+ 1 


+ c =4 


,1/2 


+ C 


7. 


8 . 


(3x + l) 5 dr 


L 

\\sFi. 

Jo 


lx 2 + 1 dx 


—) dt 


9. j’ 2sin(3f+ 2) 

0. / 3cos(4x — 3 )dx 

Jo 


[227.5] 

[4.333] 

[0.9428] 

[0.7369] 


= • 4x 2 — 1 + c 


2 V “ +C 2 


Show that: 

tan OdO = ln( sec 9) + c 


/' 


f f sin 0 

/ tan0//(9= / - 

J J cos 0 


49.4 Further worked problems on 
integration using algebraic 
substitutions 


f X 

Find: / - 

J 2 + 3x 2 


du 


du 


Let u — 2 + 3x~ then — = 6x and dx — — 


Hence 


/ 


dx 


r d.x 


6x 


2 + 3x 2 

[ X - dU -= '-( i du, 
J u 6.x 6 J u 


1 

= - In u + x 

6 

1 9 

= -ln(2 + 3x z ) + c 

6 


by cancelling, 


Problem 8. 


Determine: 


/ 


2 x 

V 4x 2 — 1 


d.x 


Let u = cos 6 

du —du 

then — = — sin 0 and dO = - 

d6 sin 9 

Hence 



f 1 

= — / -du — —In u + c 

J u 

= —ln(cos 0 ) + c 
= ln( cos 0) _1 + c, 
by the laws of logarithms 


Hence J tan OdO = ln(sec0) + c, 
1 

since (cos 6) = -= sec 9 

cos 9 


49.5 Change of limits 


When evaluating definite integrals involving substi¬ 
tutions it is sometimes more convenient to change 
the limits of the integral as shown in Problems 10 
and 11 . 
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Evaluate 


: j 5x%/2 


lx 2 + 7 dx. 


taking positive values of square roots only 


Let u = 2x 2 + 7, then — =4x and dx = — 
dx 4x 

It is possible in this case to change the limits of inte¬ 
gration. Thus when x — 3,u — 2(3) 2 + 7 = 25 and when 
x=1,m = 2(1) 2 + 7 = 9 


i.e. the limits have been changed 


3 

4 



|[V9 - VI] = 3, 


taking positive values of square roots only. 


Now try the following exercise 


Hence 


f 5x72 

Jx=i 


x 2 + 7 dx 


/•' <= ° .— du 5 r - 
I 5 xJu — = - / Judi 
Ju= 9 4x 4 J 9 

-u 


u l/2 du 


Thus the limits have been changed, and it is unnecessary 
to change the integral back in terms of x. 


Thus 


f 5x72 

Jx= 1 


;.x 2 + 7 dx 


,,3/2' 


3/2 


25 


J9 


;h 


5 5 2 

= -[725 2 - V9 2 ] = -(125 - 27) = 81- 

6 6 3 


f 2 3x 

Evaluate: / — _ : dx, taking 

Jo V2x 2 + 1 

positive values of square roots only 


du 


du 


Let u — 2x 2 + 1 then — = 4x and dx — — 


dx 


Hence 


f 2 -1 f 

Jo V 2x 2 + 1 J x 


4x 

1=2 3x du 
=0 4x 


3 C x ~ 2 

= - / u- ] / 2 du 

4 J x= 


>x=0 


Since u = 2x 2 + 1, when x = 2, u — 9 and when x = 0, 
u — 1 

^ nx—2 ^ r u= 9 

Thus-/ u~ l,2 du=- u~ m du, 

Jx=o 4 J u= | 


4 ,/r=I 


Exercise 175 Further problems on 

integration using algebraic 
substitutions 

In Problems 1 to 7, integrate with respect to the 
variable. 


1. 2x(2x 2 — 3) 5 


2. 5 cos 5 t sin t 

3. 3 sec 2 3x tan 3x 


-(2x 2 -3) 6 + c 


— - cos° t + c 


1 , 1 , ■ 

- sec 3x + c or - tan z 3 x + c 
2 2 


4. 2txj3t 2 - 1 
In 6 


5. 


6 


6. 3 tan 2t 

7. ^ 


-J e* + 4 


~7(3r 2 — l) 3 -He 


- (In 0) 2 + c 


-ln(sec 2t) + c 


[4V?+4 + c] 


In Problems 8 to 10, evaluate the definite integrals 
correct to 4 significant figures. 


8. f 3xe (2x2 ~ l) dx 

Jo 


f 

■ lo (4x 2 — 1 ) 5 


3 sin 4 6 cos 9 dd 
3x 


dx 


[1.763] 

[0.6000] 

[0.09259] 
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11. The electrostatic potential on all parts of a 
conducting circular disc of radius r is given 
by the equation: 

f 9 R 

V = 2na / - dR 

Jo y/R 2 + r 2 

Solve the equation by determining the inte¬ 
gral. |V = 2jro-j y(9 2 + r 2 ) - r J J 

12. In the study of a rigid rotor the following inte¬ 
gration occurs: 

f°° -J(J+l)h 2 

z,.= (2J+l)e »* 2 ikT dJ 

Jo 


Determine Z r for constant temperature T 
assuming h, I and k are constants. 

'87r 2 ftr' 

h 2 


13. In electrostatics, 

E-C 

a 2 a sin0 

dft 

Jo 

2e^j(a 2 — x 2 — 2axcos0) J 


where a, a and s are constants, x is greater 

than a , and x is independent of 6. Show that 

2 

a a 
E= - 

£X 
















Chapter 50 


Integration using 
trigonometric substitutions 


50.1 Introduction 


Table 50.1 gives a summary of the integrals that require 
the use of trigonometric substitutions, and their 
application is demonstrated in Problems 1 to 19. 


50.2 Worked problems on 

integration of sin 2 x, cos 2 x, 
tan 2 x and cot 2 x 


Determine: / sin 2 3x dx 


ine: J sir 


Since cos 2x — 1—2 sin“ x (from Chapter 27), 

2 1 

then sin x — -(1 — cos2x) and 

2 1 

sin 3x = -(1 — cos 6x) 


Evaluate: / 2 cos 2 4 1 dt 

Jo 

Hence [ sin 2 3x dx — f - 

J J ' 

-U 

„ . - O . — __ 

2 V 


Since cos 2t — 2 cos t — 1 (from Chapter 27), 

2 1 

then cos t — - (1 + cos 2 1) and 

9 1 

cos 4 1 — -(1 + cos 8 1 ) 


i: 


Hence / 2 cos 2 At dt 

■f 1 
2 

sin 8 1 


= 2 / 


(1 + cos 8 t)dt 


= \t- 


8 


7T 

4 


sin s — 


(!) 


= - or 0.7854 
4 


sinO 


Find: 3 J 


sin 6 jc 


tan 2 4x dx 


+ c 


Problem 3 


Since 1 + tan 2 x — sec 2 x, then tan 2 x = sec 2 x — 1 and 
tan 2 4x = sec 2 4x — 1 


Hence 3 ^tan 2 4 xdx = 3 /(sec"4.v — \)dx 

„ /tan4x 

= 3 | -- x) +c 


3 1 2 

Evaluate / - cot“ 26 d6 

h 2 


L 
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Table 50.; Integrals using trigonometric substitutions 

fix) 


/ f(x)dx 

Method 

See problem 

1 . 

cos 2 X 

2\ X+ 2 ) +C 

Use cos 2x = 2 cos 2 x — 1 

1 

2. 

sin 2 x 

1 / sin 2x \ 

2 \ _ 2 ) +C 

Use cos 2x = 1 — 2 sin 2 x 

2 

3. 

tan 2 x 

tan x — x + c 

Use 1 + tan 2 x = sec 2 x 

3 

4. 

cot 2 X 

—cot x — x + c 

Use cot 2 x + 1 = cosec 2 x 

4 

5. 

cos'”x sin” x 

(a) If either m or n is odd (but not both), use 

5,6 



cos 2 x + sin 2 x = 1 





(b) If both m and n are even, use either 

7, 8 



cos 2x = 2 cos 2 x — 1 or cos 2x = 1 — 2 sin 2 x 


6. 

sin A cos B 


1 

Use - [sin(A + B) + sin (A — Z?)] 

9 

7. 

cos A sinZ? 


1 

Use - [sin(A + B) — sin(A — Z?)] 

10 

8. 

cosA cos B 


1 

Use - [cos(A + B) + cos(A — B)] 

11 

9. 

sin A sinZ? 


1 

Use — - [cos(A + B) — cos(A — ZZ)] 

12 


10. 


■Jo 2 — x 2 


• — 1 •*' 
sin —|-c 

a 


11. V a 2 —x 2 


sin 


-l 


x x 


H—Vfl 2 — x 2 + c 


Usex = asin0 
substitution 


13, 14 

15, 16 


1 

1 , X 

- tan —he 



12. , , 

Use x = a tan 9 substitution 

17-19 

a z +x z 

a a 




Since cot 2 9 + 1 = cosec 2 9, then 

cot 2 9 — cosec 2 9 — 1 and cot 2 29= cosec 2 20—1 

[J 1 2 

Hence/ -cot" 2 OdQ 

Jz 2 



(— cot 2 (—\ \ 


cot 2 (-) ) 



V 3 / n 


\6) n 



2 3 


2 6 



V ) 


\ J 



= 'd 


fJ 2 1 

—cot2 9 

/ (cosec 2 29 — 1) d9 = - 

9 

h 2 

[2 J 


= -[(—0.2887 - 1.0472) - (-0.2887 - 0.5236)] 

= 0.0269 
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Now try the following exercise 


Exercise 176 Further problems on 
integration of sin 2 x, 
cos 2 x ,tan 2 x and cot 2 x 

In Problems 1 to 4, integrate with respect to the 
variable. 


1. sin 2 2x 

2. 3 cos 2 t 

3. 5 tan 2 30 

4. 2 cot 2 2 1 


1 / sin 4x 

2 V 4 ' 

3 / sin2f 
2{ t+ — ]+C 

5 ( - tan 30 — 9 | + c 

[—(cot 2 1 + 2 1) + c] 


In Problems 5 to 8, evaluate the definite integrals, 
correct to 4 significant figures. 
pn/3 

5 

6 

7 


L 

■L 

■L 

L 


7r/4 


0.5 


7T/3 

7r/6 


3 sin 2 3x dx 

[+r,.57l] 

cos 2 4x dx 

[ | or 0.3927] 

2 tan 2 2 1 dt 

[0.55741 

cot 2 0 <70 

[0.63111 


50.3 Worked problems on powers of 
sines and cosines 


Determine: J sin 5 9 d9 


Since cos 2 9 + sin 2 9 — 1 then sin 2 9 — (1 — cos 2 9). 
Hence J sin 5 6 d9 

= f sin0(sin 2 0) z dO — I sin 0(1 — cos z 9)~d9 


/ 

= J sin0(sin 2 0) 2 d6 — J sir 
= J sin 0(1 — 2 cos 2 9 + cos 4 9) d9 

/' 


= / (sin0 — 2 sin 0 cos 2 0 + sin 0 cos 4 9)d9 


n 2 cos 3 0 cos 5 0 
= —cos 0 H-----h c 


[Whenever a power of a cosine is multiplied by a sine of 
power 1, or vice-versa, the integral may be determined 
by inspection as shown. 


In general, J cos" 0 sin 9d9 — 


— cos' !+1 0 

(n+D 

sin' !+1 0 

and / sin 0 cos 9d9 = - —— 7 — + c 


+ c 


1 J sin" ( 


(«+D 


Alternatively, an algebraic substitution may be used as 
shown in Problem 6, chapter 49, page 443]. 


it 

r 2 2 , 

Evaluate: / sin x cos x ax 

Jo 

n n 

I sin 2 x cos 3 xdx = I sin 2 x cos 2 x cos x dx 
Jo Jo 

7t 

f 2 2 2 

= I (sin x)( 1 — sin“ x)( cos x) dx 

Jo 


r 


(sin 2 x cos x — sin 4 x cos x) dx 


sin 3 x 

sin 5 x 

n 

2 

3 

5 




0 

/ . 7T\ 

3 / 

TT\ 

I sin — 

sin — 

V 2 / 


2 / 


5-| 


1 1 2 

=-= — or 0.1333 

3 5 15 


[ 0 - 0 ] 


Evaluate: / 4 cos 4 0 <70, correct to 

Jo 

4 significant figures 


n 7r 

/ 4 4cos 4 0<70 = 4 / 4 (cos 2 9) 2 d9 
Jo Jo 


-L 

-j;[ 


-(1 + cos 20) 


d9 


(1 + 2 cos 20 + cos“ 20) <70 


1 + 2 cos 20 + -(1 + cos 40) 


d9 
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-L'[ 
-[ 


3 1 

—b 2 cos 20 H— cos 4 6 
2 2 


dO 


, 36 sin 49 

= I y + sin 20 + —— 


0 


3 /jt\ 2it sin4(7r/4) 

- — + sin-1- 

2V4 / 4 8 


[ 0 ] 


= ^ + l 


2. 2 cos 3 2x 

3. 2 sin 3 ? cos 2 t 

4. sin 3 x cos 4 x 

5. 2 sin 4 20 


sin 3 2x 

sin 2x -b c 


— cos 0 t H— cos 0 t + c 
3 5 


-cos 5 x cos 7 x 
—— + - 


+ C 


= 2.178, correct to 4 significant figures. 


39 1 1 

-sin 40 H-sin 80 + c 

4 4 32 


Find: 

f sin 2 t cos 4 1 dt 

s- .0 9 

■ t 

1 

J 


6. sin t cos t 

8 " 

" 32 


J sin 2 t cos 4 t dt — J sin 2 f( cos 2 t) 2 dt 


-J( L 


— cos 2 t\ ( 1 + cos 2t 


dt 


cos 2r)( 1 + 2 cos 2r + cos“ 2t) dt 

= - I (1 + 2cos2f + cos 2 2t — cos2r 

— 2 cos 2 2t — cos 3 2 1) dt 


- J (1 + cos 2r — cos 2 2t — cos 3 2t) dt 


-II 


1 + cos 2 1 


1 + cos4r 


— cos 2f(l — sin“ 2 1) 


dt 


1 J ^1 cos4t 


+ cos 2 1 sin 2 2t ) dt 


lit sin 4t sin 3 2t\ 

8 (2 8 + 6 ) +C 


50.4 Worked problems on 

integration of products of sines 
and cosines 


Determine: / sin3f cos2tfiff 


ine: J sir 




sin 3t cos 2 tdt 

= /i[ si.(3 t + 2„ + S in(3,-2„l* 

from 6 of Table 50.1, which follows from Section 27.4, 
page 238, 




= - I (sin5t + sin t)dt 


Now try the following exercise 

Exercise 177 Further problems on 
integration of powers 
of sines and cosines 

Integrate the following with respect to the variable 

, [ cos 3 0 

1. sin 0 —cos 0 H-He 


1 ( —cos 5 1 

— cos t ^ + c 

_ 2 \ 5 


[ 1 

Find: 

/ - cos 5.« sin 2x dx 

J 3 


II 


- cos 5x sin 2x dx 
3 

1 f 1 

= - / - [sin(5.r + 2x ) — sin(5x — 2x)\ dx, 


-If 
- If - 


from 7 of Table 50.1 


= - / (sin7r — sin 3x) dx 


1 / —cos7jc cos 3x 

s — + ^- |+c 
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Problem Evaluate: / 2 cos 6# cos OdO, 

Jo 

2. 2 sin 3a sin a 


sin 2 a 

sin 4a 

correct to 4 decimal places 

3. 3 cos 6 a cos a 


2 

4 

f * 

3 ^ sin 7a 

sin 5a \ 

/ 2 cos 60 cos 0 1/0 

Jo 

1 

.2 V 

7 ^ 

5 ) 


+ C 


-j: 


- [cos(60 + 0) + cos(60 - 0)] dd, 
lo 2 

from 8 of Table 50.1 

•1 r — nr\ ^-c/nl 

= / (cos70 + cos 59) d6 = 
lo 


sin 19 sin 50 


Jo 


sin 7 sin 5 


sin 0 sin 0 


‘sin 7’ means ‘the sine of 7 radians’ (=401.07°) and 
sin 5 = 286.48°. 


f 

Jo 


Hence / 2 cos 60 cos 0 d9 


= (0.09386 + -0.19178) - (0) 

= -0.0979, correct to 4 decimal places 


12. Find 


ind: 3 j si 


sin 5x sin 3x dx 




3 / sin 5x sin 3 a dx 


f 1 

= 31 —- [cos(5x + 3 a) — cos(5x — 3 a)] dx, 


from 9 of Table 50.1 


3 f 

= — - / (cos8x — cos 2 a) dx 

3 ( sin 8 a sin 2a 
“ ~2 


8 


+ c or 


— (4 sin 2a — sin 8a) + c 
16 v 


Now try the following exercise 


Exercise 178 Further problems on 

integration of products 
of sines and cosines 

In Problems 1 to 4, integrate with respect to 
the variable. 


1. sin5tcos2r 


1 / cos It cos 3 1 
"2 ( 1 +c 


4. - cos 40 sin 20 

2 


1 ( cos 20 cos 60 


+ C 


+ C 


_4 V 2 6 

In Problems 5 to 8, evaluate the definite integrals. 


5. 

6 . 

7. 

8 . 


nn/2 

Jo 

L 
-<L 
l 


cos 4a cos 3a dx 


2 sin It cos 3 tdt 

tt/3 

sin 50 sin 20 d9 


3 cos 8r sin 3tdt 


- or 0.4286 
7 


[0.5973] 

[0.2474] 

[-0.1999] 


50.5 Worked problems on 

integration using the sin 6 
substitution 



[ 1 

Problem 13. Determine: 

1 , = f/x 

Va 2 — a 2 


dx 

Let a = a sin 0, then — = a cos 0 and dx = a cos 0 d9. 
d9 


Hence 


hr 

■/ 

■/ 


: dx 


1 


v/fl 2 — a 2 sin 2 0 
a cos 9d9 
y/a 2 {l — sin 2 0) 
a cos 9d9 


a cos 9d9 


f 

r a cos 0 d9 r 
J a cos 0 J 


Vfl 2 cos 2 0 
ci cos 0 d9 


since sin 2 0 + cos 2 0 = 1 


= I d9 = 9 + c 


Since x — a sin 0, then sin 0 = - and 0 = sin 1 - 

a a 


Hence 


h .+ 


, . -i* 

= ax = sin + c 
X 2 Cl 
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14. Evaluate 


f 

J o 


V9 — x 2 


dx 


From Problem 13 


, T — 

J o \/9 — x' 


: dx 


r -i x i 3 

sin - since a = 3 

L 3 Jo 


= (sin 1 1 — sin 1 0) = — or 1.5708 
2 


-i, 


71 


Find: J \/« 2 — 


x 2 dx 


dx 

Let x = a sin 9 then — — a cos 0 and dx — a cos 9 d6 
dO 


Hence 


■ x 2 dx 


= J V 'a 2 — a 2 sin 2 9 (a cos Odd) 
= J \Ja 2 ( 1 — sin 2 9 ) (a cos Odd) 
= J V a 2 cos 2 6 ( a cos Odd) 

= J (a cos 6) ( a cos 9 dO) 

— a 1 J cos 2 0d0 = ci 2 J 


+ cos 29 


d9 


(since cos 29 — 2 cos 2 0—1) 




a , 

= 2 ,@ - 


sin 29 


+ c 


2 sin 9 cos 9 


+ c 


since from Chapter 27, sin 29 — 2 sin 9 cos f 
a 2 

— — [9 + sin 9 cos 9] + c 

X , X 

Since x = a sin 9, then sin 9 — - and 9 — sin - 

a a 

Also, cos 2 9 + sin 2 9—1, from which. 


cos 


e = v'i-sm-e = 1 /i-0- 


/ a 2 — x 2 a 2 — . 


Thus 


/ a 2 

V a 2 — x 2 dx — — [9 + sin 9 cos 9] 

a \a/ 


a 

~2 


y/ a 2 — X 2 


a . _\X x - - 

= —sin - + - v a L — x 1 + c 

2 a 2 


16. Evaluate 


From Problem 15 


r 4 

: ( 7l6 

Jo 

p 4 __ 

, f 

Jo 


x 2 dx 


x 2 dx 


= l^ sin -if + L/i^ 


X X 

4 + Y 


[ 

= [8 sin -1 1 + 2Vo - [8 sin -1 0 + 0] 
= 8 sin -1 1 = 8(|) 


= 4jt or 12.57 


Now try the following exercise 

Exercise 179 Further problems on 
integration using the 
sine 6 substitution 


1. Determine 


ine: / 

J V4 - 1 2 


dt 


2. Determine 


ine: / 


V9 —x 2 


dx 


_ . _i < 

5 sin —be 

2 


[3 sin 1 | + cj 


3. Determine: J y4 — x 2 dx 

^2 sin -1 - + ^ V4-x 2 + cj 


4. Determine 


ine: / 


■ 9f 2 dt 


8 _ 1 3? t /- r 

-sin-1— V 16 — 9f 2 +1 

3 4 2 



















































Integration using trigonometric substitutions 453 


5. Evaluate 


6. Evaluate 


; /„ 4 ttsW"* [r rL571 ] 

: f — 

Jo 


4x 2 dx 


[2.760] 


50.6 Worked problems on 

integration using the tan 0 
substitution 


17. Determine 


me: f 

J (fl 2 + 


+ x 2 ) 


dx 


dx 


Let x — a tan 6 then — = a sec 2 0 and dx — a sec 2 Odd 
dO 


Hence 


Jm 
-f 
-! 
-/ 
-! 


+ x 2 ) 


■ dx 


1 


( a 2 + a 2 tan 2 6) 
a sec 2 6 dO 
a 2 (l + tan 2 0) 
a sec 2 6 dO 


(. a sec 2 6 dO) 


a 2 sec 2 0 

1 1 

-d0= -(0) + c 
a a 

,-i " 


2 2 

since 1 + tan 0 — sec 6 


Since x — a tan 0,6= tan 1 - 

a 

f 1 1 _,x 

Hence / —=- =-dx=- tan -+c 

J (a 2 + x z ) a a 



From Problem 17 


f 1 

■L ( 4 ^?)* 

If -\X1 2 

= - tan - since a = 2 

2 L 2Jo 


= - or 0.3927 
8 


Evaluate 

to 4 decimal places 


r^dx=r 

Jo (3 + 2x 2 ) Jo 


-f 


(3 + 2x 2 ) 


dx, correct 


'■Jo 


2 Jo [V372] 2 +* : 


2[(3/2) + x 2 


dx 


-dx 


T— 

:LV372 


tan 


-1 


2LV372 V3/2 

U! 


tan - — tan 0 


= (2.0412)[0.6847 - 0] 

= 1.3976, correct to 4 decimal places. 

Now try the following exercise 


Exercise 180 Further problems on 
integration using the 
tan 0 substitution 


1. Determine 


me:/ 


4 + t 2 


r dt 


3 x 

- tan —|-c 

2 2 


2. Determine 


me:/ 


16 + 9 0 2 


dO 


5 ,30 

— tan-he 


12 


3. Evaluate 


f 1 3 

Jo 1 +1- 

■L 


dt 


; 3 5 

4. Evaluate: / --- dx 


4 + x- 


4 

[2.356] 

[2.457] 
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Revision Test 14 


This Revision test covers the material contained in Chapters 48 to 50. The marks for each question are shown in 
brackets at the end of each question. 


Determine: 


4. 

Evaluate the following definite integrals: 


(a) J 

f 3 sffidt 



(a) 

/W 2 / j r\ 

1 2 sin (2t H— ) dt 


0 » j 

f 2 

~n= dx 




Jo V 3 / 

r 1 , 





(b) 

/ 3xe 4:t -~ 3 dx 

(10) 

(C) 1 

1 (2 + 0) 2 d0 

(9) 



Jo 


J 



5. 

Determine the following integrals: 


Evaluate the following integrals, each correct to 4 



r 


significant figures: 



(a) 

/ cos 3 x sin 2 xdx 



rn/3 




f 2 


<a) ) 

1 3 sin 2 1 dt 

0 



(b) 

< 

'O 

1 

to 

s- 

(8) 

<»> j 

f 2 (4 + i + 5U- 

(10) 

6 . 

Evaluate the following definite integrals, correct to 

1 \x 2 X 4/ 


4 significant figures: 


Determine the following integrals: 




r*/ 1 „ 



r 



(a) 

/ 3 sin" t dt 


(a) 1 

1 5(6f + 5) 7 dt 




Jo 

I-7T/3 



f 3 In x 



(b) 

/ 3 cos 50 sin 36 d6 


(b) i 

1 - dx 



Jo 


J 

(0 J 

X 

f 2 

f 

(9) 


(c) 

f 2 5 * 

(14) 

1 -- uu 

V(2 9- 1) 


Jo 4 + x2 a 











Chapter 51 


Integration using partial 

fractions 


51.1 Introduction 


The process of expressing a fraction in terms of sim¬ 
pler fractions—called partial fractions —is discussed 
in Chapter 7, with the forms of partial fractions used 
being summarised in Table 7.1, page 54. 

Certain functions have to be resolved into partial frac¬ 
tions before they an be integrated, as demonstrated in 
the following worked problems. 


/ 2x 2 — 9r — 35 

-- dx 

(x + 1 )(x — 2)(x + 3) 

It was shown in Problem 2, page 55: 

2x 2 - 9x - 35 _ 4 3 

(x+ l)(x-2)(x + 3) = (x + 1) ~~ (x — 2) 

1 

+ (* + 3) 


51.2 Worked problems on 

integration using partial 
fractions with linear factors 


Problem 1. 


Determine: 


/ 


11 -3x 
x 2 + 2x — 3 


dx 


As shown in Problem 1, page 54: 

11 - 3x _ 2 5 

x 2 + 2x — 3 (x — 1) (x + 3) 


Hence 


/ 

= / 


2x 2 - 9x - 35 


(x + l)(x — 2)(x + 3) 
4 3 


dx 


1 


dx 


(x+1) (x — 2) (x + 3) 

= 4 ln(x + 1) — 3 ln(x — 2) + ln(x + 3) + c 
' (x + 1) 4 (* + 3) 



Hence 


J x 2 + 


— 3x 


■/{ 


+ 2x — 3 
2 


dx 


(x-1) (x + 3) 


dx 


= 2 ln(x - 1) - 5 ln(x + 3) 


By dividing out (since the numerator and denomina¬ 
tor are of the same degree) and resolving into partial 
fractions it was shown in Problem 3, page 55: 

x 2 + 1 , 2 5 

= 1 - T-7T + 


x 2 — 3x + 2 


(x-1) (x — 2) 


or In 


(by algebraic substitutions—see chapter 49) 
(x-1) 2 


(x + 3) 5 


- c by the laws of logarithms 


Hence 


r x 2 +1 
J x 2 — 3x -| 

■/{ 


dx 


.--^ 4 - 5 


(x-1) (x — 2) 


dx 







































Section 9 


456 Engineering Mathematics 


= x — 2 ln(x — 1) + 5 ln(x — 2) + c 

.. J(*-2) 5 } 

orx + In I , } + c 


(x -1 r 


Evaluate: 

3 x 3 - 2x 2 - 4x - 4 


L 


x 2 + x — 2 


<ix, correct to 4 

significant figures 


By dividing out and resolving into partial fractions, it 
was shown in Problem 4, page 56: 


- 2x z - 4x - 4 
x 2 + x — 2 


= x — 3 


(x + 2) (x - 1) 


Hence 


L 

=r I*- 


— 2x" — Ax — 4 
x 2 + x — 2 
3 f 4 


c/x 


(x + 2) (x - 1) 


dx 


— - 3x + 4 ln(x + 2) - 3 ln(x - 1) 


9 


- —9 + 4 In 5 — 3 In 2 

— (2 — 6 + 4 In 4 — 3 In 1) 
= -1.687, correct to 4 significant figures 

Now try the following exercise 

Exercise 181 Further problems on 

integration using partial 
fractions with linear factors 

In Problems 1 to 5, integrate with respect to x 

12 


1. 


2 . 


/ 


/ 


(x 2 - 9) 


dx 


2 ln(x — 3) — 2 ln(x + 3) + c 


or In 


x — 3 
x + 3 


4(x - 4) 
(x 2 — 2x — 3) 


■ dx 

5 ln(x + 1) — ln(x — 3) + c 
(x + 1 ) 5 


or In 


(x-3) 


3. 


/ 


3(2x 2 - 8x - 1) 

(x + 4)(x + l)(2x — 1) 


dx 


1 ln(x + 4) - 3 ln(x + 1) - ln(2x - 1) + c' 
(x + 4) 7 


or In 


(x + 1) 3 (2x - 1) 


4. 


5. 


/ 


/ 


x 2 + 9x + 8 
x 2 + x — 6 


dx 


x + 2 ln(x + 3) + 6 ln(x — 2) + c 
or x + ln{(x + 3) 2 (x — 2) 6 } + c 


3x 3 — 2x 2 — 16x + 20 


(x — 2)(x + 2) 


dx 


3x 2 

—-2x + ln(x — 2) 

—5 ln(x + 2) + c 


In Problems 6 and 7, evaluate the definite integrals 
correct to 4 significant figures. 


6 . 


7. 


L 

L 


4 Jl 


x 2 — 3x + 6 
x(x — 2)(x — 1) 

^ x 2 -x-14 

dx 


dx 


k 2 — 2x — 3 


[0.6275] 

[0.8122] 


Worked problems on 
integration using partial 
fractions with repeated linear 
factors 



Problem 5. Determine: j 

f 2x + 3 

f -- dx 

(x — 2) 2 


It was shown in Problem 5, page 57: 

2x + 3 2 7 

+ 


(x - 2) 2 (x - 2) (x - 2) 


Thus 


r 2x + 3 

J (x - 2) 2 

= /' 2 


dx 


+ 


(x — 2) (x — 2) 2 


dx 


— 2 ln(x — 2) — 


(x-2) 


+ c 
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'Cl 

/ -- dx is determined using the algebraic 

J (x-2 Y 

substitution u = (x — 2), see Chapter 49 


Problem 6. 



5x 2 — 2x— 19 

-^ dx 

(x + 3)(x — l) 2 


It was shown in Problem 6, page 57: 

5x 2 - 2x - 19 _ 2 3 4 

0 + 3)0 — l) 2 0 + 3) (x — 1) (x — l) 2 


Hence 


/ 

= / 


5x 2 - 2x - 19 


dx 


(x + 3)(x - l) 2 

2 3 


0 + 3) 0-1) O-l) 2 


dr 


= 2 InO + 3) + 3 InO - 1) + 


0-D 


+ c 


or ln0 + 3) 2 0-l) + 


o-l) 


+ c 


Evaluate: 

f 1 3x 2 +16 jt+15 
/ -,- dx, 

3-2 o+3) 3 


correct to 

4 significant figures 


It was shown in Problem 7, page 58: 

3x 2 4- 16x 4- 15 _ 3 2 6 

0 4- 3) 3 = 0 + 3) “ 0 + 3) 2 “ O + 3) 3 


Hence 


f 3x 2 4- 16x4- 15 , 

/ -»- dx 

J 0 + 3) 3 


.H—_^ 

J-2 \ O + 3) o + 3) 2 o + 3)3 J 

r 2 3 n 1 

— 3 InO + 3) 4- + „ 

L 0 + 3) o + 3)"- J _ 2 

/ 2 3 \ / 2 3 

= ( 31n4+ 4 + l6j-( 31nl + T + T 


= -0.1536, correct to 4 significant figures. 


Now try the following exercise 


Exercise 182 Further problems on 

integration using partial 
fractions with repeated linear 
factors 

In Problems 1 and 2, integrate with respect to x. 


*•/ 

’-f 


4x — 3 


■ dx 


0+ l) 2 

5x 2 - 3 Ox + 44 
0 - 2)3 

5 InO - 2) 


41nO+ 1) + 


0+D 


+ c 


dx 


10 


o - 2) 0 - 2) 2 


+ c 


In Problems 3 and 4, evaluate the definite integrals 
correct to 4 significant figures. 


3. 


4. 


f; 


x 2 4- 7x 4- 3 

—z- dx 

x 2 (x + 3) 

[1.663] 

18 4-2 lx — x 2 

-r dx 

0-5)0+ 2) 2 

[1.089] 


51.4 Worked problems on 

integration using partial 
fractions with quadratic factors 


[ 3 4- 6x 4- 4x 2 - 2x 3 

Find: / -=—^- dx 

J x 2 (x 2 + 3) 

It was shown in Problem 9, page 59: 

3 4- 6x + 4x 2 - 2x 2 _ 2 1 3 - 4x 

x 2 0 2 + 3) x + * 2 + O 2 + 3) 


/ 

= / 
-/{ 


3 4- 6x 4- 4x 2 — 2x 3 


x 2 0 2 + 3) 


dx 


2 1 

- + — + 
x x 


-4-T + 


dx 


3 — 4x 
O 2 + 3) 

3 

O 2 + 3) O 2 + 3) 


4x 


dx 
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J (x 2 + 3) J x 2 + (* 


(V3) ; 


dx 


= —— tan 


-l 


/ 


4x 

x 2 + 3 


V3 V3 

from 12, Table 50.1, page 448. 

dx is determined using the algebraic substitu¬ 


tions u = (x~ + 3). 


Hence 


/ 


1 


4x 


x x 2 (x 2 + 3) (x 2 + 3) 


dx 


1 


= 2 In x -1- — tan 1 — 2 ln(x 2 + 3) + c 


= In 


x */3 -s/3 

2 2 / - - + v^tan -1 ^ + c 

x 2 + 3 J x V3 


1 9. Determine 


ine: / 


a 2 ) 


dr 


Let 


B 


(x 2 — a 2 ) (x — a) (x + a) 

A(x + a) + B(x — a) 

(x + a)(x — a) 

Equating the numerators gives: 

1 = A(x + a) + B(x — a ) 
1 

Let x — a, then A — — 

2 a 

and let x = —a, 

1 

then B = - 

2 a 


Hence 


J (x 2 - a 2 ) J 2a 


1 


1 


(x — a) (x + a) 


dx 


— — [ ln(x — a) — ln(x + a)] + c 
2 a 

1 (x — ad 

-ln( - | +c 


2 a V x + a 


r>4 ^ 

Evaluate: / -— dx, correct to 


3 significant figures 




(x 2 - 4) 


From Problem 9, 
3 


l 


3 (X 2 - 4 ) 


dx = 3 

_ 3 

~ 4 


1 (x — 2 

In 


2(2) \x + 2 


2 1 

In - - In - 
6 5 


J 3 


3 5 

= - In - = 0.383, correct to 3 

4 3 

significant figures. 


Determine 




x 2 ) 


■ dx 


Using partial fractions, let 
1 1 


B 


0 a 2 — x 2 ) (a — x)(a + x) (a — x) (a + x) 

A(ci + x) + B{a — x) 

(a — x)(a + x) 

Then 1 = A(a + x) + B(a — x) 

1 1 

Let x — a then A = —. Let x = —a then B — — 

2a 2a 


Hence 


hr- 

-n 


X 2 ) 


dx 


1 


1 


(a — x) (a + x) 


dx 


= — [ — ln(n — x ) + ln(n + x)] + c 
2 a 

1 (a + x\ 

= — ln( - I +c 


2 a \ a — x 


; 2 5 

Evaluate: / —-— dx, correct to 


4 decimal places 


=: f 2 ^ 

Jo (9- 


X 2 ) 


From Problem 11, 

f 5 


Jo (9 — x 2 ) 


dx = 5 

_ 5 

“ 6 


1 /3 + x 

In 


2(3) \3 — x 


In - - In 1 
1 


= 1.3412, 

correct to 4 decimal places 
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Now try the following exercise 

Exercise 183 Further problems on 

integration using partial 
fractions with quadratic 
factors 

. . f x 2 — x — 13 

1. Determine / —r- ax 

J (x 2 + 7)0 - 2) 

3 x 

ln(x 2 + 7) -)—— tan^ 1 —= 
\fl V7 

— ln(x — 2) + c 


In Problems 2 to 4, evaluate the definite integrals 
correct to 4 significant figures. 


2. 

/ -^ 

y 5 (X - 4)(x 2 + 3) 

[0.5880] 

3. 

f 2 4 

I -s- dx 

J l (16-x-) 

[0.2939] 

4. 

f 5 2 

1 —^-dh 

J4 (x 2 - 9) 

[0.1865] 
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Chapter 52 


Thet 


tan | substitution 


52.1 Introduction 


/; 


1 


-dd, where 


Integrals of the form . 

a cos 0 + b sin 0 + c 
a, b and c are constants, may be determined by using the 

e 

substitution t — tan -. The reason is explained below. 

If angle A in the right-angled triangle ABC shown in 

0 

Fig. 52.1 is made equal to - then, since 


tangent = 


opposite 


if BC — t and AB— 1, then 


adjacent’ 

6 

tan - = t. 

2 

By Pythagoras’ theorem, AC = V1 + t 2 



Since cos 2x — cos z -sim - 

2 2 


71 


=V-f— 

+ f~) V7TT7 


cos 0 = 


1 - 1 2 
1 + t 2 


( 2 ) 


Also, since t — tan - 
2 

dt 1 ,0 1/ 

— = - sec - = - I 1 + tan - from trigonometric 

dd 2 2 2 \ 2/ 

identities, 

dt l r. 

i.e. — = (1 + r 2 ) 

d6 2 


from which, 


dO = 


2 dt 
1 + t 2 


(3) 


Equations (1), (2) and (3) are used to determine integrals 

, 1 

of the form / --- : — ; — - dd where a, b or c 


J 


may be zero. 


ci cos 0 + bsinO + c 


Figure 52.1 


e 


Therefore sin - = 


and cos - 


I 


2 VT+fi 2 JT+t 1 

Since sin 2x = 2 sinxcosx (from double angle formu¬ 
lae, Chapter 27), then 

e e 

sin 0 — 2 sin - cos - 
2 2 


= 2 


V i + ) V V i + 


sin 0 = 


2 1 


(1 + t 2 ) 


(1) 


52.2 Worked problems on the 

Q 

t = tan - substitution 
2 


1 1. Determine 


ine: [-i 

J SI 


dd 
sin 0 


0 21 2dt 

If t — tan - then sin 0 = -r- and dd = -r- from 

2 1 +t 2 1 + in¬ 

equations (1) and (3). 


Thus 


r cw _ r l 
J sin 0 J sin t 


dd 
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/ 


21 


2 dt 

1 + 0 


1 + 0 



= [ 

1 

-dt — In t + c 


J 

f dQ , 

t 

( e \ 

Hence 

/ —-r =ln 

tan - I + c 


J sin 9 ' 

k 2 ; 

Problem 2. 

Determine: 

f dx 



1 cosx 


x 1 — t 2 2 dt 

If t — tan - then cos x = -r- and dx = -r- from 

2 1 + f 2 1 + t 2 


equations (2) and (3). 

f dx _ [ 

J cosx J I 


Thus 


1 


2 dt 

TTo 


■/ 


l +1 2 
2 


1 - 0 


zdt 


1 - 0 
Chapter 7). 


Let 


may be resolved into partial fractions (see 


1 - t 2 (1 - f)(l + 0 
A B 


Hence 


(l-o (l + o 

A(1 + 0 + B{\ — 0 
= ( 1 - 0(1 + 0 

2 = A(1 +0 + 5(1 -o 


When t = 1, 2 — 2 A, from which, A = 1 
When t — — 1, 2= 2B, from which, B = 1 


TT f 2 dt r 1 1 

J 1-0 J (1-0 (1 + 


-A 


0 


— — ln(l — 0 + ln(l +f) + c 

(l + o 


= In 


0 - 0 


+ C 


Thus 


/ 




cosx 


In 


1+ 

1 - tan- 
2 


+ c 


Tt 


Note that since tan — = 1, the above result may be 
4 

written as: 


/ 


dx 


= In 


cosx 


Jt Tt 

tan —h tan — 
4 2 

Tt X 

1 — tan — tan - 
4 2 


+ c 


=ln Mi + DI +c 

from compound angles, Chapter 27 


1 3. Determine 


i„e: / - 


dx 


■ cosx 


x 1 — t 2 2 dt 

If t — tan - then cosx = -^ and dx = -^ from 

2 1 + 1 2 1 +t 2 

equations (2) and (3). 

Thus / ---= / - dx 

T cosx J 1+cosx 


f dx f 1 

: / -= / - 

J 1+cosx J 1 + c 

/-M 7 


+ c 


1 + 0 

r 1 / 2 * \ 

-J (1 + t 2 ) + (1 — t 2 ) \l + oJ 


1 + 1 2 


/ 


= dt 


f 


TT 1 CO X 

Hence / -= t + c = tan — l-c 

1 + cos x 2 


1 4. Determine 


i„e:/ 


dd 


5 + 4 cos ( 


6 1-0 2 eft 

If t = tan - then cos 6 = -^ and dx = -=r from 

2 1 + 1 2 1+0 

equations (2) and (3). 


Thus 


( d ° =( 
J 5 + 4cos0 J 


2 dt 

1 + 0 


5 + 4 cos 6 J (1 — 0 

5 + 4 ( —^ 

1 + 0 

2 dt 


-J 


1 + 0 


5(1 + 0) + 4(1 — 0) 


1 + o 


= 2^tan“ 1 0 +c. 


dt 

2 + 32 
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from 12 of Table 50.1, page 448. Hence 


/ 


de 


= - tan 1 I - tan - ) + c 


5 + 4 cos 6 3 


i e 


Now try the following exercise 


Exercise 184 Further problems on the 

e , . . 

f = tan substitution 
2 

Integrate the following with respect to the variable: 


1. 


2 . 


/ 

/ 


de 


1 + sin 6 


-2 


+ c 


I + tan - 


dx 

1 — cosx + sinx 


In 


3. 


4. 


/ 

/ 


da 


3 + 2 cos a 


LVS ,a ”"tvS"“2 l+c 


X 

tan 2 
l + tani 


1 a 


+ c 


dx 


3 sinx — 4 cosx 


1 

-In 

5 


2 tan-1 

2 

x 

tan - + 2 


+ c 


52.3 Further worked problems on 

Q 

the t = tan - substitution 
2 


l 5. Determine 


ine: j - 

J si 


dx 


sinx + cosx 


x 21 1 — r 

If r = tan- then sin.r = -^,cosx = -^ 

2 1 + 1 2 1 + r 2 

2 dt 

dx — - -- from equations (1), (2) and (3). 


and 


1 +t 2 


Thus 


r dx r 

J sin.r + cosx J 

2 dt 


2 dt 
1 + 1 2 


21 \ (1-t 

YT?J + VT+7 2 

2 dt 


+ 2 t-t 2 


= ( 1+f2 = f- 

J 2t+l-t 2 J 1 
1 + 1 2 

^ —2 dt j" —2 dt 

= J t 2 -2t - l ~ J (t - l) 2 - 
_ J 2 dt 


= 2 


(V2) 2 -(t- l) 2 

1 in jV2 + (f-l) 


2V2 I -s/2 — (f — 1) 


+ c 


(see problem 11, Chapter 51, page 458), 
dx 


J si 


stn.r + cosx 


= — In 

V2 


V2 — 1 + tan- 
_2 

\fl + 1 - tan- 
2 


16 . Determine 


ine: / 


+ c 


dx 


7 — 3 sinx + 6cosx 


From equations (1) and (3), 
dx 


/ 


7 — 3 sinx + 6 cosx 
2 dt 


-f 


1 + t 2 


7-3 


2 1 


1 + f 2 , 
2dt 


1 - C 
1 + 1 2 


/ 7(1 + t 2 )-; 


+ f 2 


3(2f) + 6(1 -C) 


1 + f 2 
2dt 


-I 

[2 dt r 

- ] r 2 — 6r + 13 J (7^ 


7 + 7f 2 — 6? + 6 — 6t 2 
2 dt f 2 dt 


3) 2 + 2 2 


= 2 


1 ft -3 
- tan 1 


+ c 
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from 12, Table 50.1, page 448. Hence 
dx 


/ 7 - 3 si 


or - In 


sin x + 6 cos x 


— tan 


1 + 2tan- 

_2 

e 

4 — 2tan- 
2 


+ c 


-l 




/ 


+ c 


Now try the following exercise 


1 7. Determine 


i„e:/ 


dd 


4 cos 0 + 3 sin 0 


From equations (1) to (3), 
dQ 


Exercise 185 Further problems on the 

0 

t = tan — substitution 
2 

In Problems 1 to 4, integrate with respect to the 
variable. 


/ 


1 


4cos@ + 3 sin0 


/ 


dd 


5 + 4 sin 0 


2 dt 


f 1 + t 

J 71 -t 2 \ , 


l + 1 2 
2dt 

41 2 + 6 1 
dt 

t 2 --t- 1 
2 


2r 


1 + C 


2 

- tan 
3 


-l 


/ e \ 

5 tan - + 4 


V 


+ C 


/ 


f 2dt _ [ 
J 4-4t 2 + 6t ~ J 

-u 
-u 

If 


dt 


2 + 31 - 2f 2 


3\ 25 

? _ 4/ “ 16 


! St. 


' f 


dx 


2 sin x 


— In 

73 

dp 


tan - + 2 — 73 
tan - + 2 + 73 


+ c 


3 — 4 sinp + 2 cos p 

1 


1 




In 


t _ 3 
5 


7TT‘ 


In 


3 

t - 

4 


4 \ 4 


i. f-*L 

J 3 — 4 si 


+ c 


sin0 


1 

— in 

77 


tan — 4 — 7TT 

tan -— 4 + 7TT 
2 


3 tan - — 4 — 77 

§ 7 

3 tan-4 + 77 

2 


+ c 


+ c 


from problem 11, Chapter 51, page 458, 


5. Show that 


= - In 
5 


1 

■ + c 

f dt 1 

( 1 

72 + tan - 

2 — t 

J 1 + 3 cos t 272 ^ 

72 — tan - 




2 J 


+ c 


Hence 


/ 


dd 

4 cos 0 + 3 sin 6 


^ 3 dd 


r .... 

6. Show that / - = 3.95, correct to 3 

Jo cos 0 


1 

= - In 
5 


1 0 

- +tan- 
2 2 

0 

2 - tan- 
2 


significant figures. 

^/ 2 dd 


7. Show that 


+ c 


r 

Jo 


It 


2 + cos 0 3^3 
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Chapter 53 


Integration by parts 


53.1 Introduction 


From the product rule of differentiation: 


d du dv 

—(uv) = V— + u — 
dx dx dx 


53.2 Worked problems on 
integration by parts 


Problem 1. 


Determine: 


f xcosxdx 


where u and v are both functions of x. 

dv d du 

Rearranging gives: u — = — (uv) — v — 
dx dx dx 

Integrating both sides with respect to x gives: 


[ u—dx = [ — (uv)dx — [ v—dx 
J dx J dx J dx 


From the integration by parts formula. 


J u dv — uv — J 


v du 


du 


Let u = x, from which — = 1, i.e. du = dx and let 
dx 

dv = cos x dx, from which v = f cos x dx = sin x. 


fdv f du 

te / u—dx — uv— I v—dx 

J dx J dx 

or J u dv = uv — J vdu 

This is known as the integration by parts formula and 
provides a method of integrating such products of sim¬ 
ple functions as f xe x dx, f t sin t dt, f e e cos 0 d6 and 
f x In x dx. 

Given a product of two terms to integrate the initial 
choice is: ‘which part to make equal to u and ‘which 
part to make equal to dv’. The choice must be such 
that the ‘u part’ becomes a constant after successive 
differentiation and the ‘ dv part’ can be integrated from 
standard integrals. Invariable, the following rule holds: 
‘If a product to be integrated contains an algebraic term 
(such as x, t 2 or 30) then this term is chosen as the u 
part. The one exception to this rule is when a ‘In x’ term 
is involved; in this case In x is chosen as the ‘u part’. 


Expressions for u, du and v are now substituted into 
the ‘by parts’ formula as shown below. 

f!"«!! dv ! = hi i 1 v ]-[! v \\du\ 

1 I i I '• i ii i 

f !xi cos x dx i = !(*)! (sin x)i -f ,(sin ,v)i | (dx)\ 

,e. j xcosxdx=xsmx-l-cosx) + c 

^xsinx + cosx + c 

[This result may be checked by differentiating the right 
hand side, 

d 

i.e. —(Asinx+ cosx + c) 
dx 

= [(.r)(cosx) + (sinx)(l)] — sin x + 0 

using the product rule 


= x cos x, which is the function being integrated 
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Find: J 3te 2t dt 
du 

Let u — 3t, from which, — = 3, i.e. du = 3 dt and 
dt 

let dv — e 2t dt, from which, v = f e 2t dt — -e 2t 
Substituting into fudv — uv — f vdu gives: 

/ 3 k 2, ‘"=< 3 ')(H—/o 

/ 


Evaluate 

3 significant figures 


■f 


5 xe 4x dx, correct to 


du 

Let it — 5a', from which — =5, i.e. du — 5 dx and let 
dx 

dv = e 4x dx, from which, v—f e 4x dx — -e' 

J 4 

Substituting into f udv = uv — f vdu gives: 


Ax 


= -ter 1 - - e dt 


f 


5xe 4x dx = (5a) ( — 


Ax 


-/ 


Ax 


— ) (5 dx) 


J,S'- 3 JC) + c 


2 
3 

2 V 2 


-xe 

4 


Ax 


-If 


t / e 4x dx 


5 (e 


f- 


Hence / 3 te 2t dt — -e 2t (t — - ) + c. 


Ax 


which may be checked by differentiating. 


Hence / 5xe* x dx 
Jo 




= L‘’l'-i l+c 


Ax. 


n 

Evaluate / 29 sin 0 dO 


Jo 

U V vJ 


du 

Let u — 20, from which, — — 2, i.e. du — 2d0 and let 
d6 

dv = s,mQ d9, from which, 

v = J sin OdO = — cos 6 

Substituting into Judv = uv — Jvdu gives: 

J 20 sin Odd = (20)(—cos 9) - J (-cos0)(2 d9) 

= — 20cos0 + 2 J cos Odd 


-e u 0 


4^ 

15 

I6 e )-{- 16 


= 51.186 + 0.313 = 51.499 = 51.5, 

correct to 3 significant figures. 

Determine: jx 2 sin x dx 


= —29 cos 9 + 2 sin 9 + c 


x 

Hence/ 20sin0d0 

Jo 

= I 29 cos 9 + 2 sin 


-t 


in0j 


7 du 

Let u — x , from which, — = 2 a, i.e. du — 2x dx, and 
dx 

let dv = sin x dx, from which, v — J sin a tlx = —cos a 
Substituting into J udv — uv — J vdu gives: 


= 2 ^ cos — + 2 sin — j — [0 + 2 sinO] 

= (-0 + 2 ) - (0 + 0 ) = 2 

7 r n 

since cos — = 0 and sin — = 1 

2 2 


/ 


A 2 sin A+A = (a 2 )(— cos a) ■ 


= — A" COS A + 2 


/ 

7 


(—COSA)(2Arf.x) 
A COS A dx 


The integral, / a cos a dx, is not a ‘standard integral’ 
and it can only be determined by using the integration 
by parts formula again. 
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From Problem I, f x cos x dx = x sin x + cos x 

/■ 


Hence / x~ sin x dx 


— —xr cosx + 2{x sinx + cos*} + c 
= — x 2 cos x + 2x sin x + 2 cos x + c 

= (2 — x 2 )cos x + 2x sin x + c 

In general, if the algebraic term of a product is of power 
n, then the integration by parts formula is applied n 
times. 

Now try the following exercise 

Exercise 186 Further problems on 
integration by parts 

Determine the integrals in Problems 1 to 5 using 
integration by parts. 


1. I xe 2x dx 


. 4x 

2 . / -^dx 


/ 

/ 

J x sir 

f- 


n 2x 


„-3x 


n 

x - 

, 2y 

|+c 

n 

X+ 3y 

|+c 


3. j xsinxdx 

4. I 59 cos 29 d9 


[—xcosx + sinx + c] 


/ 


5. / 3 t 2 e 2, dt 


- f 9 sin 29 + - cos 29 ) + c 


I^D-r+li+c 


Evaluate the integrals in Problems 6 to 9, correct 
to 4 significant figures. 


-r 

■s: 

■s: 

j: 


2xe x dx 

[16.78] 

x sin 2x dx 

[0.2500] 

t 2 cost dt 

[0.4674] 

3x e 2 dx 

[15.78] 


Further worked problems on 
integration by parts 


Find: / x In x dx 


“/ 


The logarithmic function is chosen as the ‘m part’ Thus 

du 1 dx 

when u — In x, then — = - i.e. du= — 

dx x x 

f x ~ 

Letting dv — x dx gives v = 1 x dx— — 


Substituting into f udv = uv— f vdu gives: 


/ 


x In x dx — (In x) ( — 


-/ 


x“\ dx 


2 ) x 


W 


— — lnx-lx dx 

2 2 . 




f 


. x ( 1 , 

Hence / x In x dx = — In x -+ c 

2 \ 2 


or —(2 lnx — 1) + c 

4 


Determine: / In x dx 


J lnx dx is the same as f(l) lnx dx 

du 1 dx 

Let u — lnx, from which, — = - i.e. du= — and let 

dx x x 

dv — 1 dx, from which, v = f 1 dx = x 
Substituting into / udv = uv— f vdu gives: 

dx 


J lnx dx = (1"jtXat) — /. 

= x Inx — J dx = xlnx — x + c 
Hence / Inxdx = xi,nx - + c 


Evaluate 

3 significant figures 


: J sfx In x dx. 


correct to 
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dx 

Let m = In x, from which chi — — 

x 

and let civ = *Jxdx = x 2 dx, from which, 


= J x 2 dx = 


2 3 

~~ 3 X2 


Substituting into f udv = uv — j vdu gives: 


J s/x\nxdx = (lnx) ^-x 2 


-/ 


2 3 \ (dx 
—x 2 


2 r~i 2 [ 1 

= - v x 3 In x-/ x 2 

3 3 J 


3 

2 dx 


2 2/2 j\ 

= - v x 3 In x — - I -x 2 | +c 


= 5^ 


2 ' 

In x- 

3 


+ c 


Hence 


f 9 

J *Jx In xdx = 


= \ 2 -^{\n9- 2 - 


18 (In 9 — — 


3 V 3 


J l 


3 V 3 


2 ( 2 
3 °"3 


= 27.550 + 0.444 = 27.994 = 28.0, 

correct to 3 significant figures. 

Find: / e ax cos bxdx 


When integrating a product of an exponential and a sine 
or cosine function it is immaterial which part is made 
equal to ‘w’. 

du 

Let u — e“ x , from which — = ae ax , i.e. du = ae“ x dx 
dx 

and let civ = cos bx dx, from which, 


/■ 


1 


v = I cos bx dx = - sin bx 
b 


Substituting into f udv = uv — / vdu gives: 
/.“costa* 

= ( e ax ) sinfex^j — J sin fex^j (ae ax dx) 


1 ax . , a 

= -e sin fox- 

fo fo 


J e ax si 


sin fox dx 


(1) 


f e ax sin fox i/x is now determined separately using inte¬ 
gration by parts again: 

Let m = e ax then du — ae ax dx, and let dv — sin bx dx, 
from which 




1 


v = / sin fox dx = — — cos fox 


Substituting into the integration by parts formula gives: 


/ 


e ax sin fox dx = (e nA ) ( — - cos fox 


n-r, 


- cos ) (ae dx) 
b 


= — e ax cos bx 
b 


/■ 


H— / e flA cos fox dx 

fo . 


Substituting this result into equation (1) gives: 

e ax cos fox dx — -e ax sin fox-| —e flA cos fox 

fo fo fo 


/ 


o r i 

— —< 
fo L * 

■/■ 


H— / e flA cos fox dx 
b 

- -e ax sin fox H—cos fox 
fo fo z 


/■ 


— / e ax cos bxdx 


The integral on the far right of this equation is the same 
as the integral on the left hand side and thus they may 
be combined. 


/ 


'/■ 


e aA cos fox c/x+ —^ / e ax cos bxdx 


= -e ax sin fox + cos bx 
b b 2 


i.e. ( 1 + —^ ) / e cos fox dx 


/■ 


i.e. 


fo 2 +a 2 
fo 2 


)/ 


= -e aA sin fox + -^-e aA cos fox 
fo fo 2 


e flA cos fox dx 


= -^-{b sin fox + a cos fox) 
fo 2 
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/ 


Hence / e ax cos bx dx 


b 2 ■ 


a 2 + b 


— ) (b sin bx + a cos bx) 


; (b sin bx + a cos bx) + c 


Using a similar method to above, that is, integrating by 
parts twice, the following result may be proved: 

J e ax sin bx dx 

e“ x 

= — -=■(« sin bx — b cos bx) + c (2) 

a 2 +b 2 


Evaluate 
4 decimal places 



e' sin 2 1 dt, correct to 


Comparing f e 1 sin 2 1 dt with f e ax sin bx dx shows that 
x—t, a — 1 and b — 2. 

Hence, substituting into equation (2) gives: 


l 


7T 

4 


sin2f dt 


~ (1 sin 2r — 2 cos 2 1) 

12 + 2 2 Jo 

T( s,n2 (?)“ 2cos2 (?)) 

r«° 

— — (sinO — 2cos0) 


r n 

e 4 


r i i 

T (1 - 0) _ 


[s (0 - 2) J 


= 0.8387, correct to 4 decimal places 


Now try the following exercise 

Exercise 187 Further problems on 
integration by parts 


Determine the integrals in Problems 1 to 5 using 
integration by parts. 


1. 

/ 2x 2 In x dx 

' 2 , / 1 \ 

-■x : 1 lnx-+ c 


J 

1.3 V v J 


2 . 

3. 


/ 

/ 


2 In 3x dx [2x(ln 3x — 1) + c] 

x 2 sin 3x dx 

cos 3x , 2 

-(2 — 9x 2 ) -|—x sin 3x + c 

21 9 


4. 


5. 


/ 

/ 


2e 5x cos 2x dx 
' 2 < 

— e xx {2 sin 2x + 5 cos 2x) + c 

L 29 J 

26 sec 2 Odd [2[6 tan 6 — ln(sec 9)] + c] 


Evaluate the integrals in Problems 6 to 9, correct 
to 4 significant figures. 


6. / x In x dx 


l 

s: 


7. / 2e 3jc sin 2x dir 


8 . 


9. 


f e ' 

r 


cos 3?<fr 


-v^x 2 In x dx 


[0.6363] 

[11.31] 

[-1.543] 

[12.78] 


10. In determining a Fourier series to represent 
f(x) — x in the range — jt to tt, Fourier coeffi¬ 
cients are given by: 

= — / x cos nx dx 


and 


1 f n 

ttn — / 

nJ-7T 

i r 71 
% = - 

ttJ-JZ 


bn = - j x sin nx dx 
t—n 


where n is a positive integer. Show by 
using integration by parts that a n = 0 and 
2 

b„ — — cos mx 
n 

11. The equations: 


and 


C = f e -0 - 40 cos 1.2 Odd 
Jo 

S= f e“ 0 - 40 sin 1.2 Odd 
Jo 


are involved in the study of damped oscilla¬ 
tions. Determine the values of C and S. 

[C = 0.66,5 = 0.41] 





























Chapter 54 


Numerical integration 


54.1 Introduction 


Even with advanced methods of integration there are 
many mathematical functions which cannot be inte¬ 
grated by analytical methods and thus approximate 
methods have then to be used. Approximate methods of 
definite integrals may be determined by what is termed 
numerical integration. 

It may be shown that determining the value of a defi¬ 
nite integral is, in fact, finding the area between a curve, 
the horizontal axis and the specified ordinates. Three 
methods of finding approximate areas under curves are 
the trapezoidal rule, the mid-ordinate rule and Simp¬ 
son’s rule, and these rules are used as a basis for 
numerical integration. 



Figure 54.1 


54.2 The trapezoidal rule 


r b 

Let a required definite integral be denoted by j a ydx 
and be represented by the area under the graph of 
y =f(x) between the limits x = a and x — b as shown 
in Fig. 54.1. 

Let the range of integration be divided into n 
equal intervals each of width d, such that nd = b — a, 
b — a 

i.e. d =- 

n 

The ordinates are labelled yi,y 2 ,y 3 , ■ ■ ■, Tn+t as 
shown. 

An approximation to the area under the curve may 
be determined by joining the tops of the ordinates by 
straight lines. Each interval is thus a trapezium, and 
since the area of a trapezium is given by: 

1 

area = -(sum of parallel sides) (perpendicular 
distance between them) 


then 

f h 

I ydx 
J a 


1 1 

~(y i +yi)d + -(y2 +y-i)d 

l l 

+ 2 (w + y 4 )d + ■ ■ ■ + - ( y n + y n +\ )d 


l 


l 


2?i + yi + yi + y4 H— + yn + 2^" +1 


i.e. the trapezoidal rule states: 


f b /width of\ f 1 /first + last\ l SUm 

l u„„) ( 5 ( 


(1) 


(a) Use integration to evaluate, 

r 3 2 

correct to 3 decimal places, / —= dx 

J 1 y/X 

(b) Use the trapezoidal rule with 4 intervals to 
evaluate the integral in part (a), correct to 
3 decimal places 
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(a) f ~^dx = f 

J 1 y/X J 1 


2 x 2 dx 


2 x<z) +1 


L“2 + 1 ^, 


= j^4x 2 J 


= 4 [Vi]? = 4 [v^ — VT] 

= 2.928, correct to 3 decimal places. 


(b) The range of integration is the difference between 
the upper and lower limits, i.e. 3—1=2. Using 
the trapezoidal rule with 4 intervals gives an inter- 
3- 1 

val width d =-= 0.5 and ordinates situated at 

4 

1.0, 1.5, 2.0, 2.5 and 3.0. Corresponding values of 
2 

—= are shown in the table below, each correct to 

yJX 

4 decimal places (which is one more decimal place 
than required in the problem). 


X 

2 

y/x 

1.0 

2.0000 

1.5 

1.6330 

2.0 

1.4142 

2.5 

1.2649 

3.0 

1.1547 


From equation (1): 



(0.5) 


^(2.0000+ 1.1547) 


+ 1.6330+ 1.4142+ 1.2649 


= 2.945, correct to 3 decimal places. 


This problem demonstrates that even with just 4 inter¬ 
vals a close approximation to the true value of 2.928 
(correct to 3 decimal places) is obtained using the 
trapezoidal rule. 


Use the trapezoidal rule with 8 

f 3 2 

intervals to evaluate / —= dx, correct to 3 

J 1 y/X 

decimal places 


3-1 

With 8 intervals, the width of each is - i.e. 0.25 

8 

giving ordinates at 1.00, 1.25, 1.50, 1.75, 2.00, 2.25, 

2 

2.50, 2.75 and 3.00. Corresponding values of —— are 

yfx 

shown in the table below: 


X 

2 

y/x 

1.00 

2.000 

1.25 

1.7889 

1.50 

1.6330 

1.75 

1.5119 

2.00 

1.4142 

2.25 

1.3333 

2.50 

1.2649 

2.75 

1.2060 

3.00 

1.1547 


From equation (1): 



(0.25) 


-(2.000+ 1.1547)+ 1.7889 
2 

+ 1.6330+ 1.5119+ 1.4142 


+ 1.3333 + 1.2649+ 1.2060 
= 2.932, correct to 3 decimal places 


This problem demonstrates that the greater the num¬ 
ber of intervals chosen (i.e. the smaller the interval 
width) the more accurate will be the value of the defi¬ 
nite integral. The exact value is found when the number 
of intervals is infinite, which is what the process of 
integration is based upon. 


Use the trapezoidal rule to evaluate 

nn / 2 t 

/ - dx using 6 intervals. Give the 

Jo 1 + sinx 

answer correct to 4 significant figures 


With 6 intervals, each will have a width of 


--0 

2 


it 


i.e. — rad (or 15°) and the ordinates occur at 0, 
12 
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7t Jt JT IX 57T It 

—— and—. Corresponding values of 
12 6 4 3 12 2 P K 

1 

-are shown in the table below: 

1 + sinx 


X 

1 

1 + sinx 

0 

1.0000 

— (or 15°) 

12 

0.79440 

- (or 30°) 

6 

0.66667 

- (or 45°) 

4 

0.58579 

- (or 60°) 

3 

0.53590 

5tc 

— (or 75°) 

12 

0.50867 

- (oi-90°) 

2 

0.50000 


From equation (1): 
1 


l 


o 1 + sinx 


tlx ~ ( — 


(s) 


^(1.00000+ 0.50000) 


+ 0.79440 + 0.66667 + 0.58579 

+ 0.53590 + 0.50867 

= 1 . 006 , correct to 4 significant 

figures 


Now try the following exercise 


Exercise 188 Further problems on the 
trapezoidal rule 

Evaluate the following definite integrals using the 
trapezoidal rule, giving the answers correct to 
3 decimal places: 


1. 

2 . 


i: 

r 



2 In 3x dx 


(Use 8 intervals) 


(Use 8 intervals) 


[1.569] 

[6.979] 


3. 

4. 


r /— 

/ Vsin 9 dO (Use 6 intervals) 

Jo 

fl-4 _ 2 

I e ' dx (Use 7 intervals) 

Jo 


[0.672] 

[0.843] 


54.3 The mid-ordinate rule 


Let a required definite integral be denoted again by 

rb 

J a y dx and represented by the area under the graph of 
y =/(x) between the limits x = a and x — b, as shown in 
Fig. 54.2. 



With the mid-ordinate rule each interval of width d is 
assumed to be replaced by a rectangle of height equal to 
the ordinate at the middle point of each interval, shown 
as yi,yi,ys ,..., y n in Fig. 54.2. 


Thus 


f: 


y dx ^ dyi + d\2 + dyi -\ -h dy„ 

& d(yi + V2 + y 3 H-H yn) 

i.e. the mid-ordinate rule states: 

rb 


f 

Ja 


ydx 


width of' 
interval ) 


sum of 

, mid-ordinates , 


( 2 ) 


Use the mid-ordinate rule with (a) 4 

intervals, (b) 8 intervals, to evaluate 


correct to 3 decimal places 

n V* 
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(a) 


With 4 intervals, each will have a width of-, 

4 

i.e. 0.5. and the ordinates will occur at 1.0, 1.5, 2.0, 
2.5 and 3.0. Hence the mid-ordinates >'i ,yi,y 3 and 
y 4 occur at 1.25, 1.75, 2.25 and 2.75 

2 

Corresponding values of —= are shown in the 

s/x 

following table: 


X 

2 

s/x 

1.25 

1.7889 

1.75 

1.5119 

2.25 

1.3333 

2.75 

1.2060 


From equation (2): 



(0.5)[ 1.7889 + 1.5119 

+ 1.3333+ 1.2060] 


= 2.920, correct to 3 decimal places 


From equation (2): 



(0.25)[1.8856+ 1.7056 

+ 1.5689+ 1.4606 
+ 1.3720+ 1.2978 
+ 1.2344+ 1.1795] 


= 2.926, correct to 3 decimal places 


As previously, the greater the number of intervals the 
nearer the result is to the true value of 2.928, correct to 
3 decimal places. 


in 5. Evaluate 


1 * 2.4 

Jo ‘ 


e x / 3 dx, correct to 4 


significant figures, using the mid-ordinate rule with 
6 intervals 


With 6 intervals each will have a width of-, i.e. 

6 

0.40 and the ordinates will occur at 0, 0.40, 0.80, 1.20, 
1.60, 2.00 and 2.40 and thus mid-ordinates at 0.20, 0.60, 
1.00, 1.40, 1.80 and 2.20. 

Corresponding values of e x ^ are shown in the 
following table: 


(b) With 8 intervals, each will have a width of 0.25 
and the ordinates will occur at 1.00, 1.25, 1.50, 
1.75,... and thus mid-ordinates at 1.125, 1.375, 

2 

1.625, 1.875.... Corresponding values of —= are 

y/x 

shown in the following table: 


X 

2 

s/x 

1.125 

1.8856 

1.375 

1.7056 

1.625 

1.5689 

1.875 

1.4606 

2.125 

1.3720 

2.375 

1.2978 

2.625 

1.2344 

2.875 

1.1795 


X 

<TT 

0.20 

0.98676 

0.60 

0.88692 

1.00 

0.71653 

1.40 

0.52031 

1.80 

0.33960 

2.20 

0.19922 


From equation (2): 

r 2.4 2 

/ dx (0.40)[0.98676 + 0.88692 

Jo 

+ 0.71653 + 0.52031 

+ 0.33960 + 0.19922] 
= 1.460, correct to 4 significant figures. 
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Now try the following exercise 


Exercise 189 Further problems on the 
mid-ordinate rule 

Evaluate the following definite integrals using the 
mid-ordinate rule, giving the answers correct to 
3 decimal places. 


■ dt (Use 8 intervals) [3.323] 


r z 3 
Jo 1 + 1 2 

r*/ 2 

Jo 1 

■i: 

r /3 /—?- 

4. / Vcos i xdx (Use 6 intervals) 

Jo 


r”l 2 i 

2. / - d6 (Use 6 intervals) 

sin# 

[0.997] 

3. / - dx (Use 10 intervals) [0.605] 


[0.799] 


54.4 Simpson's rule 


The approximation made with the trapezoidal rule is to 
join the top of two successive ordinates by a straight 
line, i.e. by using a linear approximation of the form 
a + bx. With Simpson’s rule, the approximation made 
is to join the tops of three successive ordinates by a 
parabola, i.e. by using a quadratic approximation of the 
form a+ bx + cx 2 . 

Figure 54.3 shows a parabola y = a + bx + cx 2 with 
ordinates yi, y 2 and >’3 at x = —d, x = 0 and x — d 
respectively. 



Figure 54.3 


Thus the width of each of the two intervals is d. The 
area enclosed by the parabola, the x-axis and ordinates 
x = —d and x — d is given by: 




(i a + bx + cx 2 ) dx — 


= I ad 


bx 2 
bd 2 

‘T* 

— I —ad 


cx 

T_ 

cd 3 
bd 2 

+ T” 


—d 



2 . 

= lad H —cd 
3 

1 9 

or -d(6a + led 2 ) (3) 


Since 

y = a + bx + cx 2 

at 

x = —d, y\ — a — bd + cd 

at 

x = 0, y2 = a 

and at 

x — d, y$ = a + bd + cd 2 

Hence 

y\ +y 3 = 2a + 2cd 2 

and 

y t + 4y2 + J 3 = 6a + led 1 


Thus the area under the parabola between x=—d 
and x = d in Fig. 54.3 may be expressed as 
j(7(yi + 4 y 2 +y 3 ), from equation (3) and (4), and the 
result is seen to be independent of the position of the 
origin. 

Let a definite integral be denoted by f b y dx and rep¬ 
resented by the area under the graph of y = f(x) between 
the limits x = a and x — b, as shown in Fig. 54.4. 
The range of integration, b — a, is divided into an even 
number of intervals, say In, each of width d. 

Since an even number of intervals is specified, an odd 
number of ordinates, 2« + 1, exists. Let an approxima¬ 
tion to the curve over the first two intervals be a parabola 
of the form y = a + bx + cx 2 which passes through the 
tops of the three ordinates y i, V 2 and >’3 . Similarly, let an 
approximation to the curve over the next two intervals 
be the parabola which passes through the tops of the 
ordinates J 3 ,y 4 and yj, and so on. Then 



1 

3 


1 

d(yi + 4 y 2 + V 3 ) +- 3 /(^ 3 + 4 y 4 + ys) 


1 

+ ^d(y 2n -i + 4y 2 „ + ym+ 1 ) 
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-^d[(yi + yin+l) + 4(^2 + V4 + ■ • • + yin ) 
+ 2 (y 3 + y5 + ■ ■ ■ + yin- 1 )] 


i.e. Simpson’s rule states: 


/' 

Jci 


y dx&- /^ width of 
3 \interval 


| /first + last\ 
1 Vordinate / 


Vordinate 

_l_ ^ /sum of even\ 

V ordinates / 

_l_ 2 /sum of remaining^ 1 
Vodd ordinates / J 
(5) 

Note that Simpson’s rule can only be applied when an 
even number of intervals is chosen, i.e. an odd number 
of ordinates. 


Use Simpson’s rule with (a) 4 
intervals, (b) 8 intervals, to evaluate 
f 3 2 

I —— dx, correct to 3 decimal places 
J l Jx 


(a) With 4 intervals, each will have a width of —-— 

i.e. 0.5 and the ordinates will occur at 1.0, 1.5, 2.0, 
2.5 and 3.0. 


The values of the ordinates are as shown in the table 
of Problem 1(b), page 470. 


Thus, from equation (5): 


L 


3 


2 

■sfx 


dx 


^(0.5)[(2.0000+ 1.1547) 

+4(1.6330+ 1.2649) 
+2(1.4142)] 

i(0.5)[3.1547 + 11.5916 
+2.8284] 


= 2.929, correct to 3 decimal 
places. 


(b) 


With 8 intervals, each will have a width of 



i.e. 0.25 and the ordinates occur at 1.00, 1.25, 1.50, 
1.75, ..., 3.0. 


The values of the ordinates are as shown in the table 
in Problem 2, page 470. 

Thus, from equation (5): 

f 3 2 1 

/ — dx& -(0.25)[(2.0000+ 1.1547) 

J 1 y/X 3 

+ 4(1.7889+ 1.5119+ 1.3333 
+ 1.2060)+ 2(1.6330 
+ 1.4142+ 1.2649)] 

= ^(0.25)[3.1547 + 23.3604 

+8.6242] 

= 2.928, correct to 3 decimal 
places. 


It is noted that the latter answer is exactly the same as 
that obtained by integration. In general, Simpson’s rule 
is regarded as the most accurate of the three approximate 
methods used in numerical integration. 


Evaluate 


/•tt/3 

JO 


1 , 

1-sin 2 6 dd , 

3 


correct to 3 decimal places, using Simpson’s rule 
with 6 intervals 


With 6 intervals, each will have a width of 


--0 

3 


7t 


i.e. — rad (or 10°), and the ordinates will occur at 0, 
18 

JT 7T 7T 27T 5tT 7T 

—, —, —, —, — and — 

18 9 6 9 18 3 


























Numerical integration 475 


Corresponding values of y 1 — - sin" 0 are shown in 
the table below: 

6 


0 

7T 

7T 

Tt 

18 

9 

6 


(or 10°) 

(or 20°) 

(or 30°) 

1.0000 

0.9950 

0.9803 

0.9574 

2tt 

57 X 

7T 


~9 

T8 

3 



(or 40°) (or 50°) (or 60°) 


1-sin- 


0.9286 0.8969 0.8660 


From equation (5): 



« - ) [(1.0000+ 0.8660)+ 4(0.9950+ 0.9574 

3 \ 18/ 

+ 0.8969) + 2(0.9803 + 0.9286)] 

= \ [1.8660+ 11.3972 + 3.8178] 

3 V 18 / 

= 0.994, correct to 3 decimal places. 

An alternating current i has the 
following values at equal intervals of 2.0 
milliseconds: 

Time (ms) 0 2.0 4.0 6.0 8.0 10.0 12.0 

Current; 

(A) 0 3.5 8.2 10.0 7.3 2.0 0 

Charge, q, in millicoulombs, is given by 
q = /J * 2 3 ' 0 i dt. Use Simpson’s rule to determine the 
approximate charge in the 12 ms period 


From equation (5): 


Charge, 


q = 



i dt 


~ i(2.0)[(0 + 0) + 4(3.5 + 10.0 + 2.0) 
+ 2(8.2+ 7.3)] 


= 62 mC 


Now try the following exercise 


Exercise 190 Further problems on 
Simpson's rule 

In Problems 1 to 5, evaluate the definite integrals 
using Simpson’s rule, giving the answers correct 
to 3 decimal places. 



fiz/l 

V sin x 




1. 

L 

dx (Use 

6 intervals) 

[1.187] 


n 1.6 

1 




2. 

L 

i + e 4 

d0 (Use 

8 intervals) 

[1.034] 


/. 1.0 

sin0 




3. 

/ 

dO (Use 8 

intervals) 

[0.747] 


J 0.2 

V 





r-n/2 





4. 

L 

xcosx 

dx (Use 

6 intervals) 

[0.571] 


ptt/3 

,2 





5. / e x sin 2xdx (Use 10 intervals) 

Jo 


[1.260] 

In Problems 6 and 7 evaluate the definite inte¬ 
grals using (a) integration, (b) the trapezoidal rule, 
(c) the mid-ordinate rule, (d) Simpson’s rule. Give 
answers correct to 3 decimal places. 

f 4 4 

6. / —r dx (Use 6 intervals) 

J t 

(a) 1.875 (b) 2.107 
(c) 1.765 (d) 1.916 


1 

, dx 

s/2x - 1 


In Problems 8 and 9 evaluate the definite integrals 
using (a) the trapezoidal rule, (b) the mid-ordinate 
rule, (c) Simpson’s rule. Use 6 intervals in each 
case and give answers correct to 3 decimal places. 

8. J V 1 + x 4 dx 

[(a) 10.194 (b) 10.007 (c) 10.070] 



[(a) 0.677 (b) 0.674 (c) 0.675] 


(Use 8 intervals) 

(a) 1.585 (b) 1.588 
(c) 1.583 (d) 1.585 
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10. A vehicle starts from rest and its velocity is 
measured every second for 8 seconds, with 
values as follows: 


time t (s) velocity v (ms 1 ) 

0 

0 

1.0 

0.4 

2.0 

1.0 

3.0 

1.7 

4.0 

2.9 

5.0 

4.1 

6.0 

6.2 

7.0 

8.0 

8.0 

9.4 


The distance travelled in 8.0 seconds is given 
8.0 

vdt. 


by 


/ 


Estimate this distance using Simpson’s rule, 
giving the answer correct to 3 significant 
figures. [28.8 m] 


11. A pin moves along a straight guide so that its 
velocity v (m/s) when it is a distance x (m) 
from the beginning of the guide at time t (s) 
is given in the table below: 


t( s) 

u(m/s) 

0 

0 

0.5 

0.052 

1.0 

0.082 

1.5 

0.125 

2.0 

0.162 

2.5 

0.175 

3.0 

0.186 

3.5 

0.160 

4.0 

0 


Use Simpson’s rule with 8 intervals to deter¬ 
mine the approximate total distance travelled 
by the pin in the 4.0 second period. 

[0.485 m] 


















Revision Test 15 


This Revision test covers the material contained in Chapters 51 
brackets at the end of each question. 


1. Determine: (a) 

3 —x 


f x — 11 

J x 2 —x — '. 


dx 


(b) 


/ 


(x 2 + 3)(x + 3) 


dx 


( 21 ) 


2. Evaluate: J 
figures. 


3. Determine 


i„e:/ 


x 2 (x + 2) 
dx 


2sin^+ cosx 
4. Determine the following integrals: 


dx correct to 4 significant 

( 11 ) 

(7) 


(a) / 5 xe 2x dx (b) J t 2 sin 2 1 dt 


( 12 ) 


5. Evaluate correct to 3 decimal places: 

r*4 


J sTx l n x dx 


(9) 


f 3 5 

6. Evaluate: / dx using 

J l 

(a) integration 

(b) the trapezoidal rule 


7. 


to 54. 77ze marks for each question are shown in 

(c) the mid-ordinate rule 

(d) Simpson’s rule. 

In each of the approximate methods use 8 intervals 
and give the answers correct to 3 decimal places. 

(16) 

An alternating current i has the following values 
at equal intervals of 5 ms: 

Timer (ms) 0 5 10 15 20 25 30 

Current/'(A) 0 4.8 9.1 12.7 8.8 3.5 0 

Charge q, in coulombs, is given by 
r30xi(r 3 


-/ 


i dt. 


Use Simpson’s rule to determine the approximate 
charge in the 30 ms period. (4) 
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Chapter 55 


Areas underand 
between curves 


55.1 Area under a curve 


The area shown shaded in Fig. 55.1 may be determined 
using approximate methods (such as the trapezoidal 
rule, the mid-ordinate rule or Simpson’s rule) or, more 
precisely, by using integration. 



Figure 55.1 


(i) Let A be the area shown shaded in Fig. 55.1 and let 
this area be divided into a number of strips each 
of width Sx. One such strip is shown and let the 
area of this strip be SA. 

Then: SA ~ ySx (1) 

The accuracy of statement (1) increases when the 
width of each strip is reduced, i.e. area A is divided 
into a greater number of strips. 

(ii) Area A is equal to the sum of all the strips from 
x — a to x = b. 


A = 


x=b 

limit > ySx 

Sx^ 0 ^— 
x=a 


SA 

(iii) From statement (1), — s»y 
Sx 


(3) 


SA 


In the limit, as Sx approaches zero, — becomes 

Sx 

dA 

the differential coefficient — 
dx 


SA 


dA 


Hence limit — ) = — = y, from statement (3). 
0 \ Sx J dx 

By integration, 


/£*-/ 


ydx i.e. A 


-/ 


ydx 


The ordinates x — a and x = b limit the area and 
such ordinate values are shown as limits. Hence 

A = f ydx (4) 

J Cl 

(iv) Equating statements (2) and (4) gives: 


Area A = 



-f 


f(x) dx 


(v) If the area between a curve x=f(y), the y-axis 
and ordinates y — p and y — q is required, then 

fi 

area =1 xdy 

Jp 

Thus, determining the area under a curve by integration 
merely involves evaluating a definite integral. 

There are several instances in engineering and science 
where the area beneath a curve needs to be accurately 


i.e. 


( 2 ) 
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determined. For example, the areas between limits 
of a: 

velocity/time graph gives distance travelled, 
force/distance graph gives work done, 
voltage/current graph gives power, and so on. 

Should a curve drop below the x-axis, then y (=/(x)) 
becomes negative and/Yx) dx is negative. When deter¬ 
mining such areas by integration, a negative sign is 
placed before the integral. For the curve shown in 
Fig. 55.2, the total shaded area is given by (area E + 
area F + area G). 



Figure 55.2 


By integration, total shaded area 

= f f(x)dx- ( f(x)dx + f f(x)dx 
J a Jb J c 


(Note that this is not the same as f£f(x) dx.) 

It is usually necessary to sketch a curve in order to check 
whether it crosses the x-axis. 


55.2 Worked problems on the area 
under a curve 


Determine the area enclosed by 
y = 2x + 3, the x-axis and ordinates x = I and x = 4 


y = 2x + 3 is a straight line graph as shown in Fig. 55.3, 
where the required area is shown shaded. 

By integration. 


shaded area = 


j: 

c 


y dx 


(2x + 3) dx 


2x 1 


3x 


[(16+12)-(1+3)] 



Figure 55.3 

[This answer may be checked since the shaded area is a 
trapezium. 

Area of trapezium 

1 (sum of parallel^ (perpendicular distanced 

2 \ sides J \ between parallel sides J 

= |(5+ 11)(3) 

= 24 square units] 


The velocity v of a body t seconds 
after a certain instant is: (2 1 2 + 5) m/s. Find by 
integration how far it moves in the interval from 
t = 0 to t = 4 s 


Since 2 1 2 + 5 is a quadratic expression, the curve 
i> = 2r 2 + 5 is a parabola cutting the u-axis at v = 5, as 
shown in Fig. 55.4. 

The distance travelled is given by the area under the v/t 
curve (shown shaded in Fig. 55.4). 

By integration. 


shaded area = 


£ 

£ 


vdt 


(2 r 


"2f 3 

T + 5r 

2(4 3 ) 


5 )dt 

4 

0 


5(4) 


-( 0 ) 


= 24 square units 


i.e. distance travelled = 62.67 m 
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Figure 55.4 


Sketch the graph 

y = x 3 + 2x 2 — 5x —6 between x — — 3 and x — 2 
and determine the area enclosed by the curve and 
the x-axis 



X 

-3 

-2 

-1 

0 

1 

2 

X 3 

-27 

-8 

-1 

0 

1 

8 

2x 2 

18 

8 

2 

0 

2 

8 

—5x 

15 

10 

5 

0 

-5 - 

10 

-6 

-6 

-6 

-6 

-6 

-6 

-6 

y 

0 

4 

0 

-6 

-8 

0 

Shaded 

area = 

( ydx 

-£ 

ydx, 

the minus 

sign 


before the second integral being necessary since the 
enclosed area is below the x-axis. 

Hence shaded area 




(x 3 + 2x 2 — 5x — 6) dx 


i: 


(x 3 + 2x 2 — 5x — 6) dx 


x 4 2x 3 5x 2 
~4 + "3 2 


-l 


-3 

x 4 2x 3 5x 2 


1 2 5 

4 _ 3 _ 2 


6x 


81 45 

T - 18 - y+ !8 

16 

4+- 10-12 

3 


1 2 5 


-l 


4 3 2 


"Is 1 ! 

2 1 11 

.1 12 J 

r 2 itJ 


rr 2 ) 

i )i 

-12- - 

3 — 

LI 3) 

12 Jj 


1 

5- 


[— 15 -1 

3 


4_ 


= 21 — or 21.08 square units 


A table of values is produced and the graph sketched as 
shown in Fig. 55.5 where the area enclosed by the curve 
and the x-axis is shown shaded. 


Determine the area enclosed by the 
curve y = 3x 2 + 4, the x-axis and ordinates x = 1 
and x = 4 by (a) the trapezoidal rule, (b) the 
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mid-ordinate rule, (c) Simpson’s rule, and 
(d) integration 


X 

0 1.0 1.5 2.0 2.5 3.0 3.5 4.0 

y 

4 7 10.75 16 22.75 3140.75 52 



The curve y — 3x 2 + 4 is shown plotted in Fig. 55.6. 


(a) By the trapezoidal rule 


Area = 


width of 
interval 


1 {first + last 

2 \ ordinate 


{ sum of \ 
remaining 
V ordinates / 


Selecting 6 intervals each of width 0.5 gives: 


Area = (0.5) 


^(7 + 52) + 10.75 + 16 


+ 22.75 + 31 +40.75 


= 75.375 square units 


(b) By the mid-ordinate rule, 

area= (width of interval) (sum of mid-ordinates). 
Selecting 6 intervals, each of width 0.5 gives the 
mid-ordinates as shown by the broken lines in 
Fig. 55.6. 


Thus, area = (0.5)(8.5 + 13 + 19 + 26.5 


(c) By Simpson’s rule, 

1 (width of 
area = - I . . 

3 V interval 


+ 4 


first + last 
ordinates 

sum of even 


ordinates 

sum of remaining 
odd ordinates 


Selecting 6 intervals, each of width 0.5, gives: 

1 

area = -(0.5)[(7 + 52) + 4(10.75 + 22.75 

+ 40.75)+ 2(16+ 31)] 


= 75 square units 
(d) By integration, shaded area 
= J ydx 


=jy 


■ 4) dx 


= [x i +4x} 4 [ 

= 75 square units 

Integration gives the precise value for the area 
under a curve. In this case Simpson’s rule is seen 
to be the most accurate of the three approximate 
methods. 


Find the area enclosed by the curve 
y = sin 2x, the x-axis and the ordinates x — 0 and 
x = n!3 


A sketch of y — sin 2x is shown in Fig. 55.7. 



+ 35.5 + 46) 

= 74.25 square units 


(Note that y = sin 2x has a period of 


2tc 

T’ 


i.e. 


n radians.) 
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Shaded area 



• square units 

4 2 4 


Now try the following exercise 


Exercise 191 Further problems on area 
under curves 

Unless otherwise stated all answers are in square 
units. 

1. Shown by integration that the area of the tri¬ 
angle formed by the line y — 2x, the ordinates 
x = 0 and x = 4 and the x-axis is 16 square 
units. 

2. Sketch the curve y = 3x 2 + 1 between x = —2 

and x = 4. Determine by integration the area 
enclosed by the curve, the x-axis and ordinates 
x = — 1 andx = 3. Use an approximate method 
to find the area and compare your result with 
that obtained by integration. [32] 

In Problems 3 to 8, find the area enclosed between 
the given curves, the horizontal axis and the given 


ordinates. 


3. y = 5x; x=l,x = 4 

[37.5] 

4. y = 2x 2 —x+1; x=—l,x = 2 

[7.5] 

5. y = 2sin20; 9 = 0,9 — — 

[1] 

6. 6 = t + e t \ t = 0, t = 2 

[8.389] 

7X 

7. y = 5cos3f; t = 0,t= — 

6 

[1.67] 

OO 

II 

1 

1? 

1 

u> 

II 

p 

* 

II 

[2.67] 


55.3 Further worked problems on 
the area under a curve 


A gas expands according to the law 
pv = constant. When the volume is 3 m 3 the 

pressure is 150 kPa. Given that 

rv 2 

work done = / pdv, determine the work 

J V\ 


done as the gas expands from 2 m 3 to a 
volume of 6 m 3 


pv — constant. When t = 3m 3 and p = 150kPa the 
constant is given by (3 x 150) = 450 kPam 3 or 450 kJ. 


450 

Hence pv — 450, or p = - 


Work done = 


f 


450 


-d v 


= [450Inn]® = 450[In6 - In2] 


= 450 In - = 450 In 3 = 494.4 kJ 


Determine the area enclosed by the 
( 9\ 

curve y — 4 cos [ — j, the 0-axis and ordinates 9 — 0 

JT 

and 0 — — 

2 


The curve y — 4 cos (9/2) is shown in Fig. 55.8. 



Figure 55.8 

(9\ 

(Note that y = 4 cos I - I has a maximum value of 4 and 
period 2jtI(1/2), i.e. 4 jt rads.) 


Shaded area = 


r*/ 2 r */2 

/ yde= / ■ 

Jo Jo 


4 cos -dO 
2 
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(8 sinO) 


= 5.657 square units 


Determine the area bounded by the 
curve y = 3e ?//4 , the f-axis and ordinates t = — 1 and 
t = 4, correct to 4 significant figures 


A table of values is produced as shown. 



t -10 12 3 4 

y = 3e ? / 4 2.34 3.0 3.85 4.95 6.35 8.15 


Since all the values of y are positive the area required is 
wholly above the f-axis. 


Hence area = 


-L 


ydt 


-L 


= / 3e ,/4 dt = 


-i4 


( 1 )' 


+/ 4 


J -1 


= 12[ e f / 4 ] 4 _ 1 = 12 ( e 1 - e - 1 / 4 ) 

= 12(2.7183 - 0.7788) 

= 12(1.9395) = 23.27 square units 


Sketch the curve y — x 2 + 5 between 
x = — 1 and x = 4. Find the area enclosed by the 
curve, the x-axis and the ordinates x = 0 and x — 3. 
Determine also, by integration, the area enclosed by 
the curve and the y-axis, between the same limits 


A table of values is produced and the curve y = x 2 + 5 
plotted as shown in Fig. 55.9. 


x -1 0 1 2 3 

y 6 5 6 9 14 

Shaded area = 1 y dx = I (x 2 + 5) dx 

Jo ’ Jo 



= 24 square units 

When x = 3, y = 3 2 + 5 = 14, and when x = 0, y = 5. 


Figure 55.9 

Since y = x 2 + 5 then x 2 = y — 5 and x = s/y — 5 
The area enclosed by the curve y = x 2 + 5 (i.e. 
x = y — 5), the y-axis and the ordinates y = 5 and 
y= 14 (i.e. area ABC of Fig. 55.9) is given by: 

py = 14 n 14 

Area = / xdy = I jy — 5 dy 
Jv=5 J 5 

r 14 

= Jf (y — 5) 1 / 2 dy 
du 

Let u = y — 5, then — =1 and dv — du 
dy 

Hence J (y — 5) 1 ^ 2 dy= J u 1 ^ 2 du=-u } ^ 2 

(for algebraic substitutions, see Chapter 49) 

Since u = y — 5 then 

^ 14 V^5r/y= L[(y —5) 3 / 2 ]J 4 

= |[V93 - 0] 

= 18 square units 

(Check: FromFig. 55.9, areaBCPQ + area ABC = 24 + 
18 = 42 square units, which is the area of rectangle 
ABQP.) 

Determine the area between the 
curve y = x 3 — 2x 2 — 8x and the x-axis 


y = x 3 — 2x 2 — 8x = x(x 2 — 2x — 8) 

= x(x + 2)(x — 4) 

When y = 0, then x = 0 or (x + 2) = 0 or (x — 4) = 0, 
i.e. when y = 0, x = 0 or —2 or 4, which means that 
the curve crosses the x-axis at 0, —2 and 4. Since 
the curve is a continuous function, only one other 
co-ordinate value needs to be calculated before a sketch 
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of the curve can be produced. When x = 1, y— —9, 
showing that the part of the curve between x = 0 and 
x — 4 is negative. A sketch ofy = x 3 — 2x 2 — 8x is shown 
in Fig. 55.10. (Another method of sketching Fig. 55.10 
would have been to draw up a table of values.) 



Figure 55.10 


Shaded area = 


=£ 


(x 3 — 2x 2 — 8 x) dx 


f 


(x 3 — 2x 2 — 8x) dx 


r x 4 


2x 3 8x 2 


-2 


x' 2x 3 8x 2 


£ 

4 


= 6- - -42- 


= 49- square units 


Now try the following exercise 


Exercise 192 Further problems on areas 
under curves 


In Problems 1 and 2, find the area enclosed between 
the given curves, the horizontal axis and the given 
ordinates. 

1. y = 2x 3 ; x = — 2, x = 2 [16 square units] 

2. xv = 4; x=l,x = 4 [5.545 square units] 

3. The force F newtons acting on a body at 
a distance x metres from a fixed point is 
given by: F = 3x + 2x 2 . If work done = 



F dx, determine the work done when the 


body moves from the position where x = 1 m 
to that where x = 3 m. [29.33 Nm] 

4. Find the area between the curve y = 4x — x 2 

and the x-axis. [10.67 square units] 

5. Determine the area enclosed by the curve 
y = 5x 2 + 2, the x-axis and the ordinates x = 0 
and x = 3. Find also the area enclosed by the 
curve and the y-axis between the same limits. 

[51 sq. units, 90 sq. units] 

6. Calculate the area enclosed between 
y — x 3 — 4x 2 — 5x and the x-axis. 

[73.83 sq. units] 

7. The velocity v of a vehicle t seconds after a 

certain instant is given by: v— (3 1 2 + 4) m/s. 
Determine how far it moves in the interval from 
f=lstof = 5s. [140 m] 


8. A gas expands according to the law pv = 
constant. When the volume is 2 m 3 the pres¬ 
sure is 250 kPa. Find the work done as the gas 
expands from 1 m 3 to a volume of 4 m 3 given 


that work done = 



[693.1 kJ] 


55.4 The area between curves 


The area enclosed between curves y —f\ (x) andy —fi(x) 
(shown shaded in Fig. 55.11) is given by: 


f b f 1 

shaded area = 1 fjix) dx — I 

J a J a 


f\ (x) dx 


-L 


= / \fi(x) -f 2 (x)\dx 
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Determine the area enclosed 
between the curves y = x 2 + 1 and y = 7 — x 

At the points of intersection, the curves are equal. 
Thus, equating the y-values of each curve gives: 
x 2 + 1 = 7 — x, from which x 2 + x — 6 = 0. Factorising 
gives (x — 2)(x + 3) = 0, from which, x = 2 and x — — 3. 
By firstly determining the points of intersection the 
range of x-values has been found. Tables of values are 
produced as shown below. 


X 

-3 

-2 

-1 

0 

1 

2 

y — x 2 +1 

10 

5 

2 

1 

2 

5 

X 


-3 

0 


2 


y — l — x 


10 

7 


5 



A sketch of the two curves is shown in Fig. 55.12. (b) 


(a) Determine the coordinates of the 
points of intersection of the curves y = x 2 and 
y 2 = 8x. (b) Sketch the curves y — x 2 and y 2 — 8x on 
the same axes, (c) Calculate the area enclosed by 
the two curves 

(a) At the points of intersection the coordinates of the 
curves are equal. When y—x 1 then y 2 = x 4 . 

Hence at the points of intersection x 4 = 8x, by 
equating the y 2 values. 

Thus x 4 — 8x = 0, from which x(x 3 — 8) = 0, i.e. 
x = 0 or (x 3 — 8) = 0. 

Hence at the points of intersection x — 0 or x = 2. 

When x = 0, y = 0 and when x = 2, y — 2 1 = 4. 

Hence the points of intersection of the curves 
y—x 2 and y 2 — 8 x are (0, 0) and (2,4) 

A sketch of y = x 2 and y 2 — 8x is shown in 
Fig. 55.13 



Figure 55.12 

Shaded area = 


J (7 — x)dx — J (x 2 + 1 )dx 

i 

L 


[(7 - x) - (x 2 + 1 )]dx 


■ x 2 )dx 


2 3 -I- 

s X X 3 

6x- 

2 3 


-3 


8 


12-2- - - -18- - + 9 


= 7 - - -13 


= 20- square units 
6 



Figure 55.13 

(c) Shaded area = / {\/8x — x 2 }dx 

Jo 



16 8 _ 8 
y ~ 3 _ 3 


= 2- square units 
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Determine by integration the area 
bounded by the three straight lines y = 4 — x, y — 3x 
and 3 y=x 


Each of the straight lines is shown sketched in 
Fig. 55.14. 



Figure 55.14 


Shaded area = / (3x -) tlx 

Jo V 3/ 


Now try the following exercise 

Exercise 193 Further problems on areas 
between curves 

1. Determine the coordinates of the points of 
intersection and the area enclosed between the 
parabolas y 2 = 3x and x 2 — 3 y. 

[(0, 0) and (3, 3), 3 sq. units] 

2. Sketch the curves y = x 2 + 3 and y — l — 3x 
and determine the area enclosed by them. 

[20.83 square units] 

3. Determine the area enclosed by the curves 
y — sin x and y = cos x and the v-axis. 

[0.4142 square units] 

4. Determine the area enclosed by the three 
straight lines y = 3x, 2y = x and y + 2x = 5 

[2.5 sq. units] 



= 4 square units 
















Chapter 56 


Mean and root mean 

square values 


56.1 Mean or average values 


half a cycle’, since the mean value over a complete 
cycle is zero. 


(i) The mean or average value of the curve shown in 
Fig. 56.1, between x = a and x = b, is given by: 

mean or average value, 

area under curve 
V length of base 



(ii) When the area under a curve may be obtained by 
integration then: 
mean or average value, 


i.e. 


y = 


f 

J a 


y dx 


1 f b 

y = 7-/ f(x) dx 

b -a J a 


(iii) For a periodic function, such as a sine wave, the 
mean value is assumed to be ‘the mean value over 


Determine, using integration, the 
mean value of y — 5x 2 between x —l and x — 4 


Mean value. 


y = 


i r 4 

i 


ydx 


5x* 



5x 2 dx 

^(64— 1) = 35 


A sinusoidal voltage is given by 
v = 100 sin cot volts. Determine the mean value of 
the voltage over half a cycle using integration 


Half a cycle means the limits are 0 to n radians. 
Mean value, 

i r 

v — -/ vd{cot ) 

Tt - 0 Jo 

1 [ n 100 r 17r 

— / lOOsinwf =- —cos cot L 

7tJ 0 tt ju 


100 


= -[(—COS 7T) — (—cos 0)] 

Tt 


100 


[(+!)-(-!)] = 


200 


Tt TT 

= 63.66 volts 

[Note that for a sine wave, 

2 

mean value = — x maximum value 

Tt 


















Section 9 


488 Engineering Mathematics 


In this case, mean value = — x 100= 63.66 V] 

JT 


Calculate the mean value of 
y = 3x 2 + 2 in the range x = 0 to x = 3 by (a) the 
mid-ordinate rule and (b) integration 


(a) A graph of y = 3x 2 over the required range is 
shown in Fig. 56.2 using the following table: 

x 0 0.5 1.0 1.5 2.0 2.5 3.0 

y 2.0 2.75 5.0 8.75 14.0 20.75 29.0 



Figure 56.2 

Using the mid-ordinate rule, mean value 
area under curve 
length of base 
sum of mid-ordinates 
number of mid-ordinates 
Selecting 6 intervals, each of width 0.5, the mid¬ 
ordinates are erected as shown by the broken lines 
in Fig. 56.2. 


2 . 2 - 


Mean value = 


. 3 7 _|_ 6 7 . 
+ 17.2 


11.2 

24.7 


65.7 


= 10.95 


(b) By integration, mean value 

= [ ydx — | f (3x 2 + 2)dx 

3 ~ V J o 5 J 0 

= ^[x 3 + 2x] 3 = I[(27 + 6)-(0)] 

= 11 

The answer obtained by integration is exact; 
greater accuracy may be obtained by the mid¬ 
ordinate rule if a larger number of intervals are 
selected. 


The number of atoms, N, remaining 
in a mass of material during radioactive decay after 
time t seconds is given by: N — Noe~ Xt , where No 
and A are constants. Determine the mean number of 
atoms in the mass of material for the time period 
1 

t = 0 and t = — 

X 


Mean number of atoms 
• l/x 

0 


i r'/ k i r 

- I N dt — -y I 

_ n Jo 1 Jo 

X 


1A 


Noe 11 dt 


= XN 0 f 
Jo 


1A 


e~ kt dt = XN 0 


„-kt 


-X 


1A 


Jo 


= - N Q [e- x(l/x) - e°] = -V 0 [<? _1 - e°] 

= +V 0 [e° - e -1 ] = V 0 [l - e -1 ] = 0.632N 0 


Now try the following exercise 


Exercise 194 Further problems on mean or 
average values 

1. Determine the mean value of (a) y = 3^/x from 
x = 0 to x = 4 (b) y — sin 2 6 from 9 — 0 to 

7T 

0 — — (c) y — 4e from t = 1 to t — 4 

(a) 4 (b)-or 0.637 (c) 69.17 

7T 

2. Calculate the mean value of y = 2x 2 + 5 in the 

range x = 1 to x = 4 by (a) the mid-ordinate 
rule, and (b) integration. [19] 
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3. The speed v of a vehicle is given by: 

v = (4t + 3) m/s, where t is the time in seconds. 
Determine the average value of the speed from 
t = 0 to t — 3 s. [9 m/s] 

4. Find the mean value of the curve 

y = 6 + jt — x 2 which lies above the x- 
axis by using an approximate method. Check 
the result using integration. [4.17] 

5. The vertical height h km of a missile varies 
with the horizontal distance d km, and is given 
by h = 4d — d 2 . Determine the mean height of 
the missile from d = 0 to d — 4 km. 

[2.67 km] 

6. The velocity v of a piston moving with simple 
harmonic motion at any time t is given by: 
v = c sin cot, where c is a constant. Determine 

Tt 

the mean velocity between t — 0 and t — — 

co 

"2 c 

Tt 


56.2 Root mean square values 


The root mean square value of a quantity is ‘the sqaure 
root of the mean value of the squared values of the quan¬ 
tity’ taken over an interval. With reference to Fig. 56.1, 
the r.m.s. value of y —fix) over the range x — atox — b 
is given by: 


r.m.s. value = 



One of the principal applications of r.m.s. values is with 
alternating currents and voltages. The r.m.s. value of 
an alternating current is defined as that current which 
will give the same heating effect as the equivalent direct 
current. 


Determine the r.m.s. value of y — 2x 2 
between x = 1 and x = 4 



v: 


4x 4 dx = J - 


4 IV 4 
5~ 


= 1024- 1) = V272.8 = 16.5 


A sinusoidal voltage has a maximum 
value of 100 V. Calculate its r.m.s. value 


A sinusoidal voltage v having a maximum value of 100 V 
may be written as: v — 100 sin 9. Over the range 9 — 0 
to 6 — jt, 
r.m.s. value 


Tt 


i r 
^0 Jo 


v 2 d9 


f (100sin #) 2 dO 
^ Jo 


'10 000 


Tt 




sin 2 9 d9 


which is not a ‘standard’ integral. It is shown in Chapter 
27 that cos 2A = 1 — 2 sin 2 A and this formula is used 
whenever sin 2 A needs to be integrated. 

Rearranging cos 2A = 1 — 2 sin 2 A gives 
sin 2 A= j(l — cos2A) 


Hence 


/10 000 

r 9 

,- 

/ sin 2 OdO 

y 7 r 

Jo 

/10 000 

r i 

— 

/ -a-cos 2 9 )d 9 

1 Tt J 

'o 2 


'10000 


Tt 


1 f sin 29 

- 0 - 

2 L 2 


'10000 1 
Tt 2 


it 


'10000 1 


It 


:br] = 


sin 29 

71 

2 

0 

sin 2n\ 

2 


1 10 000 


sin 0 

2 


100 

V5 


= 70.71 volts 


[Note that for a sine wave, 

1 

r.m.s. value = —— x maximum value. 

sfl 

1 

In this case, r.m.s. value = —= x 100 = 70.71 V] 

V2 
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In a frequency distribution the 
average distance from the mean, y, is related to the 
variable, x, by the equation y — 2x 2 — 1. Determine, 
correct to 3 significant figures, the r.m.s. deviation 
from the mean for values of x from — 1 to +4 


R.m.s. deviation 



— yj ^ [(737.87) — (—0.467)] 


= -y/ ^ [738.34] 

= V 147.67 = 12.152 = 12.2, 

correct to 3 significant figures. 


Now try the following exercise 

Exercise 195 Further problems on root 
mean square values 

1. Determine the r.m.s. values of: 

(a) y = 3x from x — 0 to x = 4 

(b) y = t 2 from t = 1 to t — 3 

(c) y = 25 sin 9 from 9 = 0 to 9 — 2jt 

(a) 6.928 (b) 4.919 (c) or 17.68 


2. Calculate the r.m.s. values of: 

(a) y = sin 29 from 9 — 0 to 9 = — 

(b) y= 1 + sin t from t — 0 to t — 2it 

(c) y = 3 cos 2x from x = 0 to x = tz 

, 1 

(Note that cos - t = -(1 + cos 2 1), from Chap¬ 
ter 27). 

r i i 

(a) — or 0.707 (b) 1.225 (c) 2.121 


3. The distance, p, of points from the mean value 
of a frequency distribution are related to the 

1 

variable, q , by the equation p= —b q. Deter- 

q 

mine the standard deviation (i.e. the r.m.s. 
value), correct to 3 significant figures, for 
values from q — 1 to q = 3. [2.58] 

4. A current, i — 30 sin I OOirt amperes is applied 
across an electric circuit. Determine its mean 
and r.m.s. values, each correct to 4 significant 
figures, over the range t = 0 to t = 10 ms. 

[19.10A, 21.21 A] 

5. A sinusoidal voltage has a peak value of 340 V. 

Calculate its mean and r.m.s. values, correct to 
3 significant figures. [216 V, 240 V] 

6 . Determine the form factor, correct to 3 sig¬ 
nificant figures, of a sinusoidal voltage of 
maximum value 100 volts, given that form 

r.m.s. value 

factor =- [ 1 . 11 ] 

average value 

7. A wave is defined by the equation: 

v — E\ sin cot + £3 sin 3 cot 

where, E\ , £3 and to are constants. 

Determine the r.m.s. value of v over the interval 

it 

0 <t<- 
co 































Chapter 57 


Volumes of solids of 

revolution 


57.1 Introduction 


If the area under the curve y =/(x), (shown in 
Fig. 57.1(a)), between x — a and x — b is rotated 360° 
about the x-axis, then a volume known as a solid of 
revolution is produced as shown in Fig. 57.1(b). 



(i) Let the area shown in Fig. 57.1(a) be divided into 
a number of strips each of width Sx. One such strip 
is shown shaded. 

(ii) When the area is rotated 360° about the x-axis, 
each strip produces a solid of revolution approx¬ 
imating to a circular disc of radius y and thick¬ 
ness <5x. Volume of disc = (circular cross-sectional 
area) (thickness) = (7ty 2 )(8x) 

(iii) Total volume, V, between ordinates x — a and 
x = b is given by: 


x=b 

Volume V = limit Tty 2 8x = 

8x^0^ 

x=a 



ity 2 dx 


If a curve x =f(y) is rotated about the y-axis 360° 
between the limits y = c and y = d, as shown in 
Fig. 57.2, then the volume generated is given by: 


Volume V 



y 

y= d 



Figure 57.1 

The volume of such a solid may be determined precisely 
using integration. 


Figure 57.2 
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57.2 Worked problems on volumes of 
solids of revolution 


Determine the volume of the solid of 
revolution formed when the curve y = 2 is rotated 
360° about the x-axis between the limits x = 0 
to x = 3 


When y — 2 is rotated 360° about the x-axis between 
x = 0 and x = 3 (see Fig. 57.3): 

volume generated 

= / Tty 2 dx = I 7r(2) 2 dx 

Jo ' Jo 

3 

4jt dx — 47t[x]q = 12jt cubic units 

[Check: The volume generated is a cylinder of radius 2 
and height 3. 

Volume of cylinder = nr 2 h — 7r(2) 2 (3) = 127T cubic 
units.] 




Figure 57.3 


Find the volume of the solid of 
revolution when the cure y = 2x is rotated 
one revolution about the x-axis between the limits 
x = 0 and x = 5 

When y = 2x is revolved one revolution about the 
x-axis between x = 0 and x = 5 (see Fig. 57.4) then: 

volume generated 


/ 

f 


— I ny 2 dx — 
3 

r-5 


jf 


Tt(2x) z dx 

r.3n5 


= / 4jtx~dx — 4 tt — 


0 


500t r 
3 


166-;r cubic units 
3 



Figure 57.4 

[Check: The volume generated is a cone of radius 10 
and height 5. Volume of cone 


1 


1 


= -nr h = -jr(10) 5 = 
3 3 


500tt 


= 166-7Tcubic units.] 
3 


The curve y = x 2 + 4 is rotated one 
revolution about the x-axis between the limits 
x = 1 and x = 4. Determine the volume of the 
solid of revolution produced 



Figure 57.5 

Revolving the shaded area shown in Fig. 57.5 about the 
x-axis 360° produces a solid of revolution given by: 

/ 4 /*4 

ny 2 dx — J n(x 2 + 4 ) 2 dx 

jr(x 4 + 8x 2 + 16) dx 
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x 5 8x 3 

— -}- --(“ 16x 

5 3 


= 7t[(204.8 + 170.67 + 64) - (0.2 + 2.67 + 16)] 

= 420.6tt cubic units 


If the curve in Problem 3 is revolved 
about the y-axis between the same limits, determine 
the volume of the solid of revolution produced 


The volume produced when the curve y = x 2 + 4 is 
rotated about the y-axis between y = 5 (when x = 1) 
and y = 20 (when x = 4), i.e. rotating area ABCD of 
Fig. 57.5 about the y-axis is given by: 

r 20 2 

volume = 1 7Tx" dy 
Since y = x 2 + 4, then x 2 = y — 4 


Hence volume = 



jr(y 


— 4 )dy = 7t 



= *[(120) - (-7.5)] 


= 127.57T cubic units 


Now try the following exercise 


enclosed by the given curves, the y-axis and the 
given ordinates through one revolution about the 
y-axis. 

6. y = x 2 ; y=l,y = 3 [4 tt] 

7. y = 3x 2 — 1; y = 2,y = 4 [2.67 tt] 

8. y = -; y=l,y = 3 [2.67 jt] 

9. The curve y = 2x 2 + 3 is rotated about (a) the 

x-axis between the limits x = 0 and x = 3, 
and (b) the y-axis, between the same limits. 
Determine the volume generated in each case. 

[(a) 329.4 tt (b) 81 tt] 


57.3 Further worked problems on 
volumes of solids of revolution 


The area enclosed by the curve 

X 

y = 3e 3, the x-axis and ordinates x = — 1 and x = 3 
is rotated 360° about the x-axis. Determine the 
volume generated 


Exercise 196 Further problems on volumes 
of solids of revolution 

(Answers are in cubic units and in terms of rt). 

In Problems 1 to 5, determine the volume of the 
solid of revolution formed by revolving the areas 
enclosed by the given curve, the x-axis and the 
given ordinates through one revolution about the 
x-axis. 


1. 

H 

LT) 

II 

x = 1, x = 4 

[525tt] 

2. 

y — x 2 ; 

x = —2, x = 3 

[55tt] 

3. 

y = 2x 2 

,,2 

+ 3; x = 0, x = 2 

[75.6tt] 

4. 

y _ 

4 X ’ 

x = 1, x = 5 

[48j r] 

5. 

xy = 3; 

x = 2, x = 3 

[1.5tt] 


In Problems 6 to 8, determine the volume of the 
solid of revolution formed by revolving the areas 



A sketch of y = 3e3 is shown in Fig. 57.6. When the 
shaded area is rotated 360° about the x-axis then: 


Tty 2 dx 


x \ 2 


volume generated = J 

=LA 3cf ) 


dx 


3 

e 3 dx 
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= 9 TV 


2x 
e 3 


2 

L 3 

_ 27tt 
~~ ~2~ 

= 92.82jt cubic units 


-l 


e — e 3 


Determine the volume generated 
when the area above the x-axis bounded by the 
curve x 2 +y 2 — 9 and the ordinates x = 3 and 
x = —3 is rotated one revolution about the x-axis 


Figure 57.7 shows the part of the curve x 2 + y 2 = 9 lying 
above the x-axis, Since, in general, x 2 + y 2 = r 2 repre¬ 
sents a circle, centre 0 and radius r, then x 2 + v 2 = 9 
represents a circle, centre 0 and radius 3. When the 
semi-circular area of Fig. 57.7 is rotated one revolution 
about the x-axis then: 


volume 


generated 


-L 

=L 


ity 2 dx 


= I 7r(9 — x ) dx 



= *[(18)-(-18)] 



Figure 57.8 


The volume of a frustum of a sphere may be determined 
by integration by rotating the curve x 2 + y 2 =4 2 (i.e. 
a circle, centre 0, radius 4) one revolution about the 
x-axis, between the limits x = 1 and x = 3 (i.e. rotating 
the shaded area of Fig. 57.8). 


i; 


Volume of frustum = / ny dx 
f* 3 

= / 7r(4 2 — x 2 ) dx 


I 

= 7T ^ 1 


= 7T 16x- 

3 


J l 


= 7 r 


(39) - 15 


= 23-jt cubic units 
3 


= 36jt cubic units 



Figure 57.7 

(Check: The volume generated is a sphere of 

4,4 , 

radius 3. Volume of sphere =-jrr J =-tt(3) — 

367T cubic units.) 


Calculate the volume of a frustum of 
a sphere of radius 4 cm that lies between two 
parallel planes at 1 cm and 3 cm from the centre and 
on the same side of it 


The area enclosed between the two 
parabolas y — x 2 and y 2 — 8x of Problem 12, 
Chapter 55, page 485, is rotated 360° about the 
x-axis. Determine the volume of the solid produced 


The area enclosed by the two curves is shown in 
Fig. 55.13, page 485. The volume produced by revolv¬ 
ing the shaded area about the x-axis is given by: 
[(volume produced by revolving y 2 = 8x) — (volume 
produced by revolving y = x 2 )] 


i.e. volume = / n( 8x) dx 


-L 

=*[ 


-f 


(8x — X ) dx = 7T 


32', 

16 —— ) — (0) 


= 9.6jt cubic units 


jr(x 4 ) dx 
8x 2 
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Now try the following exercise 

Exercise 197 Further problems on volumes 
of solids of revolution 

(Answers to volumes are in cubic units and in 
terms of tz.) 

In Problems 1 and 2, determine the volume of the 
solid of revolution formed by revolving the areas 
enclosed by the given curve, the x-axis and the 
given ordinates through one revolution about the 
x-axis. 

1. y = 4e x ; x = 0; x = 2 [428.8 jt] 



In Problems 3 and 4, determine the volume of the 
solid of revolution formed by revolving the areas 
enclosed by the given curves, the y-axis and the 
given ordinates through one revolution about the 
y-axis. 

3. x 2 +y 2 — 16; y = 0, y = 4 [42.67;r] 

4. x<Jy = 2; y = 2, y=3 [1.622tt] 

5. Determine the volume of a plug formed by the 

frustum of a sphere of radius 6 cm which lies 
between two parallel planes at 2 cm and 4 cm 
from the centre and on the same side of it. 
(The equation of a circle, centre 0, radius r is 
x 2 + y 2 = r 2 ). [53.33tt] 


6. The area enclosed between the two curves 
x 2 = 3y and y 2 = 3x is rotated about the x-axis. 
Determine the volume of the solid formed. 

[8.1tt] 

9 1 

7. The portion of the curve y = x 4—lying 

x 

between x = 1 andx = 3 is revolved 360° about 
the x-axis. Determine the volume of the solid 
formed. [57.07;r] 

8. Calculate the volume of the frustum of a sphere 

of radius 5 cm that lies between two parallel 
planes at 3 cm and 2 cm from the centre and 
on opposite sides of it. [113.33;r] 

9. Sketch the curves y = x 2 + 2 and y — 12 = 3x 
from x= — 3 to x = 6. Determine (a) the co¬ 
ordinates of the points of intersection of the 
two curves, and (b) the area enclosed by the 
two curves, (c) If the enclosed area is rotated 
360° about the x-axis, calculate the volume of 
the solid produced 

[ (a) (-2,6) and (5,27)" 

(b) 57.17 square units 

(c) 13267T cubic units 
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Chapter 58 


Centroids of simple shapes 


58.1 Centroids 


A lamina is a thin flat sheet having uniform thickness. 
The centre of gravity of a lamina is the point where 
it balances perfectly, i.e. the lamina’s centre of mass. 
When dealing with an area (i.e. a lamina of negligible 
thickness and mass) the term centre of area or centroid 
is used for the point where the centre of gravity of a 
lamina of that shape would lie. 


58.2 The first moment of area 


The first moment of area is defined as the product of 
the area and the perpendicular distance of its centroid 
from a given axis in the plane of the area. In Fig. 58.1, 
the first moment of area A about axis XX is given by 
(Ay) cubic units. 



Figure 58.1 


58.3 Centroid of area between a 
curve and the x-axis 


the strip is approximately rectangular and is given 
by y8x. The centroid, C, has coordinates ^x, ^ j. 



(ii) First moment of area of shaded strip about axis 
Oy = (y<5x)(x ) = xySx. 

Total first moment of area PQRS about axis 

Oy = limit Y\ x Jl b r , xySx = ff xy dx 
Sx->0 a ' 

(iii) First moment of area of shaded strip about axis 
Ox = (y<5x)(^) = X -y 2 x. 

Total first moment of area PQRS about axis 

0x = 2 yl&X = \J a y2dX 

(iv) Area of PQRS, A — /*’ y dx (from Chapter 55) 

(v) Let x and y be the distances of the centroid 
of area A about Oy and Ox respectively then: 
(x)(A) = total first moment of area A about axis 

Oy= f^xydx 


(i) Figure 58.2 shows an area PQRS bounded by the 
curve y =/(x), the x-axis and ordinates x = a and 
x — b. Let this area be divided into a large number 
of strips, each of width Sx. A typical strip is shown 
shaded drawn at point (x, y) on/(x). The area of 


from which. 
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and (v)(A) = total moment of area A about axis 



from which, 



58.4 Centroid of area between 
a curve and the y-axis 


If x and y are the distances of the centroid of area EFGH 
in Fig. 58.3 from Oy and Ox respectively, then, by 
similar reasoning as above: 


y=d 

(x)(total area) = limit > x8y 

Sy->0 ' ' 

y=c 



from which. 




y=d 

and (y)(total area) = limit Y (x<5y)y = / xydy 

5y—>0 v — r 


-[ 


from which, 



Let a rectangle be formed by the line y = b. the x-axis 
and ordinates x — 0 and x — l as shown in Fig. 58.4. Let 
the coordinates of the centroid C of this area be (5c, y). 


By integration. 




(x)(b) dx 



bdx 



bl 2 

~2 = 1 
bl 2 


and 



1 7 , 

2^ *]o 


b 2 l 

~2 _ b 
bl 2 



Figure 58.4 



Figure 58.3 


58.5 Worked problems on centroids 
of simple shapes 


Show, by integration, that the 
centroid of a rectangle lies at the intersection of 
the diagonals 


i.e. the centroid lies at 


/ b 

2 ’ 2 


intersection of the diagonals. 


which is at the 


Find the position of the centroid of 
the area bounded by the curve y = 3.x 2 , the x-axis 
and the ordinates x = 0 and x = 2 


If, (x, y) are the co-ordinates of the centroid of the given 
area then: 
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8 8 8 



Hence the centroid lies at (1.5,3.6) 

Determine by integration the position 
of the centroid of the area enclosed by the line 
y — 4_v, the x-axis and ordinates x — 0 and x — 3 


that the centroid of a triangle lies at one-third of the 
perpendicular height above any side as base. 


Now try the following exercise 

Exercise 198 Further problems on 

centroids of simple shapes 

In Problems 1 to 5, find the position of the centroids 
of the areas bounded by the given curves, the x-axis 
and the given ordinates. 

1. y = 2x; x = 0, x = 3 [(2,2)] 

2. y = 3x + 2; x = 0, x = 4 

[(2.50, 4.75)] 



3. y = 5x 2 ; x=l,x = 4 

[(3.036, 24.36)] 

4. y = 2x 3 ; x = 0, x = 2 

[(1.60, 4.57)] 

5. y = x(3x+l); x = —l,x = 0 

[(-0.833, 0.633)] 


Let the coordinates of the area be (x,y) as shown in 
Fig. 58.5. 


Then x = 


f 3 f 1 

I xy dx I 

Jo _ Jo _ 

fydx r 

Jo Jo 

f 4x2dx _ [t 

L 


(x)(4 x)dx 


4x dx 
3 


3 , , [2x 2 ] 3 

4 xdx 

• 3 


= — = 2 
18 


(4x) 2 <7x 


f 

2 Jo 


18 


I6x 2 dx 


1 

16x 3 

3 

2 

3 

0 


18 


18 


72 

= — = 4 
18 


Hence the centroid lies at (2,4). 

In Fig. 58.5, ABD is a right-angled triangle. The cen¬ 
troid lies 4 units from AB and 1 unit from BD showing 


58.6 Further worked problems on 
centroids of simple shapes 


Determien the co-ordinates of the 
centroid of the area lying between the curve 
y = 5x — x 2 and the x-axis 


y = 5x — x 2 =x(5 — x). When y — 0, x = 0 or x = 5, 
Hence the curve cuts the x-axis at 0 and 5 as shown in 
Fig. 58.6. Let the co-ordinates of the centroid be (x,y) 
then, by integration. 


,5 f i 

I xy dx I 

Jo__ Jo 

fydx f 

Jo Jo 


f 

Jo 


x(5x — x 2 )dx 


(5x — x 2 )dx 


(5x 2 — x 3 )dx 


5x 3 x 


.4-.5 
4 


o 


r 

Jo 


(5x — x~)dx 


5x 2 x 3 
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625 625 

_3 4 ~ 

125 125 

~i r 


625 

U 


6 

125 


625 

a 

125 


= - = 2.5 

2 


f ydx r 

Jo Jo 


(5x — x z ) dx 


lo 

1 ^ 
2./o 


f (25x 2 — 10x 3 + x 4 ) dx 
Jo 


125 

~6~ 

25x 3 10x 4 


x 

~5 


125 

~6~ 

1 / 25(125) 6250 

2 V 3 4~ 

125 

~6~ 


625 


= 2.5 


From Section 58.4, 


u > 


l xdy l /!' 




1 fS 

If 5 

ir 

4 

x / y dx 

- / (5x — x 2 )~dx 


- __ 2 Jo 

2 Jo 

2 [ 4 J 

l 


'2y 3 / 2 ' 
.3^2. 


and v = 


r 


xydy 


15 

jr 

' 14 

3V2 

/ 4 


= 0.568 




L 


xdy 


l 


1 

4 y 3/2 

—dy v 2 


V2 


14 

3V2 
(31) 


14 

3V2 

4 

r 

5 

L 2 Ji 

14 

3V2 


5V2 


14 

3V2 


= 2.657 



Figure 58.6 

Hence the centroid of the area lies at (2.5, 2.5) 

(Note from Fig. 58.6 that the curve is symmetrical about 
x = 2.5 and thus x could have been determined ‘on 
sight’). 

Locate the centroid of the area 
enclosed by the curve y — 2x 2 , the y-axis and 
ordinates y= 1 and y = 4, correct to 3 decimal 
places 


Hence the position of the centroid is at (0.568,2.657) 

Locate the position of the centroid 
enclosed by the curves y = x 2 and y 2 — 8x 

Figure 58.7 shows the two curves intersection at (0, 0) 
and (2, 4). These are the same curves as used in 
Problem 12, Chapter 55 where the shaded area was 
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calculated as 2| square units. Let the co-ordinates of 
centroid C be x and y. 

i*2 

xy dx 


By integration, x — 


f 


f 


y dx 


The value of v is given by the height of the typical strip 
shown in Fig. 58.7, i.e. y — ■*] 8x — x 2 . Hence, 

r 2 r 2 

I x(V&x — x 2 )dx I (V8x 3 / 2 -x 3 ) 

- Jo Jo 


2 

2 - 

3 


-i 2 


x 5/2 X A 

-4 


—* 0 


2 

2 - 

3 


2 

2 - 

3 


( r ^2? \ 

-4 


2 

2 - 

3 


2 

2 - 

= ^= 0 - 9 

2 - 

3 

Care needs to be taken when hnding y in such 
examples as this. From Fig. 58.7, y — V 8x —x 2 and 

y 1 ,— r. 

- = -(V8x — x ). The perpendicular distance from 

centroid C of the strip to Ox is -(V&x — x 2 )+x 2 . 
Taking moments about Ox gives: 

(total area) (y) = ^'J~Q(area of strip) (perpendicular 
distance of centroid of strip to Ox) 

Hence (area) (y) 



Thus the position of the centroid of the enclosed area 
in Fig. 58.7 is at (0.9,1.8) 


Now try the following exercise 


Exercise 199 Further problems on centroids 
of simple shapes 

1. Determine the position of the centroid of a 

sheet of metal formed by the curve y = 4x — x 2 
which lies above the x-axis. [(2, 1.6)] 

2. Find the coordinates of the centroid of the 

y 

area that lies between curve - = x — 2 and the 
x-axis. [(1, —0.4)] 

3. Determine the coordinates of the centroid of 

the area formed between the curve y — 9 — x 2 
and the x-axis. [(0, 3.6)] 

4. Determine the centroid of the area lying 

between y = 4x 2 , the y-axis and the ordinates 
y = 0andy = 4. ’ [(0.375,2.40] 

5. Find the position of the centroid of the area 

enclosed by the curve y = V5x, the x-axis and 
the ordinate x = 5. [(3.0,1.875)] 

6. Sketch the curve y 2 = 9x between the limits 

x = 0 and x = 4. Determine the position of the 
centroid of this area. [(2.4, 0)] 


7. Calculate the points of intersection of the 

2 V 2 

curves x = 4y and — = x, and determine the 
4 

position of the centroid of the area enclosed by 
them. [(0, 0) and (4, 4), (1.80, 1.80)] 


8. Determine the position of the centroid of the 
sector of a circle of radius 3 cm whose angle 
subtended at the centre is 40°. 

On the centre line, 1.96 cm 
from the centre 

9. Sketch the curves y = 2x 2 + 5 and 
y — 8 = x(x + 2) on the same axes and 
determine their points of intersection. Calcu¬ 
late the coordinates of the centroid of the area 
enclosed by the two curves. 

[(-1,7) and (3, 23), (1, 10.20)] 
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58.7 Theorem of Pappus 


A theorem of Pappus states: 

‘If a plane area is rotated about an axis in its own plane 
but not intersecting it, the volume of the solid formed is 
given by the product of the area and the distance moved 
by the centroid of the area’. 

With reference to Fig. 58.8, when the curve y =/(x) 
is rotated one revolution about the x-axis between the 
limits x — a and x — b, the volume V generated is 
given by: 

volume V — (A)(2ny), from which. 


V 



x = a x = b x 


Figure 58.8 


volume generated = area x distance moved through by 
centroid i.e. 




(2 ttv) 


Hence 


y = 



4 r 
3n 


By integration. 


1 f i 
area 



r x - 

3 


nr ‘ 



Determine the position of the 
centroid of a semicircle of radius r by using the 
theorem of Pappus. Check the answer by using 
integration (given that the equation of a circle, 
centre 0, radius r is x 2 + y 2 = r 2 ) 


A semicircle is shown in Fig. 58.9 with its diame¬ 
ter lying on the x-axis and its centre at the origin. 
nr 2 

Area of semicircle =-. When the area is rotated 

2 

about the x-axis one revolution a sphere is generated 
4 , 

of volume -nr . 

3 


Hence the centroid of a semicircle lies on the axis 

4r 

of symmetry, distance — (or 0.424 r) from its 
3n 

diameter. 


Calculate the area bounded by the 
curve y — 2x 2 , the x-axis and ordinates x = 0 and 
x = 3. (b) If this area is revolved (i) about the x-axis 
and (ii) about the v-axis, find the volumes of the 
solids produced, (c) Locate the position of the 
centroid using (i) integration, and (ii) the theorem 
of Pappus 



-r 0 


x 


Figure 58.9 

Let centroid C be at a distance y from the origin 
as shown in Fig. 58.9. From the theorem of Pappus, 



Figure 58.10 
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(a) The required area is shown shaded in Fig. 58.10. 

3 


Area = 


c 3 c 3 

" 2x 3 " 

/ v dx — 

/ 2x~ dx — 

Jo 

Jo 

L 3 J 


o 


= 18 square units 


(b) (i) When the shaded area of Fig. 58.10 is revolved 
360° about the x-axis, the volume generated 


= / jt(2 x 2 ) 2 dx 


= f ny 1 dx = [ 

Jo Jo 

f 3 4 IV 

= / Anx dx = 4 :r — 

Jo Ls. 


= 4tt 


243 


= 194.4jt cubic units 

(ii) When the shaded area of Fig. 58.10 is revolved 
360° about the y-axis, the volume generated = 
(volume generated by x = 3) — (volume generated 
by y = 2x 2 ) 


= ’ f "( 9 ~2 ) dy = 


xr) dy 


2-i 18 

9) ,_L 


= 817T cubic units 

(c) If the co-ordinates of the centroid of the shaded 
area in Fig. 58.10 are (x, y) then: 

(i) by integration, 

f*3 


[ xy dx [ 

Jo __ Jo_ 

r 3 r 

I ydx 

Jo 

j: 


x(2x 2 )dx 

18 


2 x 3 dx 


18 


18 


= — = 2.25 
36 


(ii) using the theorem of Pappus: 

Volume generated when shaded area is revolved 
about Oy = (area)(27r.i) 


i.e. 


81jt = (18)(2ttx), 


81tt 


from which, x = -= 2.25 

36jt 

Volume generated when shaded area is revolved 
about Ox = (area)(27ry) 


i.e. 


194.4jt = (18)(27ry), 


194.4tt 

from which, y = - = 5.4 

36tt 

Hence the centroid of the shaded area in 
Fig. 58.10 is at (2.25,5.4) 


A cylindrical pillar of diameter 
400 mm has a groove cut round its circumference. 
The section of the groove is a semicircle of diameter 
50 mm. Determine the volume of material removed, 
in cubic centimetres, correct to 4 significant figures 


A part of the pillar showing the groove is shown in 
Fig. 58.11. 

The distance of the centroid of the semicircle from 

4r 4(25) 100 

its base is — (see Problem 1)— -=-mm. 

3 it 3 jt 3:x 

The distance of the centroid from the centre of the 

( 100 \ 

pillar = ( 200 —-— j mm. 


50 mm 


400 


If 3 -, 1 

r 3 




1 

v-.-.-.-.-.-.-.-.-.-.l.-. 

. iL ydx ii 

(2 x 2 ) 2 dx 

0 


t 

1 

1 


> f 3 

18 




200 mm [ 


/ y dx 

Jo 




i 

i 

i 


5 J 4x 4 dx - 

"4x 5 " 
5 

3 

0 5 4 



i 

i 

i 

i 


18 

18 


Figure 58.11 
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The distance moved by the centroid in one revolution 


= 2n 




mm. 


From the theorem of Pappus, 

volume = area x distance moved by centroid 


^tt25 2 ^ ^400jt - = 1168250 mm 3 


Area of semicircle 

7 rr 2 7r(l-0) 2 7 x 2 


By the theorem of Pappus, volume generated 

= area x distance moved by centroid 

= (|) (2tt)(4.576) 

i.e. volume of metal removed = 45.16 cm 3 
Mass of metal removed = density x volume 


Hence the volume of material removed is 1168 cm 3 
correct to 4 significant figures. 

A metal disc has a radius of 5.0 cm 
and is of thickness 2.0 cm. A semicircular groove of 
diameter 2.0 cm is machined centrally around the 
rim to form a pulley. Determine, using Pappus’ 
theorem, the volume and mass of metal removed 
and the volume and mass of the pulley if the density 
of the metal is 8000 kg m -3 


A side view of the rim of the disc is shown in Fig. 58.12. 


, 45.16 , 

= 8000 kg m“ 3 x m 3 

= 0.3613 kg or 361.3 g 

Volume of pulley = volume of cylindrical disc 

— volume of metal removed 

= tt(5.0) 2 (2.0) - 45.16 = 111.9 cm 3 

Mass of pulley = density x volume 

, 111.9 , 

= 8000 kg m“ 3 x m 3 

= 0.8952 kg or 895.2 g 


X 


2.0 cm 


p 


Q 








5.0 cm 

s 


R , 



\/ S | 

r \ 


X 


Figure 58.12 

When area PQRS is rotated about axis XX the vol¬ 
ume generated is that of the pulley. The centroid of 

4r 

the semicircular area removed is at a distance of — 

3t r 

4(1.0) 

from its diameter (see Problem 7), i.e. -, i.e. 

37r 

0.424 cm from PQ. Thus the distance of the centroid 
from XX is (5.0 — 0.424), i.e. 4.576 cm. The distance 
moved through in one revolution by the centroid is 
27r(4.576) cm. 


Now try the following exercise 


Exercise 200 Further problems on the 
theorem of Pappus 

1. A right angled isosceles triangle having a 

hypotenuse of 8 cm is revolved one revolution 
about one of its equal sides as axis. Deter¬ 
mine the volume of the solid generated using 
Pappus’theorem. [189.6cm 3 ] 

2. A rectangle measuring 10.0 cm by 6.0 cm 

rotates one revolution about one of its longest 
sides as axis. Determine the volume of the 
resulting cylinder by using the theorem of 
Pappus. [1131cm 2 ] 

3. Using (a) the theorem of Pappus, and (b) inte¬ 
gration, determine the position of the centroid 
of a metal template in the form of a quadrant 
of a circle of radius 4 cm. (The equation of a 
circle, centre 0, radius r is x 2 + y 2 — r 2 ). 

On the centre line, distance 2.40 cm 
from the centre, i.e. at coordinates 
(1.70,1.70) 
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4. (a) Determine the area bounded by the curve 
y = 5A' 2 , the A-axis and the ordinates 
x — 0 and x = 3. 

(b) If this area is revolved 360° about (i) the 
A-axis, and (ii) the y-axis, find the vol¬ 
umes of the solids of revolution pro¬ 
duced in each case. 

(c) Determine the co-ordinates of the cen¬ 
troid of the area using (i) integral calcu¬ 
lus, and (ii) the theorem of Pappus 

(a) 45 square units (b) (i) \2\5n 
cubic units (ii) 202.5?r cubic units 
(c) (2.25, 13.5) 


5. A metal disc has a radius of 7.0 cm and is 
of thickness 2.5 cm. A semicircular groove of 
diameter 2.0 cm is machined centrally around 
the rim to form a pulley. Determine the vol¬ 
ume of metal removed using Pappus’ theorem 
and express this as a percentage of the origi¬ 
nal volume of the disc. Find also the mass of 
metal removed if the density of the metal is 
7800 kg m -3 . 

[64.90 cm 3 , 16.86%, 506.2 g] 








Chapter 59 


Second moments of area 


59.1 Second moments of area and 
radius of gyration 


The first moment of area about a fixed axis of a lamina 
of area A, perpendicular distance y from the centroid 
of the lamina is defined as Ay cubic units. The second 
moment of area of the same lamina as above is given by 
Ay 2 , i.e. the perpendicular distance from the centroid of 
the area to the fixed axis is squared. Second moments of 
areas are usually denoted by I and have limits of mm 4 , 
cm 4 , and so on. 

Radius of gyration 

Several areas, a\, 012 , 0 . 3 ,... at distances yi,y 2 ,y 3 , ■ ■ ■ 
from a fixed axis, may be replaced by a single area 
A, where A — ai + «2 + 03 H— • at distance k from the 
axis, such that Ak 2 = ay 2 , k is called the radius 
of gyration of area A about the given axis. Since 

Ak 2 — ay 2 = I then the radius of gyration, k = 

The second moment of area is a quantity much used in 
the theory of bending of beams, in the torsion of shafts, 
and in calculations involving water planes and centres 
of pressure. 



59.2 Second moment of area of 
regular sections 


The procedure to determine the second moment of area 
of regular sections about a given axis is (i) to find the 
second moment of area of a typical element and (ii) 
to sum all such second moments of area by integrating 
between appropriate limits. 

For example, the second moment of area of the rect¬ 
angle shown in Fig. 59.1 about axis PP is found by 
initially considering an elemental strip of width 8 x, par¬ 
allel to and distance x from axis PP. Area of shaded 


strip = b 8 x. Second moment of area of the shaded strip 
about PP = (x 2 )(b 8 x). 



Figure 59.1 


The second moment of area of the whole rectangle 
about PP is obtained by summing all such strips between 
,r = 0 and x — l, i.e. Ylx=o* 2 b 8 x. It is a fundamental 
theorem of integration that 


x=l *1 

limit x 2 bSx = I 

Sx ^o J o 


x 2 b clx 


Thus the second moment of area of the rectangle about 


PP = 


-if: 

Jo 


x z dx = b 


bl 3 

T 


Since the total area of the rectangle, A = lb, then 



A/ 2 

~T 


Ipp = Ak 2 „ thus k 2 


pp 


pp 


Z 2 

3 


i.e. the radius of gyration about axes PP, 


k pp — 



l 

V5 
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59.3 Parallel axis theorem 


In Fig. 59.2, axis GG passes through the centroid C of 
area A. Axes DD and GG are in the same plane, are 
parallel to each other and distance cl apart. The parallel 
axis theorem states: 

I DD = h,G + Ad 2 

Using the parallel axis theorem the second moment of 
area of a rectangle about an axis through the centroid 
may be determined. In the rectangle shown in Fig. 59.3, 
bl 3 

Ipp — — (from above). From the parallel axis theorem 


Ipp — Igg + (bl) 



Figure 59.2 
i.e. 


bl 3 bl 3 

T = /GG + T 


bl 3 bl 3 bl 3 

from which, Ir,G — -= — 

oo 3 4 12 



Figure 59.3 


59.4 Perpendicular axis theorem 


In Fig. 59.4, axes OX, OY and OZ are mutually perpen¬ 
dicular. If OX and OY lie in the plane of area A then the 
perpendicular axis theorem states: 

loz = f()X + f OY 



Figure 59.4 


59.5 Summary of derived results 

A summary of derive standard results for the sec¬ 
ond moment of area and radius of gyration of regular 
sections are listed in Table 59.1. 

Table 59.' Summary of standard results of the sec¬ 
ond moments of areas of regular sections 

Shape 

Position of axis 

Second 

moment 
of area ,I 

Radius of 
gyration, k 

Rectangle 

length / 
breadth b 

(1) Coinciding with b 

(2) Coinciding with / 

(3) Through centroid, 
parallel to b 

(4) Through centroid, 
parallel to / 

bP 

T 

lb 3 

T 

bP 

IT 

lb 3 

1~2 

l 

7! 

b 

7! 

1 

yn 

b 

x/12 

Triangle 

Perpendicular 
height h 
base b 

(1) Coinciding with b 

(2) Through centroid, 
parallel to base 

(3) Through vertex, 
parallel to base 

bh 3 

U 

bh 3 

36~ 
bh 3 

T 

h 

Tb 

h 

x/T8 

h 

7f 



irr 4 

r 

Circle 

(1) Through centre, 



radius r 

perpendicular 

z 

v 2 


to plane (i.e. 




polar axis) 





7i r 4 

r 


(2) Coinciding 

4 

2 


with diameter 





5jit 4 

V5 


(3) About a tangent 

—4- 

— r 

2 



Ttr 4 

r 

Semicircle 

Coinciding 

Q 


radius r 

with diameter 

O 

z 
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59.6 Worked problems on second 
moments of area of regular 
sections 


Determine the second moment of 
area and the radius of gyration about axes AA, BB 
and CC for the rectangle shown in Fig. 59.5. 


lb 3 

Igg — — where Z = 40.0 mm 
12 


and b— 15.0 mm 


Hence Igg = 


(40.0)(15.0) 3 

12 


= 11250 mm 4 


Ipp = Igg + Ad 2 , 
and rf = 25.0 + 
the perpendicular distance between 


From the parallel axis theorem, 
where A = 40.0 x 15.0 = 600mm 2 
7.5 = 32.5 mm, 

GG and PP. 


C 

B 


I =12.0 cm 




4.0 cm 
B 


Figure 59.5 


From Table 59.1, the second moment of area about axis 

bl 2 (4.0)(12.0) 3 4 

AA, Iaa — — = - = 2304 cm 

3 3 

Radius of gyration, 

, Z 12.0 
Icaa = — = —— = 6.93 cm 
a/3 V3 


Similarly, 


and 


Ibb = t = 


lb 3 (12.0X4.0) 3 


= 256 cm 4 


b 4.0 

k BB = —= = —= = 2.31 cm 

a/3 V3 


The second moment of area about the centroid of a 
bl 3 

rectangle is — when the axis through the centroid is 

parallel with the breadth, b. In this case, the axis CC is 
parallel with the length Z. 

(12.0X4.0) 3 




lb 3 

Hence 

he = 

T2 “ 

and 

k(c = 

b 



Vn 


12 


= 64 cm 4 


4.0 


= 1.15 cm 


Find the second moment of area and 
the radius of gyration about axis PP for the 
rectangle shown in Fig. 59.6 


40.0 mm 



--- 


G 


-p—C-- 

G 

15.0 mm 



25.0 mm 



r 




P P 


Figure 59.6 


Hence, 


from which, 


Ipp = 11 250 + (600)(32.5) 2 

= 645000 mm 4 

Ipp Akpp 



645 000 
600 


32.79 mm 


Determine the second moment of 
area and radius of gyration about axis QQ of the 
triangle BCD shown in Fig. 59.7 


B 



Figure 59.7 


Using the parallel axis theorem: lQQ = lGG+Ad 2 , 
where Igg is the second moment of area about the 
centroid of the triangle, 
bh 3 (8.0)(12.0) 3 

36~ _ 36 


t.e. 


= 384 cm 4 , A is the area of 


the triangle = \bh = |(8.0)(12.0) = 48 cm 2 and d is the 
distance between axes GG and (2(9 = 6.0+ j(12.0) = 
10 cm. 

Hence the second moment of area about axis QQ, 


I QQ = 384 + (48)(10) 2 = 5184 cm 4 


Radius of gyration. 


k QQ 




10.4 cm 


Section 9 
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Determine the second moment of 
area and radius of gyration of the circle shown in 
Fig. 59.8 about axis YY 



Figure 59.8 


In Fig. 59.8, Igg = = ^(2.0) 4 = 4tt cm 4 . Using 

the parallel axis theorem, IyY = lGG+Ad 2 , where 
d = 3.0 + 2.0 = 5.0 cm. 

Hence I YY = 4tt + [7r(2.0) 2 ](5.0) 2 

= 4tt + IOOtt = 104jt = 327 cm 4 


Radius of gyration, 


Using the parallel axis theorem: Ibb — Igg + Ad 1 . 
„4 


where 


irr 


Ibb = -(from Table 59.1) 

8 

jt(IO.O) 4 4 

= -= 3927 mm , 


A = 


nr~ 7r(10.0) 2 


= 157.1 mm' 


and 

Hence 


4r 4(10.0) 

d = — = -- = 4.244mm 

3:t 3n 

3927 = Igg + (157.1 )(4.244) 2 
3927 = Igg + 2830, 


from which, Igg — 3927 — 2830 = 1097 mm 4 


Using the parallel axis theorem again: 

Ixx = Igg + A( 15.0 + 4.244) 2 
i.e. Ixx = 1097 + (157.1)(19.244) 2 
= 1097 + 58 179= 59 276 mm 4 or 59280 mm 4 , cor¬ 
rect to 4 significant figures. 


Radius of gyration, kxx 


[ixx _ / 59 276 
V area V 157.1 

= 19.42 mm 



= V26 = 5.10 


cm 


Determine the second moment of 
area and radius of gyration for the semicircle shown 
in Fig. 59.9 about axis XX 



Figure 59.9 


4r 

The centroid of a semicircle lies at — from its diameter. 

37 X 


Determine the polar second moment 
of area of the propeller shaft cross-section shown in 
Fig. 59.10 



Figure 59.10 


The polar second moment of area of a circle = —. 
The polar second moment of area of the shaded area is 
given by the polar second moment of area of the 7.0 cm 
diameter circle minus the polar second moment of area 
of the 6.0 cm diameter circle. Hence the polar second 


































Second moments of area 509 


moment of area of the 


cross-section shown = 


jr 

2 



!(“) 4 


= 235.7 - 127.2 = 108.5 cm 4 


Determine the second moment of 
area and radius of gyration of a rectangular lamina 
of length 40 mm and width 15 mm about an axis 
through one corner, perpendicular to the plane of 
the lamina 


The lamina is shown in Fig. 59.11. 


Fig. 59.12 about (a) axis AA (b) axis BB, and 
(c) axis CC. 

"(a) 72 cm 4 , 1.73 cm 
(b) 128 cm 4 , 2.31 cm 
_(c) 512cm 4 , 4.62cm_ 

i B i C 


8.0 cm 




+ -]- ► 



A 

^ 1 ^ 


A 




3.0 cm 


1 ^ - 




i i 

i B \C 


Figure 59.12 





From the perpendicular axis theorem: 

1/7. = lxx + Iyy 

T ^ (40)(15) 3 ^ nnn 4 

Ixx = — = ---= 45 000 mm 

bl 3 (15)(40) 3 4 

and I YY = — = = 320 000 mm 4 

3 3 

Hence I zz = 45 000 + 320 000 

= 365 000 mm 4 or 36.5 cm 4 


Radius of gyration, 
k/7 = 


hz 


1 365 000 


area ]j (40)(15) 

= 24.7 mm or 2.47 cm 


Now try the following exercise 

Exercise 201 Further problems on second 
moments of area of regular 
sections 

1. Determine the second moment of area and 
radius of gyration for the rectangle shown in 


2 . 


Determine the second moment of area and 
radius of gyration for the triangle shown in 
Fig. 59.13 about (a) axis DD (b) axis EE, and 
(c) an axis through the centroid of the triangle 
parallel to axis DD. 

'(a) 729cm 4 , 3.67cm 

(b) 2187cm 4 , 6.36cm 

(c) 243cm 4 , 2.12cm 



Figure 59.13 

3. For the circle shown in Fig. 59.14, find the 
second moment of area and radius of gyration 
about (a) axis FF, and (b) axis HH. 

(a) 201 cm 4 , 2.0 cm 

(b) 1005 cm 4 , 4.47 cm 



Figure 59.14 

4. For the semicircle shown in Fig. 59.15, find the 
second moment of area and radius of gyration 
about axis JJ. [3927 mm 4 , 5.0 mm] 


Section 9 
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j J 


Figure 59.15 

5. For each of the areas shown in Fig. 59.16 deter¬ 
mine the second moment of area and radius of 
gyration about axis LL, by using the parallel 
axis theorem. 

'(a) 335 cm 4 , 4.73 cm 

(b) 22 030 cm 4 , 14.3 cm 

(c) 628 cm 4 , 7.07 cm 


(a) (b) (c) 




Figure 59.17 


nr 4 jt(4.0) 4 

For the semicircle, Ivx = -= - 

8 8 

= 100.5 cm 4 


bl 3 (6.0)(8.0) 3 

For the rectangle, Ixx = — =--- 

= 1024 cm 4 


Figure 59.16 

6. Calculate the radius of gyration of a rectan¬ 
gular door 2.0 m high by 1.5 m wide about a 
vertical axis through its hinge. [0.866 m] 

7. A circular door of a boiler is hinged so that 
it turns about a tangent. If its diameter is 
1.0 m, determine its second moment of area 
and radius of gyration about the hinge. 

[0.245 m 4 , 0.599 m] 


For the triangle, about axis TT through centroid Ct, 


IjT 36 


bh 3 (10)(6.0) 3 


36 


= 60 cm 


By the parallel axis theorem, the second moment of area 
of the triangle about axis XX 

= 60+ [±(10X6.0)] [8.0+±(6.0)f = 3060cm 4 . 
Total second moment of area about XX. 

= 100.5 + 1024 + 3060 = 4184.5 = 4180 cm 4 , correct 
to 3 significant figures 


8. A circular cover, centre 0, has a radius of 
12.0 cm. A hole of radius 4.0 cm and centre X, 
where OX = 6.0 cm, is cut in the cover. Deter¬ 
mine the second moment of area and the radius 
of gyration of the remainder about a diameter 
through 0 perpendicular to OX. 

[14280 cm 4 , 5.96 cm] 


59.7 Worked problems on second 
moments of area of composite 
areas 


Determine correct to 3 significant 
figures, the second moment of area about XX for 
the composite area shown in Fig. 59.17 


Determine the second moment of 
area and the radius of gyration about axis XX for 
the /-section shown in Fig. 59.18 


■S 



Figure 59.18 
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The /-section is divided into three rectangles, D, E 
and F and their centroids denoted by Co, C/, and Cf 
respectively. 

For rectangle D: 

The second moment of area about Co (an axis through 
C/) parallel to XX) 


bl 3 

T:2 


(8.0)(3.0) 3 

12 


= 18 cm 4 


Using the parallel axis theorem: Ixx = 18 + Ad 2 where 
A = (8.0)(3.0) = 24 cm 2 and d = 12.5 cm 

Hence Ixx = 18 + 24(12.5) 2 = 3768 cm 4 

For rectangle E : 

The second moment of area about Ce (an axis through 
Ce parallel to XX) 


bl 3 
T2 


(3.0)(7.0) 3 

12 


85.75 cm 4 


Using the parallel axis theorem: 

I xx = 85.75 + (7.0)(3.0)(7.5) 2 = 1267 cm 4 

For rectangle F: 


Ixx = 


bl 3 

T 


(15.0)(4.0) 3 

3 


= 320 cm 4 


Total second moment of area for the /-section about 
axis XX, 

l xx = 3768 + 1267 + 320 = 5355 cm 4 
Total area of /-section 

= (8.0X3.0) + (3.0)(7.0) + (15.0)(4.0) = 105 cm 2 . 

Radius of gyration, 


kxx = 




7.14 cm 


Now try the following exercise 


Exercise 202 Further problems on section 
moment of areas of composite 
areas 

1. For the sections shown in Fig. 59.19, find 
the second moment of area and the radius of 
gyration about axis XX. 

(a) 12190 mm 4 , 10.9 mm 

(b) 549.5 cm 4 , 4.18 cm 


(a) 


18.0mm 


3.0 mm 

12.0 mm 


X 


4.0 mm 


(b) 



Figure 59.19 

2. Determine the second moment of area about 
the given axes for the shapes shown in 
Fig. 59.20. (In Fig. 59.20(b), the circular area 
is removed.) 

Iaa = 4224 cm 4 , Ibb — 6718 cm 4 , 
Ice = 37 300 cm 4 


3.0 cm 
K—H 


16.0 cm 


9.0 cm 

(a) 

Figure 59.20 



3. Find the second moment of area and radius of 
gyration about the axis XX for the beam section 
shown in Fig. 59.21. [1350 cm 4 , 5.67 cm] 


I 



I 


Figure 59.21 
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Revision Test 16 


This Revision test covers the material contained in Chapters 55 to 59. The marks for each question are shown in 
brackets at the end of each question. 


1. The force F newtons acting on a body at a dis¬ 
tance x metres from a fixed point is given by: 
F — 2x + 3x 2 . If work don e= f** Fdx, deter¬ 
mine the work done when the body moves from 
the position when x = 1 m to that when x — 4 m. 

(4) 

2. Sketch and determine the area enclosed by the 

0 

curve v = 3 sin -, the 0-axis and ordinates 0 = 0 
2 

2tt 

and 0 = —, (4) 

3 

3. Calculate the area between the curve 

y — x 3 — x 2 — 6x and the x-axis. (10) 

4. A voltage v—25 sin50 Jtt volts is applied across 
an electrical circuit. Determine, using integration, 
its mean and r.m.s. values over the range t — 0 to 
t = 20 ms, each correct to 4 significant figures. 

( 12 ) 

5. Sketch on the same axes the curves x 2 = 2y and 

v 2 = 16x and determine the co-ordinates of the 
points of intersection. Determine (a) the area 
enclosed by the curves, and (b) the volume of the 
solid produced if the area is rotated one revolution 
about the x-axis. (13) 

6. Calculate the position of the centroid of the sheet 
of metal formed by the x-axis and the part of the 
curve v = 5x — x 2 which lies above the x-axis. 

(9) 



Figure R16.1 

of Pappus to determine the volume of material 
removed, in cm 3 , correct to 3 significant figures. 

( 8 ) 

8. For each of the areas shown in Fig. R16.2 deter¬ 
mine the second moment of area and radius of 
gyration about axis XX. (15) 


(a) (b) (c) 



7. A cylindrical pillar of diameter 500 mm has a 
groove cut around its circumference as shown in 
Fig. R16.1. The section of the groove is a semicir¬ 
cle of diameter 40 mm. Given that the centroid of 

4 r 

a semicircle from its base is —, use the theorem 

37r 


Figure R16.2 

9. A circular door is hinged so that it turns about a 
tangent. If its diameter is 1.0 m find its second 
moment of area and radius of gyration about the 
hinge. (5) 
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Chapter 60 


Boolean algebra and 

logic circuits 


60.1 Boolean algebra and switching 
circuits 


A two-state device is one whose basic elements can 
only have one of two conditions. Thus, two-way 
switches, which can either be on or off, and the binary 
numbering system, having the digits 0 and 1 only, are 
two-state devices. In Boolean algebra, if A represents 
one state, then A, called ‘not-A’, represents the second 
state. 

The or-function 

In Boolean algebra, the or-function for two elements A 
and B is written as A + B, and is defined as ‘A, or B, or 
both A and B'. The equivalent electrical circuit for a two- 
input or-function is given by two switches connected in 
parallel. With reference to Fig. 60.1(a), the lamp will 
be on when A is on, when B is on, or when both A 
and B are on. In the table shown in Fig. 60.1(b), all the 
possible switch combinations are shown in columns 1 
and 2, in which a 0 represents a switch being off and a 
1 represents the switch being on, these columns being 
called the inputs. Column 3 is called the output and a 
0 represents the lamp being off and a 1 represents the 
lamp being on. Such a table is called a truth table. 

Theand-function 

In Boolean algebra, the and-function for two elements 
A and B is written as A - B and is defined as ‘both A and 
B ’. The equivalent electrical circuit for a two-input and- 
function is given by two switches connected in series. 
With reference to Fig. 60.2(a) the lamp will be on only 


when both A and B are on. The truth table for a two-input 
and-function is shown in Fig. 60.2(b). 


In Boolean algebra, the not-function for element A is 
written as A, and is defined as ‘the opposite to A’. Thus if 
A means switch A is on, A means that switch A is off. The 
truth table for the not-function is shown in Table 60.1. 



(a) Switching circuit for or - function 

Figure 60.1 



(a) Switching circuit for and - function 

Figure 60.2 

The not-function 


—i— 

2 

3 

Input 

(switches) 

Output 

(lamp) 

A 

B 

Z = A+B 

0 

0 

0 

0 

1 

1 

1 

0 

1 

1 

1 

1 


(b) Truth table for or - function 


Input 

Output 

(swit 

ches) 

(lamp) 

A 

B 

Z= A ■ B 

0 

0 

0 

0 

1 

0 

1 

1 

0 

1 

0 

1 


(b) Truth table for and - function 
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Table 60.1 


Input 

Output 

A 

Z — A 

0 

1 

1 

0 


In the above, the Boolean expressions, equivalent 
switching circuits and truth tables for the three func¬ 
tions used in Boolean algebra are given for a two-input 
system. A system may have more than two inputs and 
the Boolean expression for a three-input or-function 
having elements A, B and C is A + B + C. Similarly, 
a three-input and-function is written as A B C. The 
equivalent electrical circuits and truth tables for three- 
input or and and-functions are shown in Figs. 60.3(a) 
and (b) respectively. 


1 

2 

3 

4 

5 

A 

B 

AB 

AB 

Z = AB + A-B 

0 

0 

0 

1 

1 

0 

1 

0 

0 

0 

1 

0 

0 

0 

0 

1 

1 

1 

0 

1 


(a) Truth table for Z = AB + AB 



(b) Switching circuit for Z=AB + AB 



Figure 60.3 

To achieve a given output, it is often necessary to use 
combinations of switches connected both in series and in 
parallel. If the output from a switching circuit is given by 
the Boolean expression Z — A ■ B + A ■ B , the truth table 
is as shown in Fig. 60.4(a). In this table, columns 1 and 2 
give all the possible combinations of A and B. Column 3 
corresponds to AB and column 4 to A ■ B, i.e. a 1 output 
is obtained when A = 0 and when B = 0. Column 5 is the 


Figure 60.4 


or-function applied to columns 3 and 4 giving an output 
of Z — A B+A B. The corresponding switching circuit 
is shown in Fig. 60.4(b) in which A and B are connected 
in series to give A ■ B, A and B are connected in series 
to give A B, and A • B and A B are connected in parallel 
to give A ■ B + A ■ B. The circuit symbols used are such 
that A means the switch is on when A is 1, A means the 
switch is on when A is 0, and so on. 


Derive the Boolean expression and 
construct a truth table for the switching circuit 
shown in Fig. 60.5. 



Figure 60.5 


The switches between 1 and 2 in Fig. 60.5 are in series 
and have a Boolean expression of B A. The parallel 
circuit 1 to 2 and 3 to 4 have a Boolean expression of 
(B ■ A + B). The parallel circuit can be treated as a single 
switching unit, giving the equivalent of switches 5 to 6, 
6 to 7 and 7 to 8 in series. Thus the output is given by: 

Z=A-(B-A+B)B 


Input 

ABC 

Output 

Z ABC 

0 0 0 

0 

0 0 1 

0 

0 1 0 

0 

0 1 1 

0 

1 0 0 

0 

1 0 1 

0 

1 1 0 

1 1 1 

0 

1 


(b) The and - function 
electrical circuit and 
truth table 


Input 

ABC 

Output 

Z = A + B + C 

0 0 0 

0 

0 0 1 

1 

0 1 0 

1 

0 1 1 

1 

1 0 0 

1 

1 0 1 

1 

1 1 0 

1 1 1 

1 

1 


(a) The or - function 
electrical circuit and 
truth table 
































Boolean algebra and logic circuits 517 


The truth table is as shown in Table 60.2. Columns 1 and 
2 give all the possible combinations of switches A and 
B. Column 3 is the and-function applied to columns 1 
and 2, giving B ■ A. Column 4 is B, i.e., the opposite 
to column 2. Column 5 is the or-function applied to 
columns 3 and 4. Column 6 is A, i.e. the opposite to 
column 1. The output is column 7 and is obtained by 
applying the and-function to columns 4, 5 and 6. 


Table 60.2 


1 2 3 

ABBA 

4 5 6 

B B-A + B A 

Z=A ■ 

7 

(B-A + B)B 

0 0 0 

1 

1 

1 


1 

0 1 0 

0 

0 

1 


0 

1 0 0 

1 

1 

0 


0 

1 1 1 

0 

1 

0 


0 

Derive the Boolean expression and 
construct a truth table for the switching circuit 
shown in Fig. 60.6. 



5 


6 


Input 9 « e 

8 





7 


1 

-* 4 






3 

- • B 


4 

Figure 60.6 







The parallel circuit 1 to 2 and 3 to 4 gives (A + B) and this 
is equivalent to a single switching unit between 7 and 2. 
The parallel circuit 5 to 6 and 7 to 2 gives C + (A + B) 
and this is equivalent to a single switching unit between 
8 and 2. The series circuit 9 to 8 and 8 to 2 gives the 
output 

Z = B ■ [C + (A + B)] 

The truth table is shown in Table 60.3. Columns 1, 2 
and 3 give all the possible combinations of A, B and C. 
Column 4 is B and is the opposite to column 2. Column 
5 is the or-function applied to columns 1 and 4, giving 
(A + B). Column 6 is the or-function applied to columns 
3 and 5 giving C + (A + B). The output is given in col¬ 
umn 7 and is obtained by applying the and-function to 
columns 2 and 6, giving Z = B ■ [C + (A + B)]. 


Table 60.3 


1 2 

3 

4 

5 

6 

7 

A 

B 

c 

B 

A + B 

C + (A+B) 

Z = B -[C + (A+B)] 

0 

0 

0 

1 

1 

1 

0 

0 

0 

1 

1 

1 

1 

0 

0 

1 

0 

0 

0 

0 

0 

0 

1 

1 

0 

0 

1 

1 

1 

0 

0 

1 

1 

1 

0 

1 

0 

1 

1 

1 

1 

0 

1 

1 

0 

0 

1 

1 

1 

1 

1 

1 

0 

1 

1 

1 


Construct a switching circuit to meet 
the requirements of the Boolean expression: 

Z=A-C+A-B + ABC 
Construct the truth table for this circuit. 

The three terms joined by or-functions, (+), indicate 
three parallel branches. 

having: branch 1 A and C in series 
branch 2 A and B in series 
and branch 3 A and B and C in series 



Hence the required switching circuit is as shown in 
Fig. 60.7. The corresponding truth table is shown in 
Table 60.4. 

Column 4 is C, i.e. the opposite to column 3 

Column 5 is A - C, obtained by applying the and-function 
to columns 1 and 4 

Column 6 is A, the opposite to column 1 

Column 7 is A B, obtained by applying the and-function 
to columns 2 and 6 
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Table 60.4 


1 

2 

3 

4 

5 

6 

7 

8 

9 

A 

B 

c 

c 

AC 

A 

A • B 

ABC 

Z=A C+A-B+A-B-C 

0 

0 

0 

1 

0 

i 

0 

0 

0 

0 

0 

1 

0 

0 

i 

0 

0 

0 

0 

1 

0 

1 

0 

i 

1 

1 

1 

0 

1 

1 

0 

0 

i 

1 

0 

1 

1 

0 

0 

1 

1 

0 

0 

0 

1 

1 

0 

1 

0 

0 

0 

0 

0 

0 

1 

1 

0 

1 

1 

0 

0 

0 

1 

1 

1 

1 

0 

0 

0 

0 

0 

0 


0 and B is 0 and C is 0 and this corresponds to the 
Boolean expression A B C. In row 3, A is 0 and B is 
1 and C is 0, i.e. the Boolean expression in A B C. 
Similarly in rows 4 and 6, the Boolean expressions are 
ABC and A ■ B ■ C respectively. Hence the Boolean 
expression is: 

Z=AB-C+AB-C+A-BC + ABC 

The corresponding switching circuit is shown in 
Fig. 60.8. The four terms are joined by or-functions, 
(+), and are represented by four parallel circuits. Each 
term has three elements joined by an and-function, 
and is represented by three elements connected in 
series. 


Column 8 is A ■ B ■ C, obtained by applying the and- 
function to columns 4 and 7 

Column 9 is the output, obtained by applying the or- 
function to columns 5, 7 and 8 


Derive the Boolean expression and 
construct the switching circuit for the truth table 
given in Table 60.5. 


Table 60.5 



A 

B 

c 

z 

I 

0 

0 

0 

1 

2 

0 

0 

1 

0 

3 

0 

1 

0 

1 

4 

0 

1 

1 

1 

5 

1 

0 

0 

0 

6 

1 

0 

1 

1 

7 

1 

1 

0 

0 

8 

1 

1 

1 

0 


Examination of the truth table shown in Table 60.5 
shows that there is a 1 output in the Z-column in rows 
1, 3, 4 and 6. Thus, the Boolean expression and switch¬ 
ing circuit should be such that a 1 output is obtained 
for row 1 or row 3 or row 4 or row 6. In row 1, A is 



Figure 60.8 


Now try the following exercise 

Exercise 203 Further problems on Boolean 
algebra and switching circuits 

In Problems 1 to 4, determine the Boolean expres¬ 
sions and construct truth tables for the switching 
circuits given. 

1. The circuit shown in Fig. 60.9 

" C (A B + A B); ' 
see Table 60.6, col. 4 



Figure 60.9 
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Table 60.6 


1 

2 

3 

4 

5 

A 

B 

C 

C • (A ■ B +A ■ B) C ■ (A 

■B+A) 

0 

0 

0 

0 

0 

0 

0 

1 

0 

1 

0 

1 

0 

0 

0 

0 

1 

1 

1 

1 

1 

0 

0 

0 

0 

1 

0 

1 

0 

1 

1 

1 

0 

0 

0 

1 

1 

1 

1 

0 



6 

7 


A - B 

(B 

C + B 

C + A-B) C [B C-A+A 

(B + C)] 



0 

0 




0 

0 




0 

0 




0 

1 




0 

0 




0 

0 




1 

0 




0 

1 



2. The circuit shown in Fig. 60.10 

C(AB + A)- 
see Table 60.6, col. 5 



Figure 60.10 

3. The circuit shown in Fig. 60.11 

A ■ B ■ (B C + B ■ C +A ■ B)\ 
see Table 60.6, col. 6 



Figure 60.11 

4. The circuit shown in Fig. 60.12 

C ■ [B ■ C A + A ■ (B + C)], 
see Table 60.6, col. 7 



Figure 60.12 


In Problems 5 to 7, construct switching circuits to 
meet the requirements of the Boolean expressions 
given. 


5. A - C + A- B ■ C + A- B [See Fig. 60.13] 


Input 



Figure 60.13 

6. A-B-C-(A + B + C) [See Fig. 60.14] 

-» A •- 


Input 


Output 


Figure 60.14 

7. A ■ (A -B ■ C + B ■ (A + C)) [See Fig. 60.15] 


Input 


Output 


Figure 60.15 
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In Problems 8 to 10, derive the Boolean expres¬ 
sions and construct the switching circuits for the 
truth table stated. 

8. Table 60.7, column 4 

[AB ■ C+A- B C; see Fig. 60.16] 


Table 60.7 


1 

A 

2 3 

B C 

4 

5 

6 

0 

0 

0 

0 

1 

1 

0 

0 

1 

1 

0 

0 

0 

1 

0 

0 

0 

1 

0 

1 

1 

0 

1 

0 

1 

0 

0 

0 

1 

1 

1 

0 

1 

0 

0 

1 

1 

1 

0 

1 

0 

0 

1 

1 

1 

-• A • -• B 

I o 

o 

J 

0 

0 

Input o- 





Output 


Figure 60.16 



60.2 Simplifying Boolean 
expressions 


A Boolean expression may be used to describe a com¬ 
plex switching circuit or logic system. If the Boolean 
expression can be simplified, then the number of 
switches or logic elements can be reduced resulting in 
a saving in cost. Three principal ways of simplifying 
Boolean expressions are: 

(a) by using the laws and rules of Boolean algebra (see 
Section 60.3), 

(b) by applying de Morgan’s laws (see Section 60.4), 
and 

(c) by using Karnaugh maps (see Section 60.5). 


60.3 Laws and rules of Boolean 
algebra 


9. Table 60.7, column 5 

ABC + ABC+ABC' 
see Fig. 60.17 


A summary of the principal laws and rules of Boolean 
algebra are given in Table 60.8. The way in which 
these laws and rules may be used to simplify Boolean 
expressions is shown in Problems 5 to 10. 



10. Table 60.7, column 6 

ABC + ABC + ABC 
+ A ■ B ■ C; see Fig. 60.18 


Simplify the Boolean expression: 
PQ + PQ + PQ 


With reference to Table 60.8: Reference 

PQ+PQ+PQ 

= P(Q + Q) + PQ 5 

= Pl+PQ 10 

= P + P.Q 12 
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Table 60.8 


Ref. 

Name 

Rule or law 

1 

Commutative 

A+B—B+A 


laws 


2 


A ■ B — B ■ A 

3 

Associative laws 

(A + B) + C = A + {B + C) 

4 


(A - B) ■ C = A ■ (B ■ C) 

5 

Distributive laws 

A -(B + C) — A B + A- C 

6 


A + (BC) 



— (A + B) ■ (A + C) 

7 

Sum rules 

A + 0—A 

8 


A + 1 = 1 

9 


A + A — A 

10 


A+A=l 

11 

Product rules 

o 

II 

o 

12 


A • 1 =A 

13 


II 

14 


A -A = 0 

15 

Absorption rules 

a+a-b=a 

16 


A ■ (A + 5)=A 

17 


A+A■ B—A+B 

Problem 6. Simplify 



(P + P-Q) 

•(Q + QP) 


With reference to Table 60.8: Reference 

(P + PQ)-(Q + QP) 

= P ■ (Q + Q ■ P) 

+ PQ(Q + QP) 5 

= PQ + PQP + PQQ 

+PQQP 5 


= PQ + PQ + PQ 


+ PQQP 

13 

= PQ + PQ + PQ + 0 

14 

= PQ + PQ + PQ 

7 

= P-(Q + Q) + P-Q 

5 

= P ■ 1+P ■ Q 

10 

—P+P-Q 

12 

Simplify 

FGH + FGH + F- 

GH 

With reference to Table 60.8 

Reference 

FGH + FGH + FGH 


= F G {H + H) + F G H 

5 

= FG■ 1 +F-G-H 

10 

= F ■ G + F ■ G ■ H 

12 

= G-(F + F-H) 

5 

Simplify 

FGH + FGH + FGH + FGH 

With reference to Table 60.8: 

Reference 

FGH + FGH + FGH + F 

■GH 

= G-H -(F + F) + G-H -(F + F) 

5 

= G H ■ 1 +G H ■ 1 

10 

= G H + G ■ H 

12 

= H ■ (G+G) 

5 

= H ■ 1=7/ 

10 and 12 

Simplify 

A-C + A-(B + C) + AB- 

using the rules of Boolean algebra. 

(C + B) 
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With reference to Table 60.8 

Reference 

AC+A(B + C) + AB(C + B ) 


= AC + AB+AC + ABC 


+ ABB 

5 

= A-C + AB+A-C+ABC 


+ A ■ 0 

14 

= A-C + AB+A-C + AB-C 

11 

= A-(C + BC)+A-B + A-C 

5 

= A ■ (C + B) + A ■ B + A ■ C 

17 

= A-C + A- B+A- B+A - C 

5 

= AC + B■ (A+A)+A-C 

5 

= AC + B■ 1+A-C 

10 

=A-C+B+A-C 

12 

Simplify the expression 

PQR + PQ(P + R) + QR(Q + P) 
using the rules of Boolean algebra. 

With reference to Table 60.8: 

Reference 

PQR + PQ(P + R) + QR(Q + P) 


= P QR + P QP + P QR 


+ QRQ + QRP 

5 

= P Q- R + 0 ■ Q + P ■ Q- R + 0 ■ R 


+ PQR 

14 

= P- QR + PQR + PQR 

7 and 11 

= P QR + P QR 

9 

= P ■ R ■ (Q + Q) 

5 

= PR- 1 

10 

= PR 

12 


Now try the following exercise 

Exercise 204 Further problems on the laws 
the rules of Boolean algebra 

Use the laws and rules of Boolean algebra given in 
Table 60.8 to simplify the following expressions: 


1. P Q + P Q [P] 

2. PQ + PQ + PQ [P + PQ] 

3. F G + F G+G (F + F) [G] 

4. F-G + F-(G+G) + F G [P] 

5. (P + PQ)-(Q + Q-P) [PQ] 


6. F GH + F GH + F GH 

[H(F + FG] 

7. F GH + F GH + F GH 

[F G H + G H] 

8. P Q R + P- Q R + P Q+R 

[QR + PQR] 

9. F GH + F GH + F GH + F GH 

[G] 

10. F G H + F G H + F G H + F G H 

[FH + GH ] 

11. R{PQ + PQ) + R(PQ + PQ)_ 

[PR + PR] 

12. R(PQ + PQ + PQ) + P-(QR + QR) 

[P+Q-R] 


60.4 De Morgan's laws 


De Morgan’s laws may be used to simplify not- 
functions having two or more elements. The laws state 
that: 

A + B = A • B and A • B — A + B 

and may be verified by using a truth table (see Problem 
11). The application of de Morgan’s laws in simplifying 
Boolean expressions is shown in Problems 12 and 13. 

Verify that A + B=A-B 

A Boolean expression may be verified by using a truth 
table. In Table 60.9, columns 1 and 2 give all the possible 
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arrangements of the inputs A and B. Column 3 is the or- 
function applied to columns 1 and 2 and column 4 is the 
not-function applied to column 3. Columns 5 and 6 are 
the not-function applied to columns 1 and 2 respectively 
and column 7 is the and-function applied to columns 5 
and 6. 


Table 60.9 


1 

A 

2 

B 

3 

A + B 

4 

A + B 

5 

A 

6 

B 

7 

AB 

0 

0 

0 

1 

1 

1 

1 

0 

1 

1 

0 

1 

0 

0 

1 

0 

1 

0 

0 

1 

0 

1 

1 

1 

0 

0 

0 

0 


Since columns 4 and 7 have the same pattern of 0’s and 
1 ’s this verifies that A + B = A - B. 

Simplify the Boolean expression 
(A ■ B) + (A + B) by using de Morgan’s laws and the 
rules of Boolean algebra. 

Applying de Morgan’s law to the first term gives: 

AB=A+B=A+B since A = A 
Applying de Morgan’s law to the second term gives: 

A+B=AB=AB 
Thus, (A ■ B) + (A + B) — (A + B) + A -B 

Removing the bracket and reordering gives: 

A+A-B + B 

But, by rule 15, Table 60.8, A+A-B—A. It follows 
that: A + A B — A 

Thus: (A-B) + (A + B)=A + B 

Simplify the Boolean expression 
(A • B + C) ■ (A + B ■ C) by using de Morgan’s laws 
and the rules of Boolean algebra. 

Applying de Morgan’s laws to the first term gives: 

AB + C=ABC = (A + B)C 

= (A + B)C = AC + BC 


Applying de Morgan’s law to the second term gives: 

A + B -C = A + (B + C)=A + (B+C) 

Thus (AB + C)-(A + BC) 

= (A-C + B-C)-(A + B+C ) 

— AAC + ABC + AC-C 
+ ABC + BBC + BCC 

But from Table 60.8, A • A = A and C ■ C — B ■ B = 0 
Hence the Boolean expression becomes: 

AC+ABC + ABC 
= A ■ C(1 + B + B) 

— A ■ C(1 + B) 

= A • C 

Thus: (. AB + C)-(A+B-C) = A-C 


Now try the following exercise 

Exercise 205 Further problems on 
simplifying Boolean 
expressions using de 
Morgan's laws 

Use de Morgan’s laws and the rules of Boolean 
algebra given in Table 60.8 to simplify the follow¬ 
ing expressions. 

1 . (AB)-(AB) [AB] 

2. (A + IT~C) + (A^B + C) [A + B+C] 

3. (A ■ B + B C) A B [A B+A B C] 

4. (A^ + B^d) + (I^) [1] 

5. (pH+Kr)-(P-(TR) [P(Q + R)] 


60.5 Karnaugh maps 


(i) Two-variable Karnaugh maps 

A truth table for a two-variable expression is shown in 
Table 60.10(a), the ‘1’ in the third row output show¬ 
ing that Z — A B. Each of the four possible Boolean 
expressions associated with a two-variable function can 
be depicted as shown in Table 60.10(b) in which one 


Section 10 














































Section 10 


524 Engineering Mathematics 


Table 60.10 


Inputs 

Output 

Z 

Boolean 

A 

B 

expression 

0 

0 

0 

AB 

0 

1 

0 

AB 

1 

0 

1 

AB 

1 

1 

0 

AB 


(a) 


\A 

B\ 

0 

(S) 

1 

(A) 

\ A 
B \ 

0 

1 

0(B) 

SB 

AB 

0 

0 

1 

KB) 

SB 

AB 

1 

0 

0 


(b) (c) 


cell is allocated to each row of the truth table. A matrix 
similar to that shown in Table 60.10(b) can be used to 
depict Z — A B, by putting a 1 in the cell corresponding 
to A ■ B and 0’s in the remaining cells. This method of 
depicting a Boolean expression is called a two-variable 
Karnaugh map, and is shown in Table 60.10(c). 

To simplify a two-variable Boolean expression, the 
Boolean expression is depicted on a Karnaugh map, as 
outlined above. Any cells on the map having either a 
common vertical side or a common horizontal side are 
grouped together to form a couple. (This is a coupling 
together of cells, not just combining two together). The 
simplified Boolean expression for a couple is given by 
those variables common to all cells in the couple. See 
Problem 14. 

(ii) Three-variable Karnaugh maps 

A truth table for a three-variable expression is shown 
in Table 60.11 (a), the l’s in the output column showing 
that: 

Z = AB ■ C + A- B ■ C + A- B C 

Each of the eight possible Boolean expressions asso¬ 
ciated with a three-variable function can be depicted 
as shown in Table 60.11(b) in which one cell is allo¬ 
cated to each row of the truth table. A matrix similar 
to that shown in Table 60.11(b) can be used to depict: 
Z — A- B- C+ ABC+AB-C, by putting l’s in the 
cells corresponding to the Boolean terms on the right of 
the Boolean equation and 0’s in the remaining cells. This 
method of depicting a three-variable Boolean expres¬ 
sion is called a three-variable Karnaugh map, and is 
shown in Table 60.11(c). 


Table 60.11 


Inputs 
A B 

c 

Output Boolean 

Z expression 

0 

0 

0 

0 


ABC 

0 

0 

1 

1 


ABC 

0 

1 

0 

0 


ABC 

0 

1 

1 

1 


ABC 

1 

0 

0 

0 


ABC 

1 

0 

1 

0 


ABC 

1 

1 

0 

1 


ABC 

1 

1 

1 

0 


ABC 




(a) 




\AB 00 

01 

11 

10 


c\ 

(AB) 

(SB) 

(AB) 

(AB) 


0(C) 

SBC 

S BC 

ABC 

ABC 


KC) 

SBC 

SBC 

ABC 

ABC 


(b) 


X B ” 

01 

11 

10 

0 

0 

0 

1 

0 

i 

1 

1 

0 

0 


(c) 


To simplify a three-variable Boolean expression, the 
Boolean expression is depicted on a Karnaugh map 
as outlined above. Any cells on the map having com¬ 
mon edges either vertically or horizontally are grouped 
together to form couples of four cells or two cells. Dur¬ 
ing coupling the horizontal lines at the top and bottom 
of the cells are taken as a common edge, as are the verti¬ 
cal lines on the left and right of the cells. The simplified 
Boolean expression for a couple is given by those vari¬ 
ables common to all cells in the couple. See Problems 
15 to 17. 

(iii) Four-variable Karnaugh maps 

A truth table for a four-variable expression is shown 
in Table 60.12(a), the l’s in the output column 
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showing that: 

Z=AB ■ C -D + A-B ■ C D 

+ AB-C-D + A- BC-D 
Each of the sixteen possible Boolean expressions 
associated with a four-variable function can be depicted 
as shown in Table 60.12(b), in which one cell is allo¬ 
cated to each row of the truth table. A matrix similar to 
that shown in Table 60.12(b) can be used to depict 

Z = AB ■ C D + AB ■ C D 

+ A-B-CD + AB-CD 
by putting l’s in the cells corresponding to the Boolean 
terms on the right of the Boolean equation and 0’s in 
the remaining cells. This method of depicting a four- 
variable expression is called a four-variable Karnaugh 
map, and is shown in Table 60.12(c). 

Table 60.12 


Inputs 

A B 

c 

D 

Output 

z 

Boolean 

expression 

0 

0 

0 

0 

0 

A-B-C-D 

0 

0 

0 

1 

0 

A-B-C-D 

0 

0 

1 

0 

1 

ABCD 

0 

0 

1 

1 

0 

AB-CD 

0 

1 

0 

0 

0 

ABCD 

0 

1 

0 

1 

0 

A-BC-D 

0 

1 

1 

0 

1 

AB-CD 

0 

1 

1 

1 

0 

A-B-C-D 

1 

0 

0 

0 

0 

AB-CD 

1 

0 

0 

1 

0 

A-B-C-D 

1 

0 

1 

0 

1 

A-B-C-D 

1 

0 

1 

1 

0 

A-B-C-D 

1 

1 

0 

0 

0 

A-B-C-D 

1 

1 

0 

1 

0 

A-B-C-D 

1 

1 

1 

0 

1 

A-B-C-D 

1 

1 

1 

1 

0 

A-B-C-D 


(a) 


\A B 00 
CD\ (AB) 

01 

(SB) 

11 

(AB) 

10 

(AB) 

00 

(CD) 

AB-CD 

A-B-C-D 

A-B-C-D 

A-B-C-D 

01 

(CD) 

AB-CD 

ABCD 

A-B-C-D 

A-B-C-D 

11 

(CD) 

AB-CD 

A-B-C-D 

A-B-C-D 

A-B-C-D 

10 

(CJ3) 

A-B-C-D 

AB-CD 

AB-CD 

AB-CD 


(b) 


\A- 

:d\ 

B 

0-0 

0-1 

11 

1-0 

00 

0 

0 

0 

0 

0-1 

0 

0 

0 

0 

l-l 

0 

0 

0 

0 

1-0 

1 

1 

1 

1 


(c) 


To simplify a four-variable Boolean expression, the 
Boolean expression is depicted on a Karnaugh map 
as outlined above. Any cells on the map having com¬ 
mon edges either vertically or horizontally are grouped 
together to form couples of eight cells, four cells or two 
cells. During coupling, the horizontal lines at the top 
and bottom of the cells may be considered to be com¬ 
mon edges, as are the vertical lines on the left and the 
right of the cells. The simplified Boolean expression for 
a couple is given by those variables common to all cells 
in the couple. See Problems 18 and 19. 

Summary of procedure when simplifying a Boolean 
expression using a Karnaugh map 

(a) Draw a four, eight or sixteen-cell matrix, depend¬ 
ing on whether there are two, three or four 
variables. 

(b) Mark in the Boolean expression by putting l’s in 
the appropriate cells. 

(c) Form couples of 8, 4 or 2 cells having common 
edges, forming the largest groups of cells possi¬ 
ble. (Note that a cell containing a 1 may be used 
more than once when forming a couple. Also note 
that each cell containing a 1 must be used at least 
once). 

(d) The Boolean expression for the couple is given by 
the variables which are common to all cells in the 
couple. 

Use Karnaugh map techniques to 
simplify the expression P ■ Q + P ■ Q 
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Using the above procedure: 

(a) The two-variable matrix is drawn and is shown in 
Table 60.13. 

Table 60.13 


\p 

Q\ 

0 

1 

0 

f'1 

0 

1 

Li 1 

0 


(b) The term P ■ Q is marked with a 1 in the top 
left-hand cell, corresponding to P — 0 and <2 = 0; 
P ■ Q is marked with a 1 in the bottom left-hand 
cell corresponding to P = 0 and <2=1. 

(c) The two cells containing l’s have a common hor¬ 
izontal edge and thus a vertical couple, can be 
formed. 

(d) The variable common to both cells in the couple is 
P = 0, i.e. P thus 

P.Q + P.Q = P 

Simplify the expression 

X Y Z+X-Y Z + X Y Z + X-Y Z by using 
Karnaugh map techniques. 

Using the above procedure: 

(a) A three-variable matrix is drawn and is shown in 
Table 60.14. 

Table 60.14 


\XY 

z\ 00 

01 

11 

10 

0 

0 

L“ 

-1 

.11 

0 

1 

— —1 

11 

0 

0 

1— — 

11 


(b) The 1 ’s on the matrix correspond to the expression 
given, i.e. for X ■ Y ■ Z, X — 0, Y — 1 and Z = 0 and 
hence corresponds to the cell in the two row and 
second column, and so on. 

(c) Two couples can be formed as shown. The couple 
in the bottom row may be formed since the vertical 
lines on the left and right of the cells are taken as 
a common edge. 


(d) The variables common to the couple in the top row 
are Y = 1 and Z = 0, that is, Y • Z and the variables 
common to the couple in the bottom row are Y — 0, 
Z = 1, that is, Y ■ Z. Hence: 

x • y z + x-Y z + x- y z 

+XYZ=YZ+YZ 

Using a Karnaugh map technique to 
simplify the expression (A • B) ■ (A + B). 

Using the procedure, a two-variable matrix is drawn and 
is shown in Table 60.15. 

Table 60.15 


\A 



B \ 

0 

1 

0 

1 

1 2 

1 


1 


A ■ B corresponds to the bottom left-hand cell and 
(A ■ B) must therefore be all cells except this one, marked 
with a 1 in Table 60.15. (A + B) corresponds to all the 
cells except the top right-hand cell marked with a 2 
in Table 60.15. Hence (A + B) must correspond to the 
cell marked with a 2. The expression (A • B) ■ (A + B) 
corresponds to the cell having both 1 and 2 in 
it, i.e. 

(A ■ B) • (A + B) = A • B 


Simplify (P + Q ■ R) + (P ■ Q + R) 
using a Karnaugh map technique. 

The term (P + QR) corresponds to the cells marked 
1 on the matrix in Table 60.16(a), hence (P + Q R) 
corresponds to the cells marked 2. Similarly, (P ■ Q + R) 
corresponds to the cells marked 3 in Table 60.16(a), 
hence (P-Q + R) corresponds to the cells marked 4. 
The expression (P + Q ■ R) + (P ■ Q + R) corresponds to 
cells marked with either a 2 or with a 4 and is shown in 
Table 60.16(b) by X’s. These cells may be coupled as 
shown. The variables common to the group of four cells 
is P — 0, i.e. P, and those common to the group of two 
cells are Q — 0,R— 1, i.e. Q • R. 

Thus: (P + Q R) + (P-Q + R) = P + Q ■ R. 
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Table 60.16 


\P-Q 

R\oo 

01 

11 

10 

0 

3 

2 

3 

2 

3 

1 

3 

1 


4 

4 

3 

4 


1 

2 

1 

1 


(a) 


\PQ 

R\ 

00 

01 

11 

10 

0 

lx" 

‘xl 

1 



1 

& 

.X 1 


1* 


(b) 


Use Karnaugh map techniques to 
simplify the expression: 

A ■ B C D +A ■ B ■ C ■ D + A ■ B ■ C ■ D 
+ ABCD + ABCD. 


Table 60.18 


\AB 0 .0 

r-n\\ 

01 

II 

10 

/ 

\ 

00 N 

— 

xV 



( 1 

01 





II 



1 


10/ 

/ \ 

1 ' 

/ 



/ \ 

< 1 

\ 


Now try the following exercise 


Using the procedure, a four-variable matrix is drawn and 
is shown in Table 60.17. The l’s marked on the matrix 
correspond to the expression given. Two couples can be 
formed as shown. The four-cell couple has B — 1, C — 1, 
i.e. B - C as the common variables to all four cells and 
the two-cell couple has A • B -D as the common vari¬ 
ables to both cells. Hence, the expression simplifies to: 

B-C+ABD i.e. B-(C+AD) 


Exercise 206 Further problems on 

simplifying Boolean expres¬ 
sions using Karnaugh maps 

In Problems 1 to 11 use Karnaugh map techniques 
to simplify the expressions given. 

1. X-Y + X-Y [T] 

2. X-Y + X-Y + X-Y [X+T] 


Table 60.17 



Simplify the expression 
ABCD+ABCD + ABCD + 
ABCD+ABCD by using Karnaugh map 
techniques. 


The Karnaugh map for the expression is shown in Table 
60.18. Since the top and bottom horizontal lines are 
common edges and the vertical lines on the left and 
right of the cells are common, then the four corner cells 
form a couple, B ■ D , (the cells can be considered as if 
they are stretched to completely cover a sphere, as far 
as common edges are concerned). The cell A B ■ C D 
cannot be coupled with any other. Hence the expression 
simplifies to 

BD+A-B C D 


3 . (P-Q)-(P-Q) [PQ] 

4. AC + A(B + C) + AB-(C + B)_ 

[B+A-C+AC] 

5 . PQR + PQR + PQR [R-(P + Q] 

6. P Q R + P Q R + P Q R + P Q R _ 

[. P(Q + R) + PQR] 


7. A B C D + A B C D+A B C D 

[.AC(B + D )] 

8. A B C D + A B C D + A B C D 

[B ■ C ■ (A + D] 

9. A B C D + A B C D+A B C D 
+ ABCD + ABCD 

[D(A + BC)] 

10. A B C D + A B C D+A B C D 

+ ABC D + A BCD 

[A-D + ABC-D] 


11. A B C D + A B C D+A B C D + 
ABCD + ABCD + ABCD + 

A-BCD 

[AC+ACD + BD+A + C)] 
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60.6 Logic circuits 


In practice, logic gates are used to perform the and, 
or and not-functions introduced in Section 60.1. Logic 
gates can be made from switches, magnetic devices or 
fluidic devices, but most logic gates in use are electronic 
devices. Various logic gates are available. For example, 
the Boolean expression (A ■ B ■ C) can be produced using 
a three-input, and-gate and (C + D) by using a two- 
input or-gate. The principal gates in common use are 
introduced below. The term ‘gate’ is used in the same 
sense as a normal gate, the open state being indicated by 
a binary ‘ 1 ’ and the closed state by a binary ‘0’. A gate 
will only open when the requirements of the gate are 
met and, for example, there will only be a ‘ 1 ’ output on 
a two-input and-gate when both the inputs to the gate 
are at a ‘ 1 ’ state. 

The and-gate 

The different symbols used for a three-input, and-gate 
are shown in Fig. 60.19(a) and the truth table is shown 
in Fig. 60.19(b). This shows that there will only be a ‘1’ 
output when A is 1, or B is 1, or C is 1, written as: 

Z = A ■ B ■ C 



BRITISH AMERICAN 

(a) 


A 

INPUTS 

B 

c 

OUTPUT 

Z = ABC 

0 

0 

0 

0 

0 

0 

1 

0 

0 

1 

0 

0 

0 

1 

1 

0 

1 

0 

0 

0 

1 

0 

1 

0 

1 

1 

0 

0 

1 

1 

1 

1 


(b) 


Figure 60.19 


The or-gate 

The different symbols used for a three-input or-gate are 
shown in Fig. 60.20(a) and the truth table is shown in 
Fig. 60.20(b). This shows that there will be a ‘ 1’ output 
when A is 1, or B is 1, or C is 1, or any combination of 
A, B or C is 1, written as: 

Z — A + B + C 

The invert-gate or not-gate 

The different symbols used for an invert-gate are 
shown in Fig. 60.21(a) and the truth table is shown in 
Fig. 60.21(b). This shows that a ‘0’ input gives a ‘1’ 
output and vice versa, i.e. it is an ‘opposite to’ function. 
The invert of A is written A and is called ‘not-A’. 

The nand-gate 

The different symbols used for a nand-gate are shown 
in Fig. 60.22(a) and the truth table is shown in 
Fig. 60.22(b). This gate is equivalent to an and-gate 
and an invert-gate in series (not-and = nand) and the 
output is written as: 





BRITISH 


AMERICAN 


(a) 


A 

INPUTS 

B 

c 

OUTPUT 

Z=A+B+C 

0 

0 

0 

0 

0 

0 

1 

1 

0 

1 

0 

1 

0 

1 

1 

1 

1 

0 

0 

1 

1 

0 

1 

1 

1 

1 

0 

1 

1 

1 

1 

1 


(b) 


Z — A ■ B ■ C 


Figure 60.20 
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to—| |p—o; 



BRITISH 


AMERICAN 


(a) 





BRITISH 


AMERICAN 


(a) 


INPUT 

OUTPUT 

A 

Z = A 

0 

1 

1 

0 


(b) 


Figure 60.21 

BRITISH AMERICAN 

(a) 


A 

INPUTS 

B 

C 

ABC■ 

OUTPUT 

Z ABC■ 

0 

0 

0 

0 

1 

0 

0 

1 

0 

1 

0 

1 

0 

0 

1 

0 

1 

1 

0 

1 

1 

0 

0 

0 

1 

1 

0 

1 

0 

1 

1 

1 

0 

0 

1 

1 

1 

1 

1 

0 


(b) 


Figure 60.22 

The nor-gate 


A 

INPUTS 

B 

c 

A + B + C 

OUTPUT 

Z=A+B+C 

0 

0 

0 

0 

1 

0 

0 

1 

1 

0 

0 

1 

0 

1 

0 

0 

1 

1 

1 

0 

1 

0 

0 

1 

0 

1 

0 

1 

1 

0 

1 

1 

0 

1 

0 

1 

1 

1 

1 

0 


(b) 


Figure 60.23 

logic gates generally have two, three or four inputs and 
are confined to one function only. Thus, for example, a 
two-input, or-gate or a four-input and-gate can be used 
when designing a logic circuit. The way in which logic 
gates are used to generate a given output is shown in 
Problems 20 to 23. 


Devise a logic system to meet the 
requirements of: Z = A ■ B + C 



The different symbols used for a nor-gate are shown 
in Fig. 60.23(a) and the truth table is shown in 
Fig. 60.23(b). This gate is equivalent to an or-gate and 
an invert-gate in series, (not-or = nor), and the output 
is written as: 

Z=A+B+C 


Figure 60.24 

With reference to Fig. 60.24 an invert-gate, shown as 
(1), gives B. The and-gate, shown as (2), has inputs of 
A and B, giving A ■ B. The or-gate, shown as (3), has 
inputs of A ■ B and C, giving: 

Z=AB + C 


Combinational logic networks 

In most logic circuits, more than one gate is needed 
to give the required output. Except for the invert-gate. 


Devise a logic system to meet the 
requirements of (P + Q) ■ (R + S). 
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of the circuit being reduced. Any of the techniques can 
be used, and in this case, the rules of Boolean algebra 
(see Table 60.8) are used. 

Z=ABC + ABC + ABC 
= A[BC + BC + BC] 

= A- [B ■ C + B(C + C)] = A ■ \B ■ C + B] 


Figure 60.25 

The logic system is shown in Fig. 60.25. The given 
expression shows that two invert-functions are needed 
to give Q and R and these are shown as gates (1) and 
(2). Two or-gates, shown as (3) and (4), give (P + Q ) 
and (R + S) respectively. Finally, an and-gate, shown 
as (5), gives the required output. 

Z = (P + Q) ■ (R + S) 


Devise a logic circuit to meet the 
requirements of the output given in Table 60.19, 
using as few gates as possible. 

Table 60.19 



0 0 0 0 

0 0 1 0 

0 10 0 

011 0 

10 0 0 

10 1 1 

110 1 

111 1 

The ‘1’ outputs in rows 6, 7 and 8 of Table 60.19 show 
that the Boolean expression is: 

Z = ABC + ABC + ABC 

The logic circuit for this expression can be built using 
three, 3-input and-gates and one, 3-input or-gate, 
together with two invert-gates. Flowever, the number of 
gates required can be reduced by using the techniques 
introduced in Sections 60.3 to 60.5, resulting in the cost 


= A[B + B ■ C]=A-[B + C] 

The logic circuit to give this simplified expression is 
shown in Fig. 60.26. 

<4 O 

BO 
CO 



Figure 60.26 

Simplify the expression: 

Z = P Q R S + P Q.R.S + P Q R S 
+ PQRS + PQRS 

and devise a logic circuit to give this output. 


The given expression is simplified using the Karnaugh 
map techniques introduced in Section 60.5. Two couples 
are formed as shown in Fig. 60.27(a) and the simplified 
expression becomes: 

Z=QRS+PR 
i.e. Z = R (P + Q -S) 

The logic circuit to produce this expression is shown in 
Fig. 60.27(b). 
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0-1 
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(a) 



Figure 60.27 
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Now try the following exercise 


Exercise 207 Further problems on logic 
circuits 

In Problems 1 to 4, devise logic systems to meet 
the requirements of the Boolean expressions given. 


1. Z — A + B-C 

2. Z = AB + BC 

3. Z = ABC + ABC 

4. Z — (A +B) ■ (C + D) 


[See Fig. 60.28(a)] 
[See Fig. 60.28(b)] 
[See Fig. 60.28(c)] 
[See Fig. 60.28(d)] 



(a) 


Z=A + BC 


Table 60.20 


1 

2 

3 

4 

5 

6 

A 

B 

c 

Zi 

z 2 

z 3 

0 
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0 

0 

0 

0 

0 

0 

1 

1 

0 

0 

0 

1 

0 

0 

0 

1 

0 

1 

1 

1 

1 

1 

1 

0 

0 

0 

1 

0 

1 

0 

1 

1 

1 

1 

1 

1 

0 

1 

0 

1 

1 

1 

1 

1 

1 

1 




c 



Figure 60.29 


Column 6 of Table 60.20 

[Z 3 = A ■ C + B, see Fig. 60.29(c)] 


(d) 

Figure 60.28 

In Problems 5 to 7, simplify the expression given 
in the truth table and devise a logic circuit to meet 
the requirements stated. 

5. Column 4 of Table 60.20 

[Z X =AB + C, see Fig. 60.29(a)] 

6 . Column 5 of Table 60.20 

[Z 2 —A ■ B + B ■ C, see Fig. 60.29(b)] 


In Problems 8 to 12, simplify the Boolean expres¬ 
sions given and devise logic circuits to give the 
requirements of the simplified expressions. 

8 . PQ + PQ + PQ_ 

[P + Q, see Fig. 60.30(a)] 

9. PQR + PQR + PQR 

[R(P+Q), see Fig. 60.30(b)] 

10. PQR + PQR + PQR 

IQ (P + R), see Fig. 60.30(c)] 
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a universal gate. The way in which a universal nand- 
gate is used to produce the invert, and, or and nor- 
functions is shown in Problem 24. The way in which 
a universal nor-gate is used to produce the invert, or, 
and and nand-function is shown in Problem 25. 


po- 

oo—I b- 

R< 




inf&l— oz=r-(p+5) 


fo-□> 


(b) 



&|—oZ = Q'(P + R) 


11. A B C D+A B C D + A B C D 
+ ABCD + ABCD 

[D-(A- C + B), see Fig. 60.31(a)] 

—n~i 

eo—□> ^r-L_n 


Co- 

Do-[> 


m—o Z=D(AC+B) 


(a) 



Z~ P-(D + R) 


12. (P-Q R)-(P + Q_R) _ 

[P • (Q + R), see Fig. 60.31(b)] 


60.7 Universal logic gates 


The function of any of the five logic gates in common use 
can be obtained by using either nand-gates or nor-gates 
and when used in this manner, the gate selected in called 


Show low invert, and, or and nor- 
functions can be produced using nand-gates only. 


A single input to a nand-gate gives the invert-function, 
as shown in Fig. 60.32(a). When two nand-gates 
are connected, as shown in Fig. 60.32(b), the out¬ 
put from the first gate is A B C and this is inverted 
by the second gate, giving Z — A B C—A B C i.e. 
the and-function is produced. When A, B and C 
are the inputs to a nand-gate, the output is A B C. 

By de Morgan’s law, AB-C = A + B + C = 
A + B + C, i.e. a nand-gate is used to produce or- 
function. The logic circuit shown in Fig. 60.32(c). If the 
output from the logic circuit in Fig. 60.32(c) is inverted 
by adding an additional nand-gate, the output becomes 
the invert of an or-function, i.e. the nor-function, as 
shown in Fig. 60.32(d). 

— | & j p-O Z = A 

(a) 




& D- 


& > 


— 



vS_ 

& 







ABC 


AB-C 


& O " O Z—A+B + C 


(d) 


Figure 60.32 
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Show how invert, or, and and nand- 
functions can be produced by using nor-gates only. 

A single input to a nor-gate gives the invert-function, 
as shown in Fig. 60.33(a). When two nor-gates are con¬ 
nected, as shown in Fig. 60.33(b), the output from the 
first gate is A + B + C and this is inverted by the sec¬ 
ond gate, giving Z—A + B+C—A + B + C, i.e. the 
or-function is produced. Inputs of A, B, and C to a 
nor-gate give an output of A + B + C. 

By de Morgan’s law, A + B + C — A B ■ C —A B ■ C , 
i.e. the nor-gate can be used to produce the and- 
function. The logic circuit is shown in Fig. 60.33(c). 
When the output of the logic circuit, shown in 
Fig. 60.33(c), is inverted by adding an additional 
nor-gate, the output then becomes the invert of an or- 
function, i.e. the nor-function as shown in Fig. 60.33(d). 


expression 

Z = A + B+C + D 

When designing logic circuits, it is often easier to start 
at the output of the circuit. The given expression shows 
there are four variables joined by or-functions. From 
the principles introduced in Problem 24, if a four-input 
nand-gate is used to give the expression given, the input 
are A, B, C and D that is A, B, C and D. However, the 
problem states that three-inputs are not to be exceeded 
so two of the variables are joined, i.e. the inputs to the 
three-input nand-gate, shown as gate (1) Fig. 60.34, is 
A, B , C, and D. From Problem 24, the and-function is 
generated by using two nand-gates connected in series, 
as shown by gates (2) and (3) in Fig. 60.34. The logic 
circuit required to produce the given expression is as 
shown in Fig. 60.34. 



Z=A 



Z-A+B+C 




(d) 

Figure 60.33 


Design a logic circuit, using 
nand-gates having not more than three inputs, 
to meet the requirements of the Boolean 


A + B, i.e., 



A-B-C-D ± i.e., 

i z = M + e + c+o) 


Figure 60.34 


Use nor-gates only to design a logic 
circuit to meet the requirements of the expressions: 

Z = D ■ (A + B + C) 


It is usual in logic circuit design to start the design at the 
output. From Problem 25, the and-function between D 
and the terms in the bracket can be produced by using 
inputs of D and A + B + C to a nor-gate, i.e. by de 
Morgan’s law, inputs of D and A B ■ C. Again, with 
reference to Problem 25, inputs of A -B and C to a nor- 
gate give an output of A + B + C, which by de Morgan’s 
law is A B C. The logic circuit to produce the required 
expression is as shown in Fig. 60.35 



Figure 60.35 
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An alarm indicator in a grinding 
mill complex should be activated if (a) the power 
supply to all mills is off and (b) the hopper feeding 
the mills is less than 10% full, and (c) if less than 
two of the three grinding mills are in action. Devise 
a logic system to meet these requirements. 

Let variable A represent the power supply on to all the 
mills, then A represents the power supply off. Let B rep¬ 
resent the hopper feeding the mills being more than 10% 
full, then B represents the hopper being less than 10% 
full. Let C, D and E represent the three mills respec¬ 
tively being in action, then C, D and E represent the 
three mills respectively not being in action. The required 
expression to activate the alarm is: 

Z = A B- (C + D + E) 

There are three variables joined by and-functions in 
the output, indicating that a three-input and-gate is 
required, having inputs of A, B and (C + D + E). 

The term (C + D + E) is produced by a three-input 
nand-gate. When variables C, D and E are the inputs 
to a nand-gate, the output is C D E which, by de 
Morgan’s law is C + D + E. Hence the required logic 
circuit is as shown in Fig. 60.36. 


3. Z —A ■ B ■ C + A ■ B ■ C [See Fig. 60.37(c)] 



Figure 60.37 

In Problems 4 to 6, use nor-gates only to devise 
the logic systems stated. 

4. Z = (A + B) ■ (C + D) 

[See Fig. 60.38(a)] 



5. Z=AB + BC + CD 

[See Fig. 60.38(b)] 

6 . Z = P-Q + P-(Q + R) 

[See Fig. 60.38(c)] 



Figure 60.36 


Now try the following exercise 

Exercise 208 Further problems on universal 
logic gates 

In Problems 1 to 3, use nand-gates only to devise 
the logic systems stated. 

1. Z = A + B C [See Fig. 60.37(a)] 

2. Z=A B + B C [See Fig. 60.37(b)] 



(b) 


Z=A■B+B■C+ C-D 



(c) 


Figure 60.38 
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7. In a chemical process, three of the transducers 
used are P, Q and K. giving output signals of 
either 0 or 1. Devise a logic system to give a 
1 output when: 

(a) P and Q and R all have 0 outputs, or 
when: 

(b) P is 0 and ( Q is 1 or R is 0) 

[P • (<2 + R ), See Fig. 60.39(a)] 

8 . Lift doors should close, (Z), if: 

(a) the master switch, (A), is on and either 

(b) a call, ( B ), is received from any other 
floor, or 

(c) the doors, (C), have been open for more 
than 10 seconds, or 

(d) the selector push within the lift ( D ), is 
pressed for another floor. 

Devise a logic circuit to meet these 
requirements. 

Z=A-(B + C + D), 
see Fig. 60.39(b) 



(d) 


9. A water tank feeds three separate processes. 
When any two of the processes are in opera¬ 
tion at the same time, a signal is required to 
start a pump to maintain the head of water 
in the tank. Devise a logic circuit using 
nor-gates only to give the required signal. 

Z — A(B+C) + BC, 
see Fig. 60.39(c) 

10. A logic signal is required to give an indication 
when: 

(a) the supply to an oven is on, and 

(b) the temperature of the oven exceeds 
210°C, or 

(c) the temperature of the oven is less than 
190°C 

Devise a logic circuit using nand-gates only 
to meet these requirements. 

[Z —A- (B + C ), see Fig. 60.39(d)] 


Figure 60.39 
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Chapter 61 


The theory of matrices and 

determinants 


61.1 Matrix notation 


Matrices and determinants are mainly used for the solu¬ 
tion of linear simultaneous equations. The theory of 
matrices and determinants is dealt with in this chap¬ 
ter and this theory is then used in Chapter 62 to solve 
simultaneous equations. 

The coefficients of the variables for linear simulta¬ 
neous equations may be shown in matrix form. The 
coefficients of x and y in the simultaneous equations 

x + 2y = 3 
Ax - 5y = 6 


be simplified or combined, and unknown element val¬ 
ues can be determined by comparison methods. Just as 
there are rules for addition, subtraction, multiplication 
and division of numbers in arithmetic, rules for these 
operations can be applied to matrices and the rules of 
matrices are such that they obey most of those governing 
the algebra of numbers. 


61.2 Addition, subtraction and 
multiplication of matrices 


(i) Addition of matrices 


become 



in matrix notation. 


Corresponding elements in two matrices may be added 
to form a single matrix. 


Similarly, the coefficients of p, q and r in the equations 

\3p-2.0q + r = l 
3.Ip + 4.8q — Ir = 3 
4 . 1 / 7 + 3 . 89 + 12r = -6 

/1.3 -2.0 1\ 

become I 3.7 4.8 —7 I in matrix form. 

\4.1 3.8 12/ 


Add the matrices 



3 1 —4\ (21-5 

4 3 I and -2 I 0 

14-3/ V 6 3 4 

(a) Adding the corresponding elements gives: 



The numbers within a matrix are called an array and the 
coefficients forming the array are called the elements 
of the matrix. The number of rows in a matrix is usu¬ 
ally specified by m and the number of columns by n 
and a matrix referred to as an In by n matrix. Thus, 

'j is a ‘2 by 3’ matrix. Matrices cannot be 

expressed as a single numerical value, but they can often 


(2 3 6 
\4 5 7 



( 2 +(-3) -1+0 \ 

V-7 + 7 4 +(-4)/ 
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(b) Adding the corresponding elements gives: 


(3 1 —4\ / 2 7 —5\ 
4 3 1 + -2 1 0 

\1 4 -3/ V 6 3 4/ 


/3 + 2 1+7 —4 + (—5) \ 

4 +(-2) 3+1 1+0 

\1+ 6 4 + 3 -3 + 4 j 

/ 5 8 -9 
2 4 1 

\7 7 1 


(ii) Subtraction of matrices 

If A is a matrix and B is another matrix, then (A — B) is 
a single matrix formed by subtracting the elements of B 
from the corresponding elements of A. 


Subtract 

(a) (i — 4 ) fr ° m (—7 "I) 

/ 2 7 -5\ (3 1 -4 

(b) -2 1 0 from 4 3 1 

V 6 3 4/ \1 4 -3 


To find matrix A minus matrix B, the elements of B are 
taken from the corresponding elements of A. Thus: 


1 3. If 




find A + B — C. 


and 


A + B = 


Hence, A + B — C — 


-1 -1 

0 0 


(from Problem 1) 


-1 

0 

-1 

0 


-1 

0 

1 

(- 2 ) 


1 0 
-2 -4 

- 1-0 
0 - (-4) 


-2 -1 
2 4 


Alternatively A + B — C 


-3 0 

7 -4 


2 

-7 


-1 

4 


-3 + 2-1 
7 + (-7) - (-2) 


1 0 
-2 -4 

0 + (— 1 ) — 0 
-4 + 4 - (-4) 


2 4 ) as obtained previously 


(iii) Multiplication 



(b) 


2 - (-3) 

-1 

-7-7 

4- 

5 -1\ 

-14 8 J 

1 -4\ / 

3 1 

- - 

4-3/ \ 

'3-2 

1 -7 

4 - (-2) 

3 - 1 

1 -6 

4-3 

1 -6 

1 \ 

6 2 

1 

-5 1 

-v 


(-4) 


2 7 


6 3 



When a matrix is multiplied by a number, called scalar 
multiplication, a single matrix results in which each 
element of the original matrix has been multiplied by 
the number. 


i4. If A = 


B=\J 1 4 I and C = 


0 
-4 
1 0 
-2 -4 


find 


2A-3B + 4 C. 


For scalar multiplication, each element is multiplied by 
the scalar quantity, hence 


2A = 2 


3B= 3 


-3 

7 

2 

-7 





6 


-21 
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and 4 C = 4 (J J|) = (_8 -lb) 

Hence 2A — 3B + 4C 

= (~ 6 °)-( 6 - 3 ) + ( 4 °"l 

V 14 - 8 / 21 12/ 8 -16/ 

_ /—6 — 6 + 4 0 — (—3) + 0 \ 

v 14 — (- 21 ) + (-8) -8 - 12 + (-16)/ 

/- 8 3 \ 

V 27 - 36 / 


When a matrix A is multiplied by another matrix B, 
a single matrix results in which elements are obtained 
from the sum of the products of the corresponding rows 
of A and the corresponding columns of B. 

Two matrices A and B may be multiplied together, 
provided the number of elements in the rows of matrix 
A are equal to the number of elements in the columns of 
matrix B. In general terms, when multiplying a matrix 
of dimensions (m by n). by a matrix of dimensions (n by 
r), the resulting matrix has dimensions (m by r). Thus 
a 2 by 3 matrix multiplied by a 3 by 1 matrix gives a 
matrix of dimensions 2 by 1 . 


If A = ^ 2 3 J and 

B=(~ 5 3 ^jfindTxB. 


Thus, A x B = 


-19 26 

7 -9 


Problem 6. 

Simplify 




( 3 

4 

°\ 1 

( 2 \ 


- 2 

6 

-3 x 

5 


V 7 

-4 

1 / ' 

V- 1 / 


The sum of the products of the elements of each row of 
the first matrix and the elements of the second matrix, 
(called a column matrix), are taken one at a time. Thus: 



0 

-3 

1 



/(3 x 2) + (4 x 5) + (0 x (—1)) \ 

I (—2 x 2) + (6 x 5) + (—3 x (—1)) I 
\(7 x 2) + (—4 x 5) + (1 x (—1)) / 


26 

29 

-7 



/ 3 4 

°\ 

Problem 7. 

If A = -2 6 

—3 I and 


\ 7 -4 

1/ 

( 2 

—5\ 


B= 5 

—6 I find Ax B. 


V-1 

-v 



Let AxB — C where C — 



C 12 
C22 


Ci 1 is the sum of the products of the first row elements 
of A and the first column elements of B taken one at a 
time. 


i.e. Cn=(2x (—5)) + (3 x (—3)) = —19 

Ci 2 is the sum of the products of the first row elements 
of A and the second column elements of B, taken one at 
a time, 

i.e. C 12 = (2 x 7) + (3 x 4) = 26 

C 21 is the sum of the products of the second row ele¬ 
ments of A and the first column elements of B, taken 
one at a time. 

i.e. C 21 = (1 x (-5)) + (-4) x (-3)) = 7 


The sum of the products of the elements of each row of 
the first matrix and the elements of each column of the 
second matrix are taken one at a time. Thus: 




-5 

-6 

-7 


/ [(3 x 2 ) 

+ (4x5) 

+ (0 x (— 1 ))] 
[(-2 x 2 ) 

+ (6x5) 

+ (—3 x (—1))] 
[(7 x 2) 

+ (-4 x 5) 

\ + (1 x (- 1 ))] 


[(3 x (-5)) \ 

+ (4 x (- 6 )) 

+ (0 x (-7))] 
[(-2 x (-5)) 

+ (6 x (- 6 )) 

+ (-3 x (-7))] 

[(7 x (-5)) 

+ (-4 x (- 6 )) 

+ (1 x (-7))] / 


Finally, C 22 is the sum of the products of the second 
row elements of A and the second column elements of 
B, taken one at a time 

i.e. C 22 = (1 x 7) + ((—4) x 4) = —9 


26 -39 
29 -5 

-7 -18 
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Determine 

/I 0 3\ (2 2 0\ 

2 1 2x1 3 2 

\1 3 1/ \3 2 0/ 


Since 


4 9 
2 3 




then AxB/BxA 


Now try the following exercise 


The sum of the products of the elements of each row of 
the first matrix and the elements of each column of the 
second matrix are taken one at a time. Thus: 


/I 

0 3\ 2 

2 0\ 


2 

1 2x1 

3 2 



3 \) \2 

2 0 / 



( [(1 x 2) 

[d x 2) 

Id x 0) \ 


+ (0xl) 

+ (0x3) 

+ (0x2) 


+ (3 x 3)] 

+ (3 x 2)] 

+ (3 x 0)] 


[(2 x 2) 

[(2 x 2) 

[(2 x 0) 

= 

+ (lxl) 

+ (1x3) 

+ (1x2) 


+ (2 x 3)] 

+ (2 x 2)] 

+ (2 x 0)] 


[(1 x 2) 

[d x 2) 

[(1 x 0) 


+ (3xl) 

+ (3x3) 

+ (3x2) 


^ + (1 x 3)] 

+ (1 x 2)] 

+ (1 x 0)] / 



In algebra, the commutative law of multiplication states 
that a x b = b x a. For matrices, this law is only true in 
a few special cases, and in general Axfiis not equal 
to B x A. 


If A — 

'2 3 


2 3 
1 0 


B = 


0 1 


and 

show that AxB^BxA. 


Ax B = 


(2 

3 1 

i ( 2 

3\ 

1 

oj 

|x o 

1 


[(2 x 2) + (3 x 0)] 
[(1 x 2) + (0 x 0)] 

4 9 
2 3 


[(2 x 3) + (3 x 1)] 
[(1 x 3) + (0 x 1)] 


B x A — 


2 

3 ] 

,x 2 

3 ) 

\o 

i 

'll 

0 / 


[(2 x 2) + (3 x 1)] 
[(0 x 2) + (1 x 1)] 

7 6 
1 0 


[(2 x 3) + (3 x 0)] 
[(Ox 3)+ (1x0)] 


Exercise 209 


Further problems on 
addition, subtraction and 
multiplication of matrices 


In Problems 1 to 13, the matrices A to K are: 


H 

' 3 

C=| 

r - 1 - 3 

l 2.5 


( 4 

D = 

-2 


B = 


E = 



( 1 
2 
1 

"3 


2 \ 

3 

3 

V 



3/ 


( 

3.1 

2.4 6.4\ 


A 

-1.6 

3.8 -1.9 

G = 

L + 

5.3 

3.4 -4.8/ 


2 

\5/ 


H = 


-2 


J = 



K 



In Problems 1 to 12, perform the matrix operation 
stated. 


1. A + B 


( 3± 
2 
1 

-4— 
3 


V 


_!\ 

3 

2 

V 


2. D + E 



( 1 

-1 

6 I\ 

2 


3 

1 

3- 

7 



3 

2 


l 4 

7 



3. A — B 


LV 


1 

2 - 

2 

2 

-3- 

3 


_1 3 

7- 

5 


2X1 


/ J 
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4. A + B-C 

5. 5A + 6B 

6. 2D + 3E- 4F 


4.8 -7.73 
-6.83 10.3 

18.0 -1.0 
-22.0 31.4 


61.4 The determinant of a 2 by 2 
matrix 


IS 


'/ 4.6 

-5.6 

—12.1 \ 

17.4 

-9.2 

28.6 

y —14.2 

0.4 

13.0/ 


The determinant of a 2 by 2 matrix, 
defined as (ad — be) 

The elements of the determinant of a matrix are 
written between vertical lines. Thus, the determinant 

of 


7. AxH 


8. Ax B 


9. AxC 


LV 


/ i? 

6 

1 

-4- 
3 


-11 

43 


2 - ^ 
5 

.13 

6 15 / 



-7 

is written as 

3 

-4 

V 1 

6/ 


1 

6 


and is equal to 

(3x6) —(—4 x 1), i.e. 18 —(—4) or 22. Hence the 
determinant of a matrix can be expressed as a single 
3 -4 
1 6 


numerical value, i.e. 


= 22 . 


Determine the value of 




3 

-2 

Y-6.4 

26.1 \ 


7 

4 

122.7 

-56.9 / 






7 135 V 


3 -2 

10. DxJ 

-52 


7 4 


LV-85/J 



= (3x4)- (-2 x 7) 


= 12- (-14) = 26 


11. ExK 


12. DxF 


LV 


1 

3- 

2 

12 

2 

5 


/ J 


55.4 

3.4 

10.1 

-12.6 

10.4 

-20.4 

-16.9 

25.0 

37.9 


Problem 11. 


Evaluate 


(1 + 7) 

-73 


7 2 

(1 - 74 ) 


(1 + 7 ) 
-73 


72 

(1 -74) 


= (l +7)(i -74) - (72)(—73) 


= 1 -74 + 7 - 7 2 4 + 7 2 6 


= 1 -74 +7 - (-4) + (-6) 


13. Show that Ax C^CxA 


(-6.4 26.1\ ' 

\22.1 —56.9/ 

(-33.5 -53.1 
V 23.1 -29.8 


Hence they are not equal 


61.3 The unit matrix 


A unit matrix, /, is one in which all elements of the 
leading diagonal (\) have a value of 1 and all other 
elements have a value of 0. Multiplication of a matrix 
by I is the equivalent of multiplying by 1 in arithmetic. 


since from Chapter 35, j 2 = — 1 
= 1 -74+7 + 4-6 

= -1 -73 


Problem 12, 


Evaluate 


5Z30° 

3Z60° 


2Z—60° 
4Z—90° 


5Z30° 2Z—60° 
3Z60° 4Z—90° 


(5Z30°)(4Z—90°) 

- (2Z-60°)(3Z60°) 
(20Z—60°) - (6Z0°) 
(10-717.32) - (6 +70) 

(4 -717.32) or 17.78Z-77 0 
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Now try the following exercise 


Exercise 210 Further problems on 2 by 2 
determinants 


1. Calculate the determinant of 


2. Calculate the determinant of 

( I ?\ 

2 3 


3 -1 
-4 7 


\- 


[17] 


7 ' 
90 


3. Calculate the determinant of 
-1.3 7.4^ 

2.5 —3.9 > 


4. Evaluate 


5. Evaluate 


j 2 -j 3 

(1 +j) j 


[-13.43] 

[-5+J3] 


2Z40° 5Z—20° 

7Z—32° 4Z— 117° 

(-19.75+719.79) 
or 27.95Z134.94° 


61.5 The inverse or reciprocal of a 2 
by 2 matrix 


The inverse of matrix A is A 1 such that Ax A 1 = I, 
the unit matrix. 

Let matrix A be ^ ” j and let the inverse matrix, 

% 

Then, since A x A -1 = /, 

1 2\ fa b\ _ fl 0 
3 4/ X \c _ ^0 1 

Multiplying the matrices on the left hand side, gives 

’ a + 2c b + 2d\_f\ 0) 

K 3a + 4c 3b + 4d) ~ \0 1, 

Equating corresponding elements gives: 
b + 2d = 0, i.e. b — —2d 


and 3a + 4c = 0, i.e. a — —-c 


Substituting for a and b gives: 

/ 


-c + 2c 


—2d + 2d 


3 ( —-c ) + 4c 3(—2d) + 4d 


i.e. 


<2 

Jo 


0 

-2d 


= 

f 1 


/ 


V 


f 1 


- 

0 

ij 


2 3 

showing that -c=l, i.e. c=- and — 2d—\, i.e. 
1 

d— — 

2 

4 

Since b — —2d, b= 1 and since a — —c, a — —2. 

3 

Thus the inverse of matrix [ _ , ) is | ° ] | that is, 

\3 4 \c d 


-2 

3 


i 


There is, however, a quicker method of obtaining the 
inverse of a 2 by 2 matrix. 


For any matrix y f ) the inverse may be obtained by: 


(i) interchanging the positions of p and s, 

(ii) changing the signs of q and r, and 

(iii) multiplying this new matrix by the reciprocal of 

(p 

, r s , 


the determinant of 


( 1 21 

Thus the inverse of matrix I ^ ^ | is 


1 


4 -2 
-3 1 


4-6 

as obtained previously. 



The inverse of matrix 


is obtained by inter- 


p q' 

V s , 

changing the positions of p and s, changing the signs 
of q and r and multiplying by the reciprocal of the 
P q 


determinant 


3 -2 
7 4 


. Thus, the inverse of 

1 ( 4 2 

(3 x 4) - (-2 x 7) \—7 3 
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1 

( 4 

2) 

(1 

13 

±\ 

13 

and the 

26 

V-7 

V 

-7 

'26 

3 

26' 

minant 


(2x9)- 


2 3 
8 9 
(3 x 8) = —6. 


leaving the 2 by deter- 


i.e. the minor of element 4 is 


Now try the following exercise 

Exercise 211 Further problems on the 
inverse of 2 by 2 matrices 


1. Determine the inverse of 


(ii) The sign of a minor depends on its position within 
the matrix, the sign pattern being 
Thus the signed-minor of element 4 in the matrix 
= -(- 6 ) = 6 . 


3 

-l\ 

' 

2 

n 


2 

3 

4 

V 

7 

i T) OO 

S 

is — 

8 

9 


17- —M 

17 17 

4 3 

-'17 r 7 - 

/ 

2. Determine the inverse of 

V 


1 2 \ 

2 3 

1 3 

_ 3 _ 5/ 


The signed-minor of an element is called the 
cofactor of the element. 

(iii) The value of a 3 by 3 determinant is the sum of 
the products of the elements and their cofactors 
of any row or any column of the corresponding 
3 by 3 matrix. 

There are thus six different ways of evaluating a 3 x 3 
determinant — and all should give the same value. 



3. Determine the inverse of 

” /0.290 0.551\ 
7-186 0.097 J 
correct to 3 dec. places 



Problem 14. 

Find the value of 


3 

4 -1 



2 

0 7 



1 

-3 -2 



The value of this determinant is the sum of the products 
of the elements and their cofactors, of any row or of any 
column. If the second row or second column is selected, 
the element 0 will make the product of the element and 
its cofactor zero and reduce the amount of arithmetic to 
be done to a minimum. 


61.6 The determinant of a 3 
by 3 matrix 


(i) The minor of an element of a 3 by 3 matrix is 
the value of the 2 by 2 determinant obtained by 
covering up the row and column containing that 
element. 

/! 2 3\ 

Thus for the matrix 4 5 6 1 the minor of 

\7 8 9/ 

element 4 is obtained by covering the row (4 5 6) 


Supposing a second row expansion is selected. 


The minor of 2 is the value of the determinant remain¬ 
ing when the row and column containing the 2 (i.e. the 
second row and the first column), is covered up. Thus the 


cofactor of element 2 is 


4 

-3 


i.e. —11. The sign of 


element 2 is minus, (see (ii) above), hence the cofactor 
of element 2, (the signed-minor) is +11. Similarly the 


minor of element 7 is 


3 

1 


4 

-3 


i.e. —13, and its cofactor 


is +13. Hence the value of the sum of the products of 
the elements and their cofactors is 2x11+7x13, i.e.. 


3 4 
2 0 
1 -3 


-1 

7 

-2 


= 2(11)+ 0 + 7(13) = 113 
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The same result will be obtained whichever row or 
column is selected. For example, the third column 
expansion is 


(-D 


2 

1 



4 

-3 


+ (— 2 ) 


4 

0 


= 6 + 91 + 16=113, as obtained previously. 



1 4 -3 


Evaluate 

-5 2 6 

-1 -4 2 



Using the first row: 


1 

-5 

-1 


4 -3 
2 6 
-4 2 


2 6 


-5 6 


-4 2 

-4 

-1 2 

+ (—3) 


= (4 + 24) — 4(—10 + 6) — 3(20 + 2) 


2 

-4 


= 28+ 16-66 = -22 


Using the second column: 


1 

-5 

-1 


4 -3 
2 6 
-4 2 


-4 


-5 

-1 



-3 

2 



= —4(—10 + 6) + 2(2 - 3) + 4(6 - 15) 


= 16 - 2 - 36 = -22 


Determine the value of 


7*2 d+7) 

3 



(1 -7) 1 

7 



0 7 4 

5 



Using the first column, the value of the determinant is: 


0 ' 2 ) 


1 

,/4 


(1-7) 


(1+7) 3 
74 5 


( 0 ) 


(1 +7) 

1 


= 72(5 -/4) - (1 -7)(5 +75 -yl2) + 0 


= 7*2(9) — (1 —j)(5 — jl) 

= 718-[5-/7— j5+fl] 

= 718 — [—2 —712] 

= /18 + 2+/12 = 2+ y‘30 or 30.07+86.19° 


Now try the following exercise 

Exercise 212 Further problems on 3 by 3 
determinants 

1. Find the matrix of minors of 



7—16 

8 

-34V 

-14 

-46 

63 

y—24 

12 

V . 


2. Find the matrix of cofactors of 


/ 4 
-2 
5 

V 


-7 

4 

7 


6 \ 

0 

-4 


/—16 

-8 

-34V 

14 

-46 

-63 

y—24 

-12 

2 /_ 


3. Calculate the determinant of 



4. Evaluate 


8 -2 -10 
2 -3 -2 

6 3 8 


[- 212 ] 


[-328] 


5. Calculate the determinant of 


3.1 

2.4 

6.4 

-1.6 

3.8 

-1.9 

5.3 

3.4 

-4.8 


6. Evaluate 


7. Evaluate 


72 

(1 +7) 
5 


2 

1 

-7*4 


[-242.83] 


[-2-71 


1 


3+60° jl 

0 (1 + j) 2Z30° 

0 2 75 

29.94Z-139.52° or 
(-20.49 -7'17.49) 
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61.7 The inverse or reciprocal of a 3 
by 3 matrix 


The adjoint of a matrix A is obtained by: 


(i) 

(ii) 


forming a matrix B of the cofactors of A, and 
transposing matrix B to give B 1 , where B T is the 
matrix obtained by writing the rows of B as the 
columns of B T . Then adj A —B T 

The inverse of matrix A, A~ 1 is given by 
adj A 


A -1 = 


|A| 


where adj A is the adjoint of matrix A and |A| is 
the determinant of matrix A. 

Determine the inverse of the 
(3 4 -1\ 

matrix I 2 0 7 ] 

\1 -3 - 2 / 


The inverse of matrix A, A 1 = 


adj A 

|A| 


The adjoint of A is found by: 

(i) obtaining the matrix of the cofactors of the ele¬ 
ments, and 

(ii) transposing this matrix. 


The cofactor of element 3 is 


0 7 

-3 -2 


= 21 . 


The cofactor of element 4 is - 


= 11, and so on. 


'21 


11 — 6 ^ 


The matrix of cofactors is I 11 —5 13 I 

\28 -23 -8/ 

The transpose of the matrix of cofactors, i.e. the adjoint 
of the matrix, is obtained by writing the rows as 


columns, and is 


From Problem 14, the determinant of 
3 4-1 

is 113. 


21 

11 

28 

11 

-5 

-23 

-6 

13 

-8 



is 



Inverse = 


adjoint 


determinant 

The matrix of cofactors is 

The transpose of the matrix of cofactors (i.e. the adjoint) 
is 


-17 

9 

15 

23 

-13 

-21 

18 

-10 

-16 


-17 

23 

18 

9 

-13 

-10 

15 

-21 

-16 



The determinant of 


= 1(7 - 24) - 5(—21 + 12) - 2(18 - 3) 
= -17 + 45-30 =-2 


Hence the inverse of 



-17 

23 

9 

-13 

15 

-21 


-2 

8.5 

-11.5 

-4.5 

6.5 

-7.5 

10.5 



Now try the following exercise 

Exercise 213 Further problems on the 
inverse of a 3 by 3 matrix 

1. Write down the transpose of 

4 -7 6 n 
-2 4 0 

5 7-4, 


/ 21 
11 

11 

-5 

28 \ 

-23 


-2 

4 

L/i 

_1 

V—6 

13 

-8/ 

Lv 6 

0 

-4/ 
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2. Write down the transpose of 



( 3 ! A 

4. Determine the adjoint of 5 — | 7 1 

V-l 0 §J 

7-5 - 3 | 42 ' \ 

-10 2^ -1 8 I 

A “I -6 -32/ 


/ 4 -7 6 \ 

5. Find the inverse of | —2 4 0 | 



6 . 


Find the inverse of 


15 

923 



(^ 

— 3- 

- , 5 

42 3 \ 


-10 

2 — 

^ 10 

—18 j 


V 

' 3 

-6 

—32/ 

_ 
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Chapter 62 


The solution of simultaneous 
equations by matrices and 

determinants 


62.1 Solution of simultaneous 
equations by matrices 


(a) The procedure for solving linear simultaneous 
equations in two unknowns using matrices is: 


Use matrices to solve the 
simultaneous equations: 

3x + 5y — 1 = 0 

Ax - 3y - 19 = 0 


(1) 

( 2 ) 


(i) write the equations in the form 
ci\x-\-b\y = c\ 

Cl2X + b2y = C2 


(i) Writing the equations in the a\x + b\y = c form 
gives: 

3x + 5 v = 7 
Ax — 3v = 19 


(ii) write the matrix equation corresponding to 
these equations, 


,.e. f'lxUW 1 ' 1 
«2 02 J V V / V C 2 


(iii) determine the inverse matrix of 


at b\ 
ai bi 


(ii) The matrix equation is 

3 5 

4 -3 


(iii) The inverse of matrix 

1 


3 5 

4 -3 

-3 -5 
3 x (-3)-5 x4 V~4- 3 



( 3 

5 \ 

1 f b 2 ~b\\ ie 

29 

29 

— b\Q2 fl 2 0\ J 

4 

-3 


\ 29 

29 / 


(from Chapter 61) 

(iv) multiply each side of (ii) by the inverse 
matrix, and 

(v) solve for x and y by equating corresponding 
elements. 


(iv) 


Multiplying each side of (ii) by (iii) and remem¬ 


bering that A x 



1 = /, the ui 

(- ~\ 

29 29 

A -3 
'29 29 ' 


it matrix, gives: 
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Thus 


i.e. 



/ 

V 


21 95 \ 

- 1 - 

29 29 

28 57 

29 ~~ 29^ 



(v) By comparing corresponding elements: 

x = 4 and y — — 1 

Checking: 
equation (1), 

3 x 4 + 5 x (-1)- 7 = 0 = RHS 
equation (2), 

4 x 4 - 3 x (-1) - 19 = 0 = RHS 


(b) The procedure for solving linear simultaneous 
equations in three unknowns using matrices is: 

(i) write the equations in the form 

a\x + b\y + c\z — d\ 
a2X + biy + C2Z = d 3 
a 3 x + b 3 y + c 3 z = d-i 

(ii) write the matrix equation corresponding to 
these equations, i.e. 

( a\ b\ c A / x\ /d\\ 

02 C 2 I x I y I = I d 2 I 

03 h c 3 J \zj \d 3 ) 

(iii) determine the inverse matrix of 

( a\ b\ cA 

02 l >2 C 2 (see Chapter 61) 

03 b 3 c 3 / 


(i) Writing the equations in the ci\x + b\y + c\z — d\ 
form gives: 

x+y+z= 4 
2x — 3 y + 4z = 33 
3x — 2y — 2z = 2 

(ii) The matrix equation is 
1 1 

2-3 4 x 

,3 -2 -2/ 

(iii) The inverse matrix of 

( X 1 
A= 2 -3 

V 3 -2 



is given by 


A -i = 

|A| 


The adjoint of A is the transpose of the matrix 
of the cofactors of the elements (see Chapter 61). 
The matrix of cofactors is 

'14 16 5 n 

0-5 5 

7 -2 —5, 

and the transpose of this matrix gives 

'14 0 7 n 

adj A = | 16 —5 —2 

5 5 —5, 

The determinant of A, i.e. the sum of the products 
of elements and their cofactors, using a first row 
expansion is 


1 


-3 4 

-2 -2 


1 


2 4 

3 -2 


1 


2 -3 

3 -2 


= (1 x 14) - (1 x (- 
Hence the inverse of A, 


16)) + (1 x5) = 35 


(iv) multiply each side of (ii) by the inverse 
matrix, and 

(v) solve for x, y and z by equating the corre¬ 
sponding elements. 



(iv) Multiplying each side of (ii) by (iii), and remem¬ 
bering that A x A -1 = I, the unit matrix, gives 


Use matrices to solve the 


/I 

0 

°\ 

simultaneous equations: 


° 

i 

0 

x + y + z — A — 0 

(1) 

v° 

0 

1/ 

2x — 3y + 4z — 33 = 0 

(2) 



1 ( 

3x — 2y — 2z — 2 = 0 

(3) 



35 \ 



14 

16 

5 



0 

-5 

5 
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( 



l / (14 x 4) + (0 x 33) + (7x2) 

- (16 x 4) + ((— 5) x 33) + ((— 2) x 2) 

\(5 x 4) + (5 x 33) + ((— 5) x 2) 


1 

35 


70 

-105 

175 



(v) By comparing corresponding elements, x = 2, 
y = —3, z — 5, which can be checked in the 
original equations. 


Now try the following exercise 


Exercise 214 Further problems on solving 
simultaneous equations using 
matrices 

In Problems 1 to 5 use matrices to solve the 
simultaneous equations given. 

1. 3x + 4 v = 0 

2x + 5y + 7 = 0 [ x = 4, y= -3] 

2. 2p + 5q + 14.6 = 0 
3.1/7+ 1.7 q + 2.06 = 0 

\P= 1.2, ? = -3.4] 

3. x + 2y + 3z = 5 
2x — 3y — z = 3 

— 3x + 4y + 5z = 3 

[x= \,y=-l,z =2] 

4. 3a + 4b — 3c = 2 
—2a + 2b + 2c = 15 
la — 5b + 4c = 26 

[n = 2.5, b = 3.5, c = 6.5] 

5. p + 2q + 3r + 7.8 = 0 
2p + 5q — r — 1.4 = 0 
5/7 — q + 7r — 3.5 = 0 

[p = 4.1, q = —1.9, r — —2.1] 

6. In two closed loops of an electrical cir¬ 
cuit, the currents flowing are given by the 


simultaneous equations: 

I\ + 2+ +4 = 0 
5/i + 3/2 - 1 = 0 

Use matrices to solve for I\ and I 2 . 

[/, = 2, 1 2 = -3] 

7. The relationship between the displacement, 
s, velocity, v, and acceleration, a, of a piston 
is given by the equations: 

s + 2v + 2a = 4 
3s — v + 4n = 25 
3s + 2v — a = —4 

Use matrices to determine the values of s, v 
and a. [s = 2, v = —3, a = 4] 

8. In a mechanical system, acceleration x, 
velocity x and distance x are related by the 
simultaneous equations: 

3.4x + 7.Ox — 13.2x = -11.39 
— 6.Ox + 4.Ox + 3.5x = 4.98 
2.1 x + 6.Ox + 7. lx = 15.91 

Use matrices to find the values of x, x and x. 

[x = 0.5, x = 0.77, x= 1.4] 


62.2 Solution of simultaneous 
equations by determinants 


(a) When solving linear simultaneous equations in two 

unknowns using determinants: 

(i) write the equations in the form 

a\x + b\y + ci = 0 
a2X + biy + C 2 = 0 

and then 

(ii) the solution is given by 

x — y 1 

~D X ~ ~Dy~ D 


where 


D x = 


b\ 

bi 


ci 

C2 


i.e. the determinant of the coefficients left 
when the x-column is covered up, 


D v = 


a\ 

0.2 


C1 
c 2 
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i.e. the determinant of the coefficients left 
when the y-column is covered up, 

and D= J 1 

d2 b 2 

i.e. the determinant of the coefficients left 
when the constants-column is covered up. 

Solve the following simultaneous 
equations using determinants: 

3x — 4y= 12 

lx + 5y = 6.5 

Following the above procedure: 


Substituting the given values in v = u + at gives: 




21 = u + 3.5a 

(1) 



33 = m + 6.1fl 

(2) 

(i) 

The 

equations are written in the form 




a\x + b\y + ci =0, 



i.e. 

u + 3.5a — 21=0 



and 

u + 6.1a — 33 = 0 


(ii) 

The 

solution is given by 



u —a 1 
D u D a D 


where D u is the determinant of coefficients left 
when the u column is covered up, 


(i) 3x - 4y - 12 = 0 
lx + 5y — 6.5 = 0 


-4 

-12 


3 

-12 


3 

-4 

5 

-6.5 


7 

-6.5 


7 

5 


x 

(—4)(—6.5) — (—12)(5) 


Similarly, 


D t< 


D a 


3.5 -21 
6.1 -33 

(3.5X-33) - (-21X6.1) 
12.6 
1 -21 
1 -33 

(1X-33) - (—21X1) 


_ ^y _ 

(3)(-6.5) - (-12)(7) 

1 




(3X5) - 

(—4)(7) 

i.e. 

X 

-y 

1 

26 + 60 

-19.5 + 84 

15 + 28 

i.e. 

X 

-y i 


86 

64.5 43 


Since 

X 

86 

1 86 

= — then x = — 
43 43 

= 2 

and since 

-y 

64.5 

1 

= — then 

43 



The velocity of a car, accelerating at 
uniform acceleration a between two points, is given 
by i> = u + at, where u is its velocity when passing 
the first point and t is the time taken to pass 
between the two points. If v = 21 m/s when 
t = 3.5 s and v = 33 m/s when t — 6.1 s, use 
determinants to find the values of u and a, each 
correct to 4 significant figures. 


and 

Thus 

i.e. 

and 


= -12 
D = 


1 3.5 

1 6.1 


= (1)(6.1) - (3.5)(1) = 2.6 
u —a 1 
VL6 ~ — 12 ~~ +6 
12.6 

u =-= 4.846 m/s 

2.6 

12 , 

a = — = 4.615 m/s , 

2.6 

each correct to 4 significant 

figures 


Applying Kirchhoff’s laws to an 
electric circuit results in the following equations: 

(9+/12)/, — (6 +j8)/ 2 = 5 
-(6 +jWi + (8 +j3)I 2 = (2 +j4) 

Solve the equations for I\ and I 2 

Following the procedure: 

(i) (9+/12)/,-(6+/8)/ 2 -5 = 0 

-(6 +/8)/| + (8 +j3)h - (2 +j4) = 0 
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(ii) 


h 


-(6 +j 8 ) -5 

(8+73) -(2+74) 


i.e., the determinant of the coefficients 
obtained by covering up the y column. 


~h 


(9 +712) -5 

—(6 + 78 ) -( 2 + 74 ) 
/ 


D, = 


a\ b\ d\ 

0-2 b2 d.2 

fl3 Z?3 d.2 


( 9 + 7 ' 12 ) -( 6 + 78 ) 



-( 6 + 78 ) ( 8 + 73 ) 


ai bi ci 

h 


and D — 

«2 b2 C2 

(-20+740)+ (40+715) 


a 3 ^3 c 3 

~h 

i.e. the determinant of the 


(30 - 76 O) - (30 + ;40) 

1 


i.e. the determinant of the coefficients 
obtained by covering up the z column. 


coefficients 
the constants 


obtained 

column. 


by covering up 


h 


—h 


(36 +7123)- (-28+796) 
1 


20 + j 55 - 7 100 64 + j 27 

20 + y'55 


Hence /i 


and 


h = 


64 + jll 
58.52/70.02° 
69.46/22.87° 
100/90° 
69.46/22.87° 


= 0.84/47.15° A 
= 1.44/67.13° A 


A d.c. circuit comprises three closed 
loops. Applying Kirchhoff’s laws to the closed 
loops gives the following equations for current flow 
in milliamperes: 

2 h + 3/2 - 4/3 = 26 
I\ - 5 / 2 - 3/3 = -87 
-111 + 2/2 + 6/3 = 12 

Use determinants to solve for I\, I 2 and + 


(b) When solving simultaneous equations in three 
unknowns using determinants: 


(i) Writing the equations in the 

a\x + b\y + az + d\ — 0 form gives: 


(i) Write the equations in the form 


2/i + 3/2 - 4/3 - 26 = 0 


a\x + b\y + ciz + d\ = 0 
a 2 X + b 2 y + C 2 Z + c /2 = 0 

«3X + b^y + C3Z + c/3 = 0 
and then 

(ii) the solution is given by 


where 


x -y 


z 

-1 

D X Dy 



~D 


b\ 

Cl 

di 

D = x 

b 2 

C2 

c/2 


b$ 

C3 

c/3 


i.e. the determinant of the coefficients 
obtained by covering up the x column. 



ai 

Cl 

di 

Dy = 

Cl2 

C2 

ch 


fl 3 

C3 

d3 


h ~ 5/2 - 3/3 + 87 = 0 
-111 + 2/ 2 + 6 / 3-12 = 0 


(ii) The solution is given by 

1 1 _ —h _ h _ — 1 
//] D [ 2 ///, D 

where Z )/ i is the determinant of coefficients 
obtained by covering up the Ii column, i.e. 


»h = 


3 -4 -26 
-5 -3 87 

2 6 -12 


= (3) 


-3 87 

6 -12 


-(-4) 


-5 

2 


87 

-12 


+ (-26) 


-3 

6 


= 3(—486) + 4(—114) — 26(—24) 


= -1290 
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Dh = 


2 

1 

-7 


-4 

-3 

6 


-26 

87 

-12 


= (2)(36 - 522) - (—4)(—12 + 609) 

+ (-26)(6-21) 

= -972 + 2388 + 390 


= 1806 




2 

3 

-26 

14 h = 

1 

-5 

87 


-7 

2 

-12 


= (2)(60 - 174) - (3)(—12 + 609) 

+ (-26)(2 - 35) 
= -228 - 1791 + 858 = -1161 
2 3-4 


and D 


1 -5 -3 

-7 2 6 


= (2)(-30 + 6) -(3X6-21) 

+ (-41(2-35) 
= —48 + 45 + 132 = 129 


Thus 


h 


-h 


h 


giving 

h = 


-1290 1806 -1161 

1290 


-1 

129 


h = 


-129 

1806 


= 10 mA, 


129 


= 14mA 


1161 

and I 3 =-= 9 inA 

129 


Now try the following exercise 


Exercise 215 Further problems on solving 
simultaneous equations using 
determinants 

In Problems 1 to 5 use determinants to solve the 
simultaneous equations given. 

1. 3x — 5y = —17.6 
ly — 2 x — 22 = 0 

[x= —1.2, y = 2.8] 

2. 2.3/n — 4.4n = 6.84 
8.5/7-6.7/n= 1.23 

[7/7 = —6.4, n — —4.9] 


3. 3x + 4y + Z = 10 
2x — 3y + 5z + 9 = 0 
x + 2 y — z = 6 

[x = 1, y = 2, z = — 1] 


4. 


5. 


6 . 


1.2/7 -2.3q- 3.1/- + 10.1 = 0 
4.7/7 + 3.8q-5.3r- 21.5 = 0 
3.7/7-8.3^+ 7.4r+ 28.1=0 

[p = 1.5, g = 4.5, r = 0.5] 

x y 2 z _ 1 

2 _ 3 + 5~ __ 20 
x 2y _ z _ 19 
4 + T _ 2 _ 40 
59 

" + - V - Z= 60 

' _ 7 _ 17 5 " 

_ A_ 20’ - V_ 40’ '~~24_ 
In a system of forces, the relationship 
between two forces +1 and +2 is given by: 


5+i + 3+2 + 6 = 0 


3+i +5+2+18 = 0 


Use determinants to solve for +1 and +2 

[+1 = 1.5,+ 2 = -4.5] 

7. Applying mesh-current analysis to an a.c. 
circuit results in the following equations: 

(5 -j4)/, - (~j4)I 2 = 100Z0° 


(4 +j3 — j4)I 2 — (—/4)+i = 0 

Solve the equations for I\ and h. 

7i = 10.77Z19.23°A, ' 
I 2 = 10.45Z—56.73°A 

8. Kirchhoff’s laws are used to determine the 
current equations in an electrical network and 
show that 


/'i + 8/2 + 3/3 = —31 
3/i — 2/2 + /3 = —5 
2z'i — 3/2 + 2/3 = 6 

Use determinants to solve for z'i, /2 and 13 . 

[z'l = —5, /2 = —4, z'3 = 2] 

9. The forces in three members of a framework 
are + 1 , +2 and +3. They are related by the 
simultaneous equations shown below. 

1.4+i + 2.8+2 + 2.8+3 = 5.6 

4.2+1 - 1-4+2 + 5.6+3 = 35.0 

4.2+1 + 2.8+2 - 1-4+3 = -5.6 
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Find the values of F\ , /X and F 3 using 
determinants 

[F\ — 2, F 2 — —3, Ft, —A] 
10. Mesh-current analysis produces the follow¬ 
ing three equations: 

20Z0° = (5 + 3 -jA)I x - (3 -j A )h 
10Z90 0 = (3 -j4 + 2)I 2 - (3 -j A )h ~ 2/3 
- 15 Z 0° - 10Z90° = (12 + 2)/ 3 - 2/2 

Solve the equations for the loop currents I\ , 
I 2 and / 3 . 

"/, = 3.317Z22.57°A, 
h = 1.963Z40.97°A and 
I 3 = 1.010Z—148.32°A 


62.3 Solution of simultaneous 

equations using Cramers rule 


Cramers rule states that if 


a\\x + any + ci\-iz = b\ 
ai\x + a2iy + a-ttZ = b2 
a 3 ix + a 32 y + a 33 z = b 3 


m D * 

then x = — 

D 

II 

b|^3 

and 

Z = 

F>z 

~D 




an 

an 

a \ 3 


where 

D = 

&21 

<*22 

«23 




a 3 i 

«32 

a 33 




b i 

fl]2 

fli 3 



D x = 

7>2 

Cl 22 

a 33 




b 3 

a 3 2 

a 33 


i.e. the x-column has been replaced by the R.H.S. b 

column. 


a it 

b\ 

a \ 3 



Dy = 

a 2 \ 

b 2 

023 




a 3 i 

b 3 

a 33 


i.e. the y-column has been replaced by the R.H.S. b 

column. 


a n 

Cl \2 

b\ 



D z = 

«21 

0-22 

b 3 




a 3 t 

a 3 2 

b 3 


i.e. the z-column has been replaced by the R.H.S. b 


column. 


Solve the following simultaneous 
equations using Cramers rule 

x + y + Z = 4 
2x — 3y + 4z = 33 
3x — 2y — 2z = 2 


(This is the same as Problem 2 and a comparison of 
methods may be made). Following the above method: 

1 1 1 


£> = 


■5 = 35 


= 1(6 — (— 8 )) — 1 ((— 4 ) — 12 ) 

+ 1((—4) - (-9)) = 14+ 16 

4 1 1 

D= 33-3 4 

2 -2 -2 

= 4(6 — (—8)) — 1((—66) — 8) 

+ 1((—66) - (-6)) = 56 + 74 - 60 = 70 
1 4 1 


Dy = 


2 33 

3 2 


= 1((—66) - 8) - 4((—4) - 12) + 1(4 - 99) 
= -74 + 64 - 95 = -105 
1 1 4 


D z = 


2 -3 33 
3-2 2 


= 1((—6) — (—66)) — 1(4 — 99) 

+ 4((—4) - (-9)) = 60 + 95 + 20 = 175 

Hence 


jc= Av = 70 =2 =°L = 

X D 35 ,y D 
ZX 175 

and z = — = -= 5 

D 35 


-105 


35 


= -3 


Now try the following exercise 


Exercise 216 Further problems on solving 
simultaneous equations using 
Cramers rule 

1. Repeat problems 3, 4, 5, 7 and 8 of Exercise 
214 on page 548, using Cramers rule. 

2. Repeat problems 3, 4, 8 and 9 of Exercise 215 
on page 551, using Cramers rule. 





























Revision Test 17 


This Revision test covers the material contained in Chapters 60 to 62. The marks for each question are shown in 
brackets at the end of each question. 


1. Use the laws and rales of Boolean algebra to 
simplify the following expressions: 

(a) B ■ (A + B) + A • B 

(b )ABC + ABC+ABC+ABC 

(9) 

2. Simplify the Boolean expression: 

A ■ B + A - B ■ C using de Morgan’s laws. (5) 

3. Use a Karnaugh map to simplify the Boolean 
expression: 

ABC + ABC+ABC + ABC 

( 6 ) 

4. A clean room has two entrances, each having two 

doors, as shown in Fig. R17.1. A warning bell 
must sound if both doors A and B or doors C and D 
are open at the same time. Write down the Boolean 
expression depicting this occurrence, and devise 
a logic network to operate the bell using NAND- 
gates only. (8) 



Dust-free 

l c 


area 

i 

d 




4\ B\ 


Figure R17.1 

In questions 5 to 9, the matrices stated are: 



5. Determine A x B (4) 

6. Calculate the determinant of matrix C (4) 

7. Determine the inverse of matrix A (4) 

8. Determine E x D (9) 

9. Calculate the determinant of matrix D (5) 


10. Use matrices to solve the following simultaneous 
equations: 

4x-3y = 17 

x + v + 1 = 0 (6) 

11. Use determinants to solve the following simulta¬ 
neous equations: 

4x + 9y + 2z = 21 
—8x + 6 y — 3z = 41 

3x + y — 5z = —73 (10) 

12. The simultaneous equations representing the cur¬ 
rents flowing in an unbalanced, three-phase, 
star-connected, electrical network are as follows: 

2 . 411 +3.6/ 2 + 4.8/3 = 1.2 
-3.9/i+ 1.3U-6.5/3 = 2.6 
1.7/1 +11.9/2 + 8.5/3 = 0 

Using matrices, solve equations for I \, I 2 and + 

( 10 ) 


c = 


( 

V(-i-/4) 


(1 +/ 2 )\ 
-/2 ) 


D = 



-i 

3\ 


i 

o 

II 

4 

-6 

2/ 

1-5 
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Chapter 63 


Introduction to 
differential equations 


63.1 Family of curves 


dy 

Integrating both sides of the derivative — = 3 with 

dx 

respect to x gives y = f 3 dx, i.e. y = 3x + c, where c 
is an arbitrary constant. 

y = 3x + c represents a family of curves, each of the 
curves in the family depending on the value of c. 
Examples include y=3x + 8, y = 3x + 3, y — 3x and 
y=3x— 10 and these are shown in Fig. 63.1. 


Sketch the family of curves given by 
dy 

the equations — = 4x and determine the equation 
dx 

of one of these curves which passes through the 
point (2, 3). 


dy 

Integrating both sides of — = 4x with respect to x gives: 
dx 


I -*= f 

J dx J 


4x dx, i.e. y — 2x~ + c 



Each are straight lines of gradient 3. A particular 
curve of a family may be determined when a point 
on the curve is specified. Thus, if y — 3x + c passes 
through the point (1, 2) then 2 = 3(1) + c, from which, 
c = — 1. The equation of the curve passing through 
(1, 2) is therefore y = 3x— 1 . 


Some members of the family of curves having an 
equation y = 2x 2 + c include y — 2x 2 + 15, y = 2x 2 + 8, 
y — 2x 2 and y — 2x 2 — 6, and these are shown in 
Fig. 63.2. To determine the equation of the curve passing 



Figure 63.2 
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through the point (2, 3), x = 2 and y — 3 are substituted 
into the equation y = 2x 2 + c. 

Thus 3 = 2(2) 2 + c, from which c = 3 — 8 = —5. 

Hence the equation of the curve passing through the 
point (2,3) isy = 2x 2 — 5. 


Now try the following exercise 


Exercise 217 Further problems on families 
of curves 


1 . 


2 . 


Sketch a family of curves represented by each 

of the following differential equations: 

, , dy dy dy 

(a)—= 6 (b) — =3* (c) — = x + 2 
dx dx dx 


Sketch the family of curves given by the equa- 
dy 

tion — = 2x + 3 and determine the equation 
dx 

of one of these curves which passes through 
the point (1, 3). [y = x 2 + 3x — 1 ] 


63.2 Differential equations 


A differential equation is one that contains differential 
coefficients. 

Examples include 


(i) 



and 


(ii) 


d 2 y | 5 dy 

dx 2 dx 


+ 2 y — 0 


Differential equations are classified according to the 
highest derivative which occurs in them. Thus exam¬ 
ple (i) above is a first order differential equation, and 
example (ii) is a second order differential equation. 

The degree of a differential equation is that of the 
highest power of the highest differential which the 
equation contains after simplification. 

'd 2 x' 3 
dt 2 


Thus 


-21 — 


dt 


— 7 is a second order 


differential equation of degree three. 

Starting with a differential equation it is possible, 
by integration and by being given sufficient data to 
determine unknown constants, to obtain the original 
function. This process is called ‘solving the differential 
equation’. A solution to a differential equation which 
contains one or more arbitrary constants of integration is 
called the general solution of the differential equation. 

When additional information is given so that con¬ 
stants may be calculated the particular solution of the 


differential equation is obtained. The additional infor¬ 
mation is called boundary conditions. It was shown in 
Section 63.1 that y = 3x + c is the general solution of 
dy 

the differential equation — = 3. 

dx 

Given the boundary conditions x = 1 and y = 2, pro¬ 
duces the particular solution of y = 3x — 1. Equations 
which can be written in the form 

T" = T = f^ and T = /W -/Cy) 

dx dx dx 

can all be solved by integration. In each case it is pos¬ 
sible to separate the y’s to one side of the equation and 
the x’s to the other. Solving such equations is therefore 
known as solution by separation of variables. 



A differential equation of the form 
by direct integration. 


— —f(x) is solved 
dx 


i.e. 


y = 



dx 


Determine the general solution of 

x— = 2 — 4x 3 

dx 


dy t, 

Rearranging x— = 2 — 4x gives: 
dx 


dy 2 — 4x 3 
dx x 


2 

x 


4x 3 2 9 

-= - - 4x 2 

X X 


Integrating both sides gives: 


■-/ 


-4v - | dx 

x 


i.e. y = 21nx—-x +c, 

which is the general solution. 


Find the particular solution of the 
dy 

differential equation 5 — + 2x = 3, given the 
dx 

2 

boundary conditions y = 1 - when x = 2. 
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dy dy 3 — 2.x 

Since 5 — + 2x = 3 then — =- 

dx dx 5 


2 x 

~5 


Hence y 
i.e. y 



which is the general solution. 


Substituting the boundary conditions y — 1 - and x — 2 
to evaluate c gives: 



- + c, from which, c = 1 


Hence the particular solution is y — 


3x 

5~ 



Problem 4. 



Solve the equation 
= 5, given 0 — 2 when t — 1. 


Integrating with respect to x gives: 

2 

wx 

M — — wlx 4—-—h c 

which is the general solution. 

When M = \wl 2 , x — 0. 

1 7 w(0) 2 

Thus - wl 2 = —wl( 0) H--h c 

2 2 

1 , 

from which, c — -wl". 

2 

Hence the particular solution is: 

wx 2 1 , 

M = —wlx H-h - wl 1 

2 2 

i.e. M= -w(\ 2 -2\x + x 2 ) 

2 

1 2 

or M =-w( 1 — jc) 


Now try the following exercise 


Rearranging gives: 


dO 5 dO 5 

t -= — and — = t - 

dt 21 dt 21 


Integrating gives: 
0 = 


Exercise 218 Further problems on 
equations of the form 

dx 

In Problems 1 to 5, solve the differential equations. 


/('- 


r 5 




1. 


dy 

dx 


= cos 4 „y — 2x 


i.e. 0 — -In t + c, 

2 2 


which is the general solution. 

1 _ 5 

2 2 


sin 4x ry 

y = —2 - X- + C 

4 

3 y 3 

y = 2 lnX “-6 +C 


When 0 = 2, t= 1, thus 2=\ — flnl + c from which, 

c=^ 
c 2 . 

Hence the particular solution is: 

t 2 5 3 

0 = -lntH— 

2 2 2 

1 7 

i.e. 0 = -{t 2 — 5 Inf + 3) 

2 


The bending moment M of the beam 
dM 

is given by-= — w{l — x), where w and x are 

dx 

constants. Determine M in terms of x given: 

M = jwl 2 when x = 0. 


dM 

-= — w(l — x) = —wl + wx 

dx 


2. 2x— = 3—x 3 

dx 

dy 

3. — + x = 3, given y = 2 when x= 1. 
dx 


, -v- I 

, = 3 *“ 2 “2 


dy 2 n 

4. 3 — + sin 0 = 0, given y = — when 0 = — 

dO '33 


1 T 

y = 3 cos 0 + - 


1 dy 

5. 1- 2 =x — 3 —, given y = 1 when x = 0. 

e- Y dx 

>= H x2 - 4x+ > 4 

6. The gradient of a curve is given by: 

dy x 2 

— H- = 3x 

dx 2 
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Find the equation of the curve if it passes 
through the point (1, |). 



7. The acceleration, a, of a body is equal to its 

civ 

rate of change of velocity, — . Find an equa¬ 
te 

tion for v in term of t, given that when t = 0, 
velocity v — u. [u=n + at] 

8. An object is thrown vertically upwards with 
an initial velocity, u, of 20 m/s. The motion 
of the object follows the differential equation 
ds 

— = u — gt, where 5 is the height of the object 
dt 

in metres at time t seconds and g = 9.8 m/s 2 . 
Determine the height of the object after 3 
seconds if s — 0 when 1 — 0. [15.9 m] 


63.4 The solution of equations of the 
dy 

form / = f(y) 
dx 


dy 

A differential equation of the form — =f(y) is initially 

dx 

dy 

rearranged to give dx =- and then the solution is 

f(y) 

obtained by direct integration. 


/*“/ 


dy 

f(y ) 


Find the general solution of 

dy , L0 
— = 3 + 

dx 


dy 

Rearranging — = 3 + 2y gives: 
dx 


dx — 


dy 


3 + 2 y 

Integrating both sides gives: 


/*=/3TS 

Thus, by using the substitution u = (3 + 2 y) — see 
Chapter 49, 

x = j ln(3 + 2y) + c (1) 


It is possible to give the general solution of a differential 
equation in a different form. For example, if c — In k, 
where k is a constant, then: 



x = \ In (3 + 2y) + In k. 


i.e. 

x = In (3 + 2y)5 + In k 


or 

x = In [k^/ (3 + 2y)\ 

(2) 

by the laws of logarithms, from which, 



e* — ky/{ 3 + 2y) 

(3) 


Equations (1), (2) and (3) are all acceptable general 
solutions of the differential equation 


Determine the particular solution of 

7 dy 1 

(y — 1)— = 3v given that y= 1 when x — 2 - 
dx ' 6 


Rearranging gives: 


dx = 


3 v 


d y=[l-y y )dy 


Integrating gives: 

/* = / 


3-+ 1 *’ 


y~ 1 

i.e. x — -lny + c, 

6 3 

which is the general solution. 

1 111 

When y = 1, x = 2—, thus 2— =-lnl + c, from 

7 6 6 6 3 

which, c = 2. 

Hence the particular solution is: 

y 2 i 

y + 2 


(a) The variation of resistance R 
ohms, of an aluminium conductor with temperature 
dR 

0° C is given by — = aR. where a is the 
e 3 dO 

temperature coefficient of resistance of aluminum. 
If R = R 0 when 9 — 0°C, solve the equation for R. 
(b) If a = 38 x 10 -4 /°C, determine the resistance 
of an aluminum conductor at 50°C, correct to 3 
significant figures, when its resistance at 0°C is 
24.0 £2. 
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dR dy 

(a) — =aR is the form — =/(y) 

dO dx 


dR 

Rearranging givens: d6= — 
uR 


Integrating both sides gives: 

dR 
aR 


f d6 = f 


1 

i.e. 0 = — InR + c, 
a 


which is the general solution. 

Substituting the boundary conditions R — Rq when 
0 = 0 gives: 


1 

0 = - In Rq + c 
a 


from which c — -In Rq 

a 


Hence the particular solution is 

1 1 1 

0 = - InR-In Rq = —(In R - lnR 0 ) 

a a a 


1 / R \ ( R 

i.e. 0 = — In — or a.0 = In — 
a \RoJ \Ro 


R 


a0 


Hence e" = — from which, R — Rue 

Ro 

(b) Substituting a = 38 x 10 -4 , Ro = 24.0 and 0 — 50 
into R — R{)e at> gives the resistance at 50°C, i.e. 
/?50 = 24.0 e (38x 10 ^ 4 x50) = 29.0 ohms. 


Now try the following exercise 


Exercise 219 Further problems on 
equations of the form 

In Problems 1 to 3, solve the differential equations. 


1 . ^ = 2 + 3 , 
ax 

- dy . 2 

2. — = 2cos y 
dx 


1 

x = - In (2 + 3y) + c 


[tan y — 2x + c] 


7 dy 1 

3. (y +2 )— = 5v, given y = 1 when x = - 

dx 2 

y 2 

'— + 2 In y = 5x —2 

4. The current in an electric circuit is given by 
the equation 

di 

Ri + L— = 0 
dt 

where L and R are constants. Shown that 
i = Ie z., given that i = I when t = 0. 

5. The velocity of a chemical reaction is given by 
dx 

— = k(a — x). where x is the amount trans¬ 
it 

ferred in time t, k is a constant and a is the 
concentration at time t — 0 when x = 0. Solve 
the equation and determine x in terms of t. 

[x = a( 1 — e“*0] 

6. (a) Charge Q coulombs at time t seconds 

is given by the differential equation 

dQ Q 

R -1-=0, where C is the capaci¬ 

ty C 

tance in farads and R the resistance in 
ohms. Solve the equation for Q given that 
Q — Qo when t — 0. 

(b) A circuit possesses a resistance of 
250 x 10 3 C2 and a capacitance of 
8.5 x 10 _6 F, and after 0.32 seconds 
the charge falls to 8.0 C. Determine 
the initial charge and the charge after 
1 second, each correct to 3 significant 
figures. 

[(a)G = 0oe-A (b) 9.30 C, 5.81 C] 

7. A differential equation relating the difference 
in tension T, pulley contact angle 9 and coef- 

dT 

ficient of friction ix is — =uT. When 0 = 0, 
d9 

T= 150 N, and p, = 0.30 as slipping starts. 
Determine the tension at the point of slipping 
when 0 = 2 radians. Determine also the value 
of 0 when T is 300 N. [273.3 N, 2.31 rads] 

8. The rate of cooling of a body is given by 
dO 

— = k6, where k is a constant. If 0 = 60°C 
dt 

when t = 2 minutes and 0 = 50° C when t — 5 
minutes, determine the time taken for 0 to fall 
to 40°C, correct to the nearest second. 

[8 m 40 s] 


Section 11 










Section 11 


562 Engineering Mathematics 


63.5 The solution of equations of the 

form ^ = f(x) • f[y) 
dx 


dy 

A differential equation of the form — =/(x) ■ f(y), 

dx 

where f(x) is a function of x only and f(y) is a func- 

dy 

tion of y only, may be rearranged as-= f(x)dx, and 

f(y ) 

then the solution is obtained by direct integration, i.e. 


I m = f mdx 


dy 7 

Solve the equation 4xy— = y — I 
dx 


Separating the variables gives: 


4y \ 1 

—-- 1 dy — -dx 

y — 1 / x 


Integrating both sides gives: 




- I dx 


Using the substituting u—y 2 — 1, the general 
solution is: 


or 


2 In(/ - 1) = lnx + c 


In (y 2 - l) 2 - In x = c 


(1) 


from which, 


and 


In 


(y 2 - D 2 

X 

(y 2 - D 2 


= e 


( 2 ) 


If in equation (1), c= In A, where A is a different 
constant, 

then In (y 2 — l) 2 = lnx + In A 
i.e. In (v 2 — l) 2 = In Ax 
i.e. (y 2 — l) 2 —Ax 


(3) 


Equations (1) to (3) are thus three valid solutions of the 
differential equations 

ax 


Determine the particular solution of 
d6 

— = 2e 3, ~ 20 , given that t = 0 when 9 — 0. 
dt 


— = 2e 3f_2e = 2(e 3, )(e -20 ), 
dt 

by the laws of indices. 

Separating the variables gives: 

dO 7t 
= 2 e 2, dt 


29 


i.e. e 29 dd = 2e 3f dt 


Integrating both sides gives: 


J e 26 dd = J 2 e 2, dt 


Thus the general solution is: 

l e 2e = -e 3r + c 
2 3 

When t —0,9 = 0, thus: 

1 0 2 o 

—e = —e H - c 

2 3 

1 2 1 

from which, c= -= — 

2 3 6 

Hence the particular solution is: 

I e 20 = 2 g 3 ? _ I 
2 3 6 

or 3e 20 = 4e 3 * — 1 


Find the curve which satisfies the 
9 dy 

equation xy = (1 + x ) — and passes through the 
dx 

point (0, 1) 


Separating the variables gives: 


x dy 

dx = — 


(1+x 2 )"" y 
Integrating both sides gives: 

1 ? 

- In (1 + x 1 ) = lny + c 

When x = 0, y = 1 thus 4 In 1 = In 1 + c, from which. 
c = 0. 
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Hence the particular solution is \ In (1 + x 1 ) = lny 
i.e. ln(l + x p = lny, from which, (1 +x p —y. 

Hence the equation of the curve is y = tjd+x 1 ). 


The current i in an electric circuit 
containing resistance R and inductance L in series 
with a constant voltage source E is given by the 

fdi\ 

differential equation E — L I — 1 =Ri. Solve the 


equation and find i in terms of time t given that 
when t = 0, i = 0. 


In the R — L series circuit shown in Fig. 63.3, the supply 
p.d., E, is given by 

E = V R + V L 


V R = iR and V L = L 

dt 


Hence E = iR + L — 

dt 


from which E — L — = Ri 
dt 



Figure 63.3 

Most electrical circuits can be reduced to a differential 
equation. 

di di E — Ri 

Rearranging E — L — = Ri gives — =- 

dt dt L 

and separating the variables gives: 

di dt 
E-Ri ~ T 

Integrating both sides gives: 


[ — = [ 

J E-Ri 1 


dt 

T 


Hence the general solution is: 


ln ~ Ri) = 7 + c 

1Y L 


(by making a substitution u — E — Ri, see Chapter 49). 
1 

When t = 0,; = 0, thus-ln E = c 

R 

Thus the particular solution is: 

1 t 1 

-ln (E — Ri) = -ln £ 

R L R 

Transposing gives: 


1 1 

-ln (E — Ri) H— ln E 

R R 

1 

— [ \nE — ln(£ — R;)] 

(-EJ) 

\E - Ri) 


from which-=ei 

E-Ri 


t 

L 

t 

L 

Rt 

T 


E — Ri Rt Rt 

Hence-= e '■ and E — Ri — Ee > and 

E 

Ri — E — Es,~t 


Hence current, 

E / Rt \ 

which represents the law of growth of current in an 
inductive circuit as shown in Fig. 63.4. 



Figure 63.4 


For an adiabatic expansion of a gas 

dp dV 

C v — + C p — = 0 
P V 


C„ 

where C p and C, are constants. Given n = — 

C V 


show that pV n = constant. 
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Separating the variables gives: 

dp dV 

r — — —C _ 

p V 

Integrating both sides gives: 

*/?-*/ 


dV 

~V~ 


i.e. C v lnp——CplnV + k 

Dividing throughout by constant C v gives: 

C„ k 

In P = lnV + — 

C|; t/jj 

C p 

Since — = n, then \np + n In V = K, 

c v 

k 

where K = — 

C v 

i.e. lnp + In V n —K or In pV n — K, by the laws of 
logarithms. 

Hence pV n — e, K i.e. pV n — constant. 


Now try the following exercise 

Exercise 220 Further problems on 
equations of the form 
d y 

/ =f(x).f(y) 
dx 

In Problems 1 to 4, solve the differential equations. 
dy 


1. 


dx 


= 2y cos x 
dy 


[lny = 2 sin.r + c] 


2. (2y—1)—=(3v 2 +1), given x=\ when 
dx 


y= 2. 


dy 


[y 2 —y = x 3 + x] 


3. — — er x y , given x = 0 when y = 0. 

dx 


e? = -e 2x + - 
2 2 


dy 

4. 2y(l — x) + jc( 1 + y) — = 0, given x — 1 when 
dx 


y= i- 


[In (x 2 y) = 2x — y— 1 ] 


5. Show that the solution of the equation 

v 2 + 1 y dy 

-= - — is of the form 

x 1 +1 x dx 


y 2 + 1 
x 2 + 1 


j2\ d y 


= constant. 


6. Solve xy — (1 —x~)— for y, given x — 0 when 
dx 


y= i. 


y = 


\/(! -x 2 ) 


7. Determine the equation of the curve which sat- 

dv 

isfies the equation xy — = x — 1, and which 

' dx 

passes through the point (1,2) 

[y 2 —x 2 — 21nx + 3] 

8. The p.d., V, between the plates of a capacitor C 
charged by a steady voltage E through a resis- 

dV 

tor R is given by the equation CR -b V = E. 

dt 

(a) Solve the equation for V given that at 
f = 0, V = 0. 

(b) Calculate V, correct to 3 significant 
figures, whenZt = 25 V, C — 20 x 10 -6 F, 
R — 200 x 10 3 f2 and t = 3.0 s. 


(a) 

dT 

1 

u 

1 

II 

_0>) 

13.2V 


9. Determine the value of p, given that 

, dy 

x — — p — x, and that y = 0 when x = 2 and 
dx 

when x — 6. [3] 

















Revision Test 18 


This Revision test covers the material contained in Chapter 63. The marks for each question are shown in brackets 
at the end of each question. 


1 . 


Solve the differential equation: 
given that y = 2.5 when x — 1. 



(5) 


2. Determine the equation of the curve which satis- 

dy r. 

fies the differential equation 2xv — = x + 1 and 

' dx 

which passes through the point (1,2) (6) 

3. A capacitor C is charged by applying a steady 
voltage E through a resistance R. The p.d. 


between the plates, V, is given by the differential 
equation: 


(a) Solve the equation for E given that when time 
t = 0, V = 0. 

(b) Evaluate voltage V when E — 50 E, 

C= 10p,F,/? = 200kfiandf=1.2s. (14) 
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Multiple choice questions on Chapters 42-63 


All questions have only one correct answer (answers on page 570). 


1 . 


Differentiating y = 4x 5 gives: 


(a) — — -x 6 
dx 3 

dy 

(b) — = 20x' 
dx 

(c) — — 4.a 6 
dx 

(d)^ = 5x 4 
dx 


2. f (5 — 3 1 2 ) dt is equal to: 

(a) 5 — f 3 + c (b) —3f 3 + c 

(c) —6 1 + c (d) 5t — t 3 + c 


3. The gradient of the curve y — — 2x 3 + 3x + 5 at 
x = 2 is: 

(a)-21 (b) 27 (c) —16 (d)-5 


*■/ 


5x— 1 


dx is equal to: 


(a) 5x— lnx + c 


5x 2 1 

<c) ^ + ? +c 


(b) 


5x 2 — x 


x 

~2 


(d) 5x + — + c 
x z 


5. For the curve shown in Figure M4.1, which of the 
following statements is incorrect? 

(a) P is a turning point 

(b) Q is a minimum point 

(c) R is a maximum value 

(d) Q is a stationary value 



Figure M4.1 

f*l 

6. The value of J Q (3 sin 20 — 4 cos 9) dO, correct to 
4 significant figures, is: 

(a)-1.242 (b) -0.06890 

(c)-2.742 (d)-1.569 


7. 


If v = 5Vx 3 — 2, 


dy . . 

— is equal to: 
dx 


(a) — ^x 
(c) — *Jx — 2 


(b) 2-v/x 3 — 2x + c 


(d) 5y/x — 2x 


8. f xe 2x dx is: 

(a) — e~ x + c 

4 

(c) e -Qx- l) + c 


(b) 2e 2v + c 
(d) 2e 2x (x — 2) + c 


9. An alternating current is given by i = 4 sin 15Or 
amperes, where 1 is the time in seconds. The rate 
of change of current at t = 0.025s is: 

(a) 3.99 A/s (b)-492.3 A/s 

(c) —3.28 A/s (d) 598.7 A/s 


10. A vehicle has a velocity v — (2 + 3t) m/s after t 
seconds. The distance travelled is equal to the 
area under the v/t graph. In the first 3 seconds 
the vehicle has travelled: 

(a) lint (b)33m (c) 13.5m (d) 19.5m 


11. Differentiating y — —— + 2 with respect to x 
~Jx 

gives: 

1 



(a, ^ +2 

(b) 2^ 


(C)2 -2v^ 

,d, i 

12. 

The area, in square units, enclosed by the curve 


y = 2x + 3, the x 
x = 4 is: 

-axis and ordinates x= 1 and 


(a) 28 (b) 2 

(c) 24 (d) 39 

13. 

The resistance to motion F of a moving vehicle 


is given by F = - 

+ lOOx. The minimum value of 


A 

resistance is: 



(a) -44.72 

(b) 0.2236 


(c) 44.72 

(d) -0.2236 
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14. Differentiating i = 3 sin 2t — 2 cos 3f with respect 
to f gives: 


23. f In xdx is equal to: 


(a) 3 cos 2t + 2 sin 3 1 

3 2 

(c) - cos 2t H— sin 3 1 

2 3 


(b) 6(sin 2 1 — cos 3f) 

(d) 6(cos 2f + sin 3f) 


f 2 i 

15. / -/^ <7f is equal to: 


24, 

f 4 

<a) 18 +C 

2 , 

(b) -r + c 


2 , 

(c) ~t 4 + c 

2 , 

(d) -r 3 + c 


16. Given y = 3e* + 2 In 3x, 

dy . 

— is equal to: 
dx 

25. 

2 

(a) 6e x H- 

3x 

(b) 3e* + - 

X 


(c) 6^ + - 

X 

(d) 3e x +^ 

26 

f fr —3t\ 

17. / 1 —-—Jdt is equal to: 


f 4 3f 2 

(a) 4 2 2 +c 
t Z 

(b)^-2 f + c 

27, 

f 3 f- 
<C) 3‘^ +C 

<d) K^ _ 3')+ c 


18. The vertical displacement, s, of a prototype model 


in a tank is given by s — 

; 40 sin O.lf mm, where t 


is the time in seconds. The vertical velocity of the 

28. 

model, in mm/s, is: 


(a) — cos 0. If 

(b) 400 cos O.lf 



(c) —400 cos 0.1f 

r*7r/3 


(d) 4cos0.1r 

19. Evaluating / 3 sin 3x dx gives: 

Jo 

(a) 2 (b) 1.503 (c) —18 (d) 6 


(a) x(ln x — 1) + c (b) —f- c 

x 

1 1 

(c)xlnx—1+c (d) —|—~+c 

x x- 


by i — 0.20(1 — e 20t )A. When time t = 0.1 s, the 
rate of change of current is: 


(a) -1.022 A/s 
(c) 0.173 A/s 

3 3 


(b) 0.541 A/s 
(d) 0.373 A/s 


L 


x 2 + x — 2 


dx is equal to: 


(a) 3 In 2.5 
(c) In 40 


(b) ^ lg 1.6 
(d) In 1.6 

The gradient of the curve y = 4x 2 — ' 
point (1, 0) is 

(a) 1 (b) 3 (c) 0 (d) —7 

f (5 sin 3f — 3 cos 5 t)dt is equal to: 

(a) —5 cos 3/ + 3 sin 5 t + c 

(b) 15(cos3f + sin3f) + c 

5 3 

(c) — cos3f-sin5f+ c 

3 5 

3 5 

(d) - cos 3t — - sin 5t + c 

28. The derivative of 2y/x — 2x is: 

4 L , 1 

(a) -Vr-r + c (b) —— — 2 

3 Jx 


(c) */x — 2 


(d) 


2yfx 


29. The velocity of a car (in m/s) is related to time 
f seconds by the equation v = 4.5 + 18/ — 4.5/ 2 . 
The maximum speed of the car, in km/h, is: 


20. The equation of a curve is y = 2x 3 — 6x+ 1. The 
maximum value of the curve is: 

(a)-3 (b) 1 (c) 5 (d) —6 

21. The mean value of y = 2x 2 between x = 1 and 
x = 3 is: 

(a) 2 (b) 4 (c)4^ (d) 8^ 

22. Given/(f) = 3f 4 — 2 ,f{t) is equal to: 

3 

(a) 12/ 3 — 2 (b) -t 5 —2t + c 

(c) 12/ 3 (d) 3 f 5 - 2 


(a) 81 (b) 6.25 (c) 22.5 (d) 77 

30. f (v'x — 3 )dx is equal to: 

3 2 

(a) - sfx 2, — 3x + c (b)-Vx 3 + c 

(c )-^= + c (d) ^Vx 3 — 3x + c 

2^/x 3 

31. An alternating voltage is given by v — 10 sin 300f 
volts, where t is the time in seconds. The rate of 
change of voltage when t — 0.01 s is: 

(a) —2996V/s (b) 157 V/s 

(c) —2970V/s (d) 0.523 V/s 
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32. The r.m.s. value ofy = x 2 between x = landx = 3, 
correct to 2 decimal places, is: 

(a) 2.08 (b) 4.92 (c) 6.96 (d) 24.2 

33. If/(f) = 5f--, fit) is equal to: 

Vf 

(a) ^ H- 7 = (b)5-2Vr 

2 Vf 3 

(c )^-2 V~t + c (d)5+4= 

2 v f 3 

34. The value of 2 sin ^3f + — ^ dt is: 

(a) 6 (b) —| (c) —6 (d) | 

35. The equation of a curve is y = 2x 3 — 6 x + 1. The 
minimum value of the curve is: 

(a )-6 (b) 1 (c) 5 (d) —3 


36. The volume of the solid of revolution when the 
curve y = 2x is rotated one revolution about the 
x-axis between the limits x = 0 and x — 4 cm is: 

(a) 85 cm 3 (b) 8 cm 3 

(c) 85 ^ cm 3 (d) 647r cm 3 

37. The length / metres of a certain metal rod at 
temperature t° C is given by 

/= 1 +4 x 10 -5 f + 4 x 10~ 7 f 2 . The rate of 
change of length, in mm/°C, when the temperature 
is 400°C, is: 

(a) 3.6 x 10 -4 (b) 1.00036 

(c) 0.36 (d) 3.2 x 10 “ 4 


38. 


39. 


v: 

II 

u> 

X 

to 

1 

dry 

In 5x then —- is equal to: 


1 

UA 

1 

(a) 6 + 

5x 2 

(b) 6 x- 

X 


1 

1 

(c) 6 — 

5x 

(d) 6 +^ 

x z 


The area enclosed by the curve y = 3 cos 29, the 

IT 

ordinates 6 = 0 and 6 = — and the 9 axis is: 

4 

(a)-3 (b) 6 (c) 1.5 (d) 3 


40. 


/ 


4 , 

1 H—^ )dx is equal to: 


8 


(a) ^7 +c 




^ x ~^ + c 

8 

(d ) x - + c 

e LX 


4 1. The turning point on the curve y = x 2 — 4x is at: 

(a) (2, 0) (b) (0, 4) 

(c) (-2, 12) (d) (2, -4) 

42. Evaluating 2dt, correct to 4 significant 
figures, gives: 

(a) 2300 (b) 255.6 

(c) 766.7 (d) 282.3 

43. An alternating current, i amperes, is given by 
i — 100 sin 2nf t amperes, where / is the fre¬ 
quency in hertz and t is the time in seconds. 
The rate of change of current when t = 12 ms and 
/ = 50 Hz is: 

(a) 31 348 A/s (b)-58.78 A/s 

(c) 627.0 A/s (d) -25 416 A/s 

44. A metal template is bounded by the curve y — x 2 , 
the x-axis and ordinates x = 0 and x = 2. The 
x-co-ordinate of the centroid of the area is: 

(a) 1.0 (b) 2.0 (c) 1.5 (d) 2.5 

45. If/(f) = e 2t In 2f, f'(t) is equal to: 


2e 2t 


(a)- 

(b) e 2 ‘ ( —|- 2 In 2 f 

t 

\* 


2 1 

e 

(c) — 

(d) — + 2 <? 2 ' In 2 1 

It 

21 


46. The area under a force/distance graph gives the 
work done. The shaded area shown between p and 
q in Figure M4.2 is: 

(a) c(ln p — In q) (b) — - ~ 

(c) ^(lng- hip) (d)cln- 

2 p 



Figure M4.2 

rl 

47. Evaluating J Q cos2tdt, correct to 3 decimal 
places, gives: 

(a) 0.455 (b) 0.070 

(c) 0.017 (d) 1.819 









Multiple choice questions on Chapters 42-63 569 


48. f ^_| (3 — x 2 )dx has a value of: 
(a) 3^ (b) —8 (c)2| 


(d) —16 

j 

r /3 

49. The value of / 16 cos 4 0 sin 0 dO is: 

Jo 

(a)-0.1 (b) 3.1 (c)0.1 (d) —3.1 

r /2 3 

50. / 2 sin f is equal to: 

Jo 

(a) 1.33 (b) —0.25 (c) —1.33 (d) 0.25 


51. The matrix product 

equal to: 

-13 
26 


2 3 
-1 4 


(a) 

(c) 


-4 8 

-9 29 


(b) 

(d) 


3 -2 
-3 10 

1 -2 
-3 -2 


52. The Boolean expression A + A.B is equivalent to: 
(a) A (b) B (c) A + B (d) A + A 

5 —3' 


53. The inverse of the matrix 


-2 


is: 


(a) ( 

—5 

=0 

(b) 


f -\ 

3\ 


(c) ( 

, 2 

-5 

(d) 


-1 -3 

-2 -5 

1 3 

2 5 

54. For the following simultaneous equations: 

3x - 4y + 10 = 0 
5y-2x = 9 

the value of x is: 

(a)-2 (b) 1 (c) 2 (d) —1 

55. The Boolean expression P-Q + P-Q is 
equivalent to: 

(a )P (b) Q (c)P (d)Q 


56. The value of 
(a) 2 ( 1 + 7 -) 


j 2 -(1 +j) 

d-7) 1 

(b) 2 


is: 


(c) —j’2 (d) 2 +y'2 


57. The Boolean expression: F.G.H + F.G.H is 
equivalent to: 

(a) F.G (b) F.G (c) F.H (d) F.G 


58. The value of the determinant 


-1 4 

1 5 

0 -1 


is: 


(a) 4 (b) 52 (c) -56 (d) 8 

59. Given x — 31 — 1 and y = 3t(t — 1) then: 


d 2 y 

(a) ^ = 2 
, d 2 1 _ 1 

C dx 2 2 

60. —(3x 2 v 5 ) is equal to: 

dx x 

(a) 6xv 5 

(c) 1 5x 2 y 4 + 6xy 5 


(b) — 3t - I 

ax 


w>?- 


i 


dx 2f — 1 


(b)3ry 4 (2y^ + 5x 
(d) 3xy 4 ( 5x--- +2y 


dy . 


61. If v = 3x~ x then — is equal to: 

dx 

(a) In 3 + 2x In x (b) 6x 2x (\ + In x) 

(c) 2x(3x) x (d) 3x Zx (2x In 3 jc) 

62. A solution of the differential equation 

I dy t 

3 x y — = y- — 3 given that x — 1 when y — 2 is: 
dx' 


(a) 3 ln(y 2 - 3) = lnx 2 - 

z! 3 

3 3 , 13 


In 4 


(b) >' = 


x 3 y 


(c) - ln(y 2 

(d) 2x 3 =y 


1 

— 3)= 1- 

X 

2 6 In x — 2 


Section 11 
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Abscissa, 249 
Acute angles, 188 
Adjoint of matrix, 544 
Algebra, 38 

Algebraic expression, 60 
Amplitude, 204, 207 
And-function, 515 
And-gate, 528 
Angle of depression, 193 
elevation, 193 

Angles of any magnitude, 199 
compound, 231 
double, 236 
Angular velocity, 206 
Approximations, 27 
Arc length of sector, 152 
of circle, 150 
Area between curves, 484 
of triangle, 216 
of sector of circle, 152 
under a curve, 478 
Areas of composite figures, 147 
irregular figures, 174 
plane figures, 141 
similar shapes, 148 
Argand diagram, 314 
Argument, 318 
Arithmetic progression, 114 
Astroid, 417 
Average value, 345, 487 
Average value of waveform, 177 

Base, 11, 19 
Binary, 18 
to decimal, 19 
to hexadecimal, 25 
Binomial distribution, 360 
series, 123 
theorem, 123 
practical problems, 127 
Blunder, 27 
BODMAS, 4. 44 
Boolean algebra, 515 
laws and rules, 520 
Boundary conditions, 555 
Boyle’s law, 46 
Brackets, 42 


Calculations, 27 
Calculator, 29, 195, 214 
Calculus, 383 
Cancelling, 1 
Cardioid, 417 
Cartesian axes, 249 
co-ordinates, 211 
complex numbers, 313 
Centre of gravity, 496 
Centroids, 496 
Chain rule, 397 

Change of limits, integration, 444 
Charles’s law, 46 
Chord, 150 
Circle, 142, 150 
equation of, 155, 285 
Circumference, 150 
Class, 378 
interval, 338 
limits, 341 

Coefficient of proportionality, 46 
Cofactor of matrix, 542 
Combination of waveforms, 307 
Combinational logic networks, 529 
Combinations, 120, 358 
Common difference, 114 
logarithms, 97 
ratio, 117 

Completing the square, 85, 95 
Complex conjugate, 316 
equations, 317 
numbers, 313 
applications of, 321 
powers of, 325 
roots of, 326 
waveforms, 209 
Compound angles, 231 
Computer numbering systems, 19 
Conditional probability, 352 
Cone, 157 

Continuous data, 333 
functions, 291 

Conversion of a sin cot + b cos cot into 
R sin (cot + a), 233 
tables and charts, 31 
Co-ordinates, 249 
Cosecant, 189 




572 Index 


Cosine, 188 
rule, 216, 309 
wave production, 202 
Cotangent, 189 
Couple, 524 
Cramer’s rule, 552 
Cubic equations, 282, 284 
Cuboid, 157 

Cumulative frequency curve, 339 
distribution, 339, 342 
Cycles of log graph paper, 269 
Cycloid, 417 
Cylinder, 157 

Deciles, 350 
Decimal fraction, 6 
places, 7 
system, 19 
to binary, 20 

via octal, 21 
to hexadecimal, 24 
Decimals, 6 
Definite integrals, 439 
Degree of a differential equation, 558 
De Moivres theorem, 325 
De Morgan’s laws, 522 
Denary number, 19 
Denominator, 1 
Dependent event, 352 
variable, 46 
Derivatives, 385 
Determinant, 540, 542 

to solve simultaneous equations, 548 
Determination of law, 255, 261 
involving logarithms, 264 
Diameter, 150 

Difference of two squares, 84 
Differential calculus, 381 
coefficient, 385 

Differential equations, 557, 558 
dy 

solving -j- = f(x), 558 
dx 

dy 

- =f(y), 560 
ax 

Cl f =/(*)■/(*), 562 
dx 

Differentiation, 387, 392 
applications of, 400 
from first principles, 385 
function of a function, 397 
in parameters, 416, 417 
logarithmic, 426 
methods of, 392 
of ax ' 1 , 387 

of common functions, 392 


of e“and In ax, 390 
of implicit functions, 421 
of sine and cosine functions, 388 
of product, 394 
of quotient, 395 
successive, 398 
Digits, 6 

Direct proportion, 6, 46 
Discontinuous function, 291 
Discrete data, 333 
Dividend, 48 
Divisor, 48 
Double angles, 236 

Ellipse, 142, 285, 416 
Engineering notation, 17 
Equation of a circle, 155 
Equations, complex, 317 
cubic, 282 

graphical solution of, 276 
indicial, 100 
quadratic, 83, 277, 284 
simple, 60 

simultaneous, 68, 276, 284 
solving by iterative methods, 130 
Newton-Raphson, 130 
trigonometric, 226 
Errors, 27 
Expectation, 352 
Explicit function, 421 
Exponent, 15 

Exponential functions, 103 
graphs of, 106, 286 
series, 104 
Extrapolation, 255 
Evaluation of formulae, 32 
trigonometric rations 195 
Even function, 291 

Factorisation, 42, 83, 95 
Factor theorem, 50 
False axes, 256 
Family of curves, 557 
Finite discontinuities, 291 
First moment of area, 496, 505 
First order differential equations, 558 
Formula, 32 
quadratic, 87 

Formulae, transposition of, 77 
Fractional form of trigonometric ratios, 190 
Fractions, 3 
partial, 54 
Frequency, 206, 333 
distribution, 338, 341 
polygon, 339, 341 

Frustum of pyramids and cones, 164 
sphere, 167 
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Functional notation, 383 
Function of a function rule, 397 
Functions and their curves, 284 
Fundamental, 209 

General solution, 558 
Geometric progression, 117 
Gradient of a curve, 384 
straight line graph, 249 
Graphical solution of equations, 276 
Graphs, 249, 261, 269 
of cubic equations, 282 
exponential functions, 106 

linear and quadratic equations simultaneously, 281 
logarithmic functions, 101, 264 
quadratic equations, 277 
simultaneous equations, 276 
straight lines, 249, 284 
trigonometric functions, 199 
Graphs with logarithmic scales, 269 
Grouped data, 339 
Growth and decay laws, 110 

Flarmonic analysis, 209 
Flarmonics, 209 
H.C.F., 40 
Fleptagon, 141 
Flexadecimal numbers, 23 
to binary, 25 
to decimal, 23 
Flexagon, 141 
Histogram, 338, 340, 347 
of probability, 362, 365 
Hooke’s law, 46 
Horizontal bar chart, 334 
Hyperbola, 286, 416 
rectangular, 286, 416 
Hyperbolic logarithms, 97, 108 
Hypotenuse, 187 

Identity, 60 

trigonometric, 225 
Imaginary number, 313 
Implicit functions, 421 
differentiation of, 421 
Improper fraction, 1 
Independent event, 352 
variable, 46 
Indices, 11, 40 
laws of, 11, 40 
Indicial equations, 100 
Inequalities, 91 
Integral calculus, 433 
indefinite, 439 
Integrals, standard, 435 
Integration, 

areas under and between curves, 478 


by parts, 464 

centroids, 496 

mean values, 487 

numerical, 469 

r.m.s. values, 489 

second moment of area, 505 

volumes, 491 

Integration using algebraic substitutions, 442 
partial fractions, 455 
t = tan | substitution, 460 
trigonometric substitutions. 447 
Intercept, 250 
Interpolation, 255 
Inverse functions, 293 
proportion, 6, 46 
trigonometric functions, 294 
Inverse matrix, 541, 544 
Invert-gate, 528 
Iterative methods, 130 

Karnaugh maps, 523 

Lagging angles, 205 
Lamina, 496 
Laws of algebra, 38 
Boolean algebra, 520 
growth and decay, 110 
indices, 11, 40 
logarithms, 97, 426 
precedence, 44 
probability, 353 
L.C.M., 1 

Leading angles, 205 
Leibniz notation, 385 
Limiting value, 385 

Linear and quadratic equations simultaneously, 90 
graphically, 281 

Logarithmic differentiation, 426 
Logarithmic graphs, 264, 269 
scales, 269 
Logarithms, 97 

determination of law, 264 
graphs of, 101, 264 
Log-linear graph paper, 272 
Log-log graph paper, 269 
Logic circuits, 528 
universal, 532 

Mantissa, 15 
Matrices, 536 

to solve simultaneous equations, 546 
Matrix, 536 
adjoint, 544 

determinant of, 540, 542 
inverse, 541, 544 
reciprocal, 541 
unit, 540 
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Maximum value, 277, 404 
and minimum problems, 408 
Mean value of waveform, 177 
Mean values, 177, 345, 487 
Measures of central tendency, 345 
for grouped data, 346 
Median, 345 
Mensuration, 141 
Mid-ordinate rule, 174, 471 
Minimum value, 277, 404 
Minor of matrix, 542 
Mixed number, 1 
Modal value, 345 
Modulus, 92, 318 

Multiple-choice questions, 134, 242, 375, 566 

Nand-gate, 528 
Napierian logarithms, 97, 108 
Natural logarithms, 97, 108 
Newton-Raphson method, 130 
Non-terminating decimal, 7 
Nor-gate, 529 
Normal curve, 366 
distribution, 366 
probability paper, 371 
standard variate, 366 
Normals, 411 
Nose-to-tail method, 302 
Not-function, 515 
Not-gate, 528 
Number sequences, 114 
Numerator, 1 

Numerical integration, 469 

Octagon, 141 
Octal, 21 

Odd function, 291 

Ogive, 339, 342 

Ohm’s law, 46 

Order of magnitude error, 27 

Ordinate, 249 

Or-function, 515 

Or-gate, 528 

Pappus’ theorem, 501 
Parabola, 217, 416 
Parallel-axis theorem, 506 
Parallelogram, 141 
method, 302 
Parameter, 416 
Parametric equations, 416 
Partial fractions, 54 
integration of, 558 
Particular solution, 256 
Pascal, 256 
Pascal’s triangle, 122 
Pentagon, 141 


Percentage component bar chart, 334 
relative frequency, 333 
Percentages, 9 
Percentiles, 350 
Perfect square, 84 
Period, 203 

Periodic function, 203, 291 
plotting, 307 
Periodic time, 206 
Permutations, 121, 357 
Perpendicular-axis theorem, 506 
Phasor, 206, 308 
Pictograms, 334 
Pie diagram, 334 
Planimeter, 174 

Plotting periodic functions, 307 
Points of inflexion, 404 
Poisson distribution, 363 
Polar co-ordinates, 211 
curves, 286 

form of complex numbers, 318 
Polygon, 141 
Polynomial division, 48 
Population, 333 
Power, 11 

of complex number, 325 
series for e*, 104 

Practical problems, binomial theorem, 127 
maximum and minimum, 408 
quadratic equations, 88 
simple equations, 64, 65 
simultaneous equations, 73 
straight line graphs, 255 
trigonometry, 220 
Prefixes, 17 

Presentation of grouped data, 338 
ungrouped data, 334 
Prismoidal rule, 170 
Probability, 352 
laws of, 353 
paper, 371 

Product rule, differentiation, 394 
Proper fraction, 1 
Properties of circle, 150 
quadrilaterals, 141 
Pyramids, 157 
Pythagoras'theorem, 187 

Quadrant, 150 

Quadratic equations, 83, 277 
by completing the square, 85 
by factorisation, 83 
by formula, 87 
graphically, 277 
Quadratic graph, 284 
inequalities, 95 
practical problems, 88 
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Quadrilaterals, 141 
Quartiles, 350 

Quotient rule, differentiation, 395 
Quotients, 93 

Radians, 152, 207 
Radius, 150 
Radius of gyration, 505 
Radix, 19 

Rates of change, 400 
Ratio and proportion, 5 
Real part of complex number, 313 
Reciprocal, 11 

of a matrix, 541, 544 
ratios, 189 

Rectangular axes, 249 
co-ordinates, 214 
hyperbola, 286, 416 
prism, 157 
Rectangle, 141 

Reduction of non-linear to linear form, 261 

Relative frequency, 333 

Remainder theorem, 52 

Resolution of vectors, 302 

Resultant phasor, 308 

Rhombus, 141 

Root mean square value, 489 
Root of complex number, 326 
equation, 83 
Rounding off errors, 27 

Sample data, 333 
Scalar quantity, 301 
Secant, 189 

Second moments of area, 505, 506, 510 
order differential equation, 558 
Sector, 142, 150, 152 
Segment, 150 

Semi-interquartile range, 350 
Separation of variables, 555 
Set, 333 

Significant figures, 7 
Simple equations, 60 
practical problems, 64,65 
Simpson’s rule, 175, 473 
Simultaneous equations, 68 
by Cramer’s rule, 552 
by determinants, 548 
by matrices, 546 
graphically, 276 
practical problems, 73 
Sine, 188 
rule, 216, 309 
Sine wave, 199 
production, 202 

Sinusoidal form A sin(a>t ± a), 206 


Slope, 249 
Small changes, 412 
Solution of differential equations, 558 
right-angled triangles, 191 
Sphere, 157 
frustum of, 167 
Square, 94, 141 
root, 11 

Standard curves, 284 
derivatives, 392 
deviation, 348 
form, 15 

integrals, 435, 436 
Stationary points, 404 
Statistics, 331 

Straight line graphs, 249, 284 
practical problems, 255 
Successive differentiation, 398 
Sum to infinity of G.R, 117 
Surd form, 190 

Surface area of common solids, 157 
Switching circuits, 515 

Table of partial areas under normal curve, 367 
Talley diagram, 338, 341 
Tangent, 150, 188,411 
Tan | substitution, 460 
Theorem of Pappus, 501 
Theorem of Pythagoras, 187 
Terminating decimal, 6 
Tranformations, 286 
Transposition of formulae, 77 
Trapezium, 141 
Trapezoidal rule, 174, 469 
Triangle, 141 
area of, 216 

Trigonometric approximation for small angles, 197 
equations, 226 
identities, 225 
inverse function, 294 
ratios, 188 
waveforms, 199, 285 
Trigonometry, 187 

evaluation of trigonometric ratios, 195 
practical situations, 220 
right-angled triangles, solution of, 191 
Truth tables, 515 
Turning points, 277, 404 
Two-state device, 515 

Ungrouped data, 334 
Unit matrix, 540 
Universal logic gates, 532 

Vector addition, 301 
quantity, 301 
subtraction, 305 


576 Index 


Vectors, 301 

resolution of, 302 
Velocity and acceleration, 401 
Velocity, angular, 206 
Vertical bar chart, 334 
Volumes of common solids, 157 
frusta of pyramids and cones, 164 
irregular solids, 176 


similar shapes, 172 
solids of revolution, 491 

Waveform harmonics, 209 

y-axis intercept, 250 

Young’s modulus of elasticity, 256 

Zone of sphere, 167 


